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PREFACE. 


ALGEBRA is a means to be used in other mathematical 
work ; it develops the mathematical language, and is the 
great mathematical instrument. If the student would be- 

_+- come a mathematician, he must understand this language 
om, and possess facility m handlng the various forms of literal 


expressions. 


> Attention is called to the sequence of subjects as herein 
S presented. Involution is introduced as an application of 
3 multiplication, evolution as-an application of division, and 
- logarithms as an application of exponents. Throughout the 
f book the student is led to see that one subject follows as an 
a application of another subject. The beginner is led to see at 





the outset that Algebra, like Arithmetic, treats of numbers. 
Algebraic terms and definitions are not introduced until 
<ssthe student is required to put them into actual use. Correct 
processes are clearly set forth by carefully prepared solutions, 
the study of which leads the pupil to discover that method 
and theory follow directly from practice, and that methods 
are merely clear, definite, linguistic descriptions of correct 


processes. 


i. ee, PREFACE. 


The book is sufficiently advanced for the best High 
Schools and Academies, and covers sufficient ground for 
admission to any American College. 

Great care has been given to the selection and arrange- 
ment of numerous examples and problems. These have 
been, for the most part, tested in the recitation-room, and 
are not so difficult as to discourage the beginner. 

It remains for the author to express his sincere thanks 
to W. H. Hatch, Superintendent of Schools, Moline, Ll. ; to 
Professor W. C. Boyden, Sub-Master of the Boston Normal 
School, Boston, Mass.; and to O. 8S. Cook, connected with 
the literary department of Messrs. Silver, Burdett & Co., for 
reading the manuscript and for valuable suggestions. 


GEORGE LILLEY. 


WASHINGTON AGRICULTURAL COLLEGE AND 
SCHOOL OF SCIENCE, 


PULLMAN, WASHINGTON, June, 1892. 
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ELEMENTS OF ALGEBRA. 





CHAPTER I. 
FIRST PRINCIPLES. 


1. In Algebra figures and letters are used to represent 
numbers, instead of figures, as in Arithmetic. 


Thus, we may use x to represent the number of dollars in a man’s 
business, the number of cents in the cost of an article, the number of 
miles from one place to another, the number of persons in our elass, 
etc. 

In Algebra, the letter x is reasoned about and operated upon just 
the same as the numbers which it represents are reasoned about and 
operated upon in Arithmetic. 


2. Symbols of Operation. The signs +, —, X, and +, 
are used to denote the algebraic operations addition, sub- 
traction, multiplication, and division, that in Arithmetic 
can actually be performed. + is read plus; — is read 
minus; X is read multeplied by ; + is read divided by. 
A dot or point is sometimes used instead of the sign xX. 
Thus, a X 6 and a- 6 both mean that a@ is to be multiplied 
by 6.. The multiplicand is usually written before the | 
multiplier. 

Division in Algebra is more frequently represented by 


placing the dividend as the numerator, and the divisor as 
1 
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: ° 4 a 
the denominator of a fraction. Thus, a ~ 0, or 5? means 


that @ is to be divided by b. Read a divided by 0. 


: 7 aft . 
Note. Do not read such expressions as 7 We over ns it is meaningless. 


3. We must be careful “to distinguish between arith- 
metical and algebraic operations. The former can actually 
be performed, whereas many operations in Algebra can only 
be indicated. 


Thus, suppose a man owes $5 for a vest and $20 for a coat, actual 
addition gives $25 as his total indebtedness. But if the number of 
dollars he owes for the vest be represented by m, and the number of 
dollars that he owes for the coat be represented by n, his entire debt 
can only be andicated, In order to show that the number represented 
by m is to be added’to the number represented by n, we use the sign 
+ written between them; thus, m+ n. 


Exercise I. 
Read the following algebraic expressions : 
1. a+ 100;a@+10—2; 6—2; 6—100¢4 8. 
2 a+b; m+n+6; m+s—7r; a—b4+m. 
3. ¢+2xX5; ¢—10X2;8s—nxX r— 20. 
4. qtit8Xmsotmitn—s-g;——+era—ptt-a 


Indicate by means of algebraic expressions the following: 


5. The sum of m and n. The difference between m 
and ». The sum of a, y, and a. 


6. The sum of m, x, andr diminished by ¢. If you had 
m cents, earned n cents, and are given r cents, and then 
spend ¢ cents; how many cents will you have left ? 
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7. John has m apples, Henry has 7 apples, and Charles 
has 6 apples; express the number of their apples. How 
many more have John and Henry than Charles ? 


8. If you buy goods for a dollars and sell them at a gain 
of 6 dollars, express the selling price. 


9. I buy goods for m dollars and sell them at a loss of 
n dollars; express my selling price. 


10. Henry had « marbles; he gave John m marbles, and 
Charles n marbles. How many had he left ? 


11. I pay m cents for a reader, x cents for a history, y 
cents for a grammar, 6 cents for car-fare, and have m cents 
left; express the number of cents that I had at first. 


12. A boy earned a dollars, then received m dollars 
from his father, » dollars from his mother; and spent & 
dollars of what he had for books, x dollars for a coat, and 
y dollars for a sled. Express the number of dollars he had 
elert. 


4. The Sign of Multiplication is generally omitted in 
Algebra, except between figures. Thus, 


bau means 5 X@.xX% b+ prstuz means p XrXs K t Xiu xX 2; 
9-3-4-5 means 2 X 3 X 4 X 5, or 120. 

Again, if the number of gallons in a cask of cider is represented by 
a, and the nuinber of cents in the cost of one gallon is represented 
by m, then the nwmber of cents in the cost of n casks is represented 


by amn. 


: mM 2am 
Se tne ox PressiON..0.4 a.0 Ue Garhe = 
n 3 be 


%) ’ 
m 2am 
200.0, —, and 

n 


abe are called Terms. 
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Exercise 2. 


Read and state the meaning of the following algebraic 
expressions : 


Lo baba ANH ab. Result: 5 times a times 0 times 
C 


x, plus m times n divided by «, minus @ times 6; etc. 


2. ni+ MES pgrstabcd+mnxy — 80, 


3kle abcd 
5Swyz? mnop 


— 200+ LL 7: 








3. amnpagr ed xa 

















4,5 x xX {+12 pqrst—Ghk+a + 1002 

5 3abd —l10mnr + imnrst. 

; Pe eee 

6. % Tee eek: CE le C+ a— Oa pear 
y U a a 


6. It is customary to write the letters in the order of 
the alphabet. 


In a product represented by several letters and numbers, the num- 
bers are written first. Thus, 

¢xbxXax5:X 3 is written 3 X 5 abc: both»mean 15 a6. 
Also, sX rXnX mX 25 is written 25 murs. 


Exercise 3. 


Write algebraic expressions for the following: 


1. The product of x, y, and z; of m, n, and 5; of 3 and 
xy; of 5, a,b,and 3 X mn. 


2. The product of a and } divided by their sum. Their 
product divided by their difference. 
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3. The product of m, n, r, and 25 divided by the sum of 
mand. The same product divided by the difference of 
m and 2. 


4. A travels at the rate of 3 miles an hour; how many 
hours will it take him to travel 80 miles? How many 
hours to travel a miles? To travel mn miles? To travel 
60 aman miles ? 


5. A man bought 18 loads of wheat, of m bushels each, 
at m cents a bushel; how many cents in the entire cost ? 


6. In example 5, suppose that he sold the wheat at a 
cain of 7 cents a bushel; how many cents did he gain ? 
How many cents in the selling price ? 


7. In example 5, suppose that he sold the wheat at a 
loss of @ cents a bushel; how many cents would he lose ? 
how many cents in the selling price ? 


8. A man bought a boxes of peaches, each containing 6 
peaches, at c cents a peach; and m baskets of grapes, each 
containing » pounds, at 7 cents a pound. How many cents 
did he pay for both ? 


9. A man worked 2 hours a day for m days, at a cents 
an hour. With the money he bought a coat for a cents ; 
how many cents had he left ? 


10. One boy sold a apples at ¢ cents each; another sold 
nm peaches at m cents each; a third sold 7 pears at ¢ cents 
each. How many cents did they all receive ? 


11. I buy 5 tons of coal at $10 per ton, and pay for 
it in cloth at $2 per yard; how many yards will it take? 
I buy a@ tons of coal at dollars per ton, and pay for it in 
cloth at m dollars a yard; how many yards will it take ? 


\ 
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12. A man works n weeks at 0 dollars a week, and_ his 
son works m weeks at r dollars a week. With the money 
they pay for ¢ cords of wood at d dollars a cord; how many 
dollars have they left ? 


13. If 5 cords of wood cost $15, how many dollars will 
3 cords cost? If c¢ cords cost $m, how many dollars will 
n cords cost ? 


14. A man drove 3 hours at the rate of 10 miles an 
hour ; how many hours will it take him to walk back at 
the rate of 6 miles an hour? If he drives 3 days 7 hours 
each day, at the rate of ¢ miles an hour, and 5 days m hours 
each day, at the rate of s miles an hour, how many hours 
will it take him to return over the same distance, at the 
rate of 7 miles an hour ? 


15. If you buy ¢ tons of coal at the rate of $d for n 
tons, and sell it at a loss of $7 on each ton, how many 
dollars will you receive? Suppose you sell at a gain of 
$b on each ton, how many dollars will you get for it ? 
Suppose you sell all of it for 7 dollars, and make a profit, 
how many dollars profit will you get ? 


7. Symbols of Relation. The signs =, >, and <, are 
used for the words, equals, is greater than, and is less than, 
respectively. 

Symbols of Aggregation. The signs(),[], {}, and, 
are used to show that the terms enclosed by them are to 
be treated as one number. They are called parenthesis, 
bracket, brace, and vinculum, respectively. Thus, 

a+ 6) Ga —y), [2a + b] [8a — y], {2a + b} {3a — yf, 
2a+b xX 3x —~y, each shows that the number obtained by adding 
the terms 2a and b is to be multiplied by the result obtained by 
subtracting y from 3a. 
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Symbols of Abbreviation, The signs (of deduction) .-., 
(of reason) *.*, and (of continuation) ...., are used for the 
words, hence or therefore, since or because, and so on, 
respectively. 


8 Since 81 = 9 x 9, or written 9? for brevity, 81. is 
called the second power of 9. Since 27 = 3 x 3 x 3, or 
written 3° for brevity, 27 is called the third power of 3. 
Similarly a7, (m n*), (m + n)*, are called second powers of 
a,mn, and m+n; also a3, (mn)3, (m+ n)8, are third 
powers of a,mn,and m+n. a* means a X w@; a? means 
axaxXa; etc. In general, a” is called the nth power of 
a, read a nth power. 


9. In the expression a? + b*c® — 32"; 2,4, 5, and n 
are called Exponents. bc? means bX bxXbxXbdxcXe 
xceXexXe; 4 and 5 are used for convenience to show how 
many times 0 and ¢ are used as factors. 

We must be careful to keep in mind the meaning of each indicated 
operation when reading an algebraic expression. Thus, the expres- 
sion 5 x8 y? — 2 a4b (a’ — 66)® + 3a®ctd™ means, five times the third 
power of z times the second power of y, minus two times the fourth 
power of a times 5 times the fifth power of the expression in the 
parenthesis, a seventh power minus 6 sixth power, plus three times 


the fifth power of a times the fourth power of ¢ times the mth power 
of d. 


Exercise 4. 
Read the following : 
1. m®;3 mPa? ; 5 m2n8y?; abctdee3; ab? +b, m2@—n?; 10 a7h?9. 
2. mn? + 5abacy — 3 ma; m?n? —2abmn 4+ a?b? 
3. 10 (ab); (mn) (m n)?; (a? — n)?; (m? — 3 n)% 
4 


(mn — m°)8; 3 a2 b (a — 03; (a? + 0?) (a? — 0°)? 
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dD. 3.a°b"; 3 (ab); ar (b> — & — d‘)” (m3 x?) (m ny. 

6. (10 m + n*) (10 n? — m®*)* < ld a (2 — y*)? (a + 8; 
a+ 6+ d*+ ( + d?)4 

D(a + b+ e) ae e+ Ae 

(Peeper = Oe, ee ba a hee 
ae ea mn + ns on — PS 2 2 mt ak 
Pore eet... ne FO 9, LELMS 72 0, X Be a Xk OX 





MEeeaLOWE LACLOTS == QL alot pt es hate a eee aces 
5 Ls Creer nh og gi Boe 
1, = SOON Pa Paley ODE at we SAA ODA AYE CY Wi BARS mm are ie 

Write algebraic expressions for the following : 

8. The sum of mand. The double of z The second 
power of the sum of a and 6. The second power of differ- 
ence between «and y. Five times the third power of the 
difference of « and y. 

9. The second power of the sum of x second power 
and vy. The second power of the sum of w and y second 
power. The product of the fourth power of #, the third 
power of y, and the second power of m. The product of 
the first power of « and three times the nth power of y. 
The product of z second power plus y second power, and 
x second power minus y second power. 


10. The product of the sum of # second power and y 
by na. Five n third power minus seven mv plus six a 
second power. m third power minus two times 6 second 
power ¢ plus » fourth power is equal to nm times y. 


11. Seven times m fourth power times 2 second power 
‘minus two times » seventh power times m third power 
plus three times a third power times } second power plus 
eight times a second power times 0 third power plus five 


FIRST PRINCIPLES. 9g 


times a fifth power. Since a plus b equals m minus x, 
therefore the second power of a plus 0 is equal to the 
second power of m minus 2. 


12. Therefore, z is equal to m third power, because x 
plus three m third power is equal to two z plus two m 
third power. a@ plus a plus a, and so on to » minus two 
terms, equals m minus two times a. The second power 
of m plus n, divided by m minus n is less or greater than 
m times a plus 0 plus ¢ plus d plus e. a less than 0 is 
equal to m greater than n. 


13. A horse eats a bushels and an ox 0 bushels of oats 
in a week ; how many bushels will they together eat in 1 
weeks? If aman was @ years old 50 years ago, how old 
will he be x years hence ? 


10. The Numerical Value of an algebraic.expression is 
the number of positive or negative units it contains, and is 
found by giving a particular value to each letter, and then 
performing the operations indicated. Thus, 


lia = 3, b= 4,c2=5, y = 6, find the numerical values of : 


; 9b «8 
Pay 8 fade ee tea 
A RY a 
Replacing the letters in each expression by the particular values 


given for them, we have 
A 9 DG a ae ° 
Process. 4a7b8 = 4 x 3? x 48 25 aby? 25 X Bex 6? 


9X 4X 125 

= 64 po Oe 

ean 95 X 27 X 36 
— 9304. _ 200 
27 


11. If one factor of a product is equal to 0, the whole 
product must be equal to 0, whatever values the other factors 
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may have; and it is also clear that no product can be zero 
unless one of the factors is zero. Thus, a0 is zero if @ is 
zero, or if b is zero; and if a0 is zero, either a@ or 0 is zero. 
Again, if z = 0, then a3l?xyz3 = 0, also ax (y? + 62+ a?) 
= 0, whatever be the values of a, 0, y, and z. 


Exercise 5. 


lieu ties 6 | en ee eNO OU ean INer ica L 
values of the following algebraic expressions : 


LOCA T Oa Oey 8 hoe me a yee note 
2. 90'; 2au; yp; 10a®, ty; bby; tas BS abexy. 
3.-f, 8; an; 1A, Sars ae; 8a®, 28 aca. 


SROs cetyl Meminay fe ane pte Ih ete s = 6, find the 


values of: 











OT TP pa) SON Bork Ue Dal, MRE 
p) OM nN; Che, "GVRGe Z Fe esi d0) = aed 3 2 5 e 
Sn Im Q 7 n TEs 
: 4 6 pn r 9r 
. Qj ..8 8 6 M0 mm > P 1b > m ? o¢ ? es 2 on? 
9m 64 3" og DAP 


Exampue 6, Find the value of 508 + gry — 5a? — 3 23, 
when a= 2, 6=3, «=5, and y= 10. 

Replacing the letters in the expression by the particular values 
given for them, we have 


Process. 
503 + 2 ay — 5a? 3 tak Os Sma X'5 X 10-5 XK 22-8 X& 22 x 38 
5X OTL 3 XS 5X4-3 x 27 
eo: 


278 
EXAMPLE7. Find the value of mn y>+ mn « yt + m2nrss — 7 x 
y 


when m= 5, n= 2,r=3,5=4,2=0, and y= 1, 
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Process. 
0 52 x 93 
mny>+menayt-tmnsr s— — 5 X2x 1§54+04+52x 23x 3X 4S 
25 X 8 
ren Da OL X 4c. B 
4x1 


= 10 + 64800 — 50 
= 64760. 


If a=1, 6 = 2, c= 3, and d = 0, find the numerical 
values of the following algebraic expressions : 


8. 10a—40+4+6¢4+5d; ab+be+ac—da. 

9. 6ab—3cd4+10ad—2bc4+2bd; 2bce4 10cd. 
10. a+ 64+ ¢—d*; abc+10bcd+5acd+ 3abd. 
11. a§ + 084+ f@—d; +5b—8c+ad; —40ad+ab. 
12. 5a+3c—6b+6d; 3bed+2acd—10abd. 
13. 5084 a + B—1.25 abc; 1l50a%7+141164+10 a0. 

















sar Dia ena leae 
14. &— Sade 5a¥44Ray; ~S" — oe 
aL en Pe 
15. 125 abed*m + — -ePt+Ptie+ Ba 
8b x 
b b D2 af 
16. 2408 + faPe— =; SRE p + — —. 
Sie oD a 
3. b e—§ c 3,38 7” Risse 
Lime 0 CCL ac bd st oep op ab — Do ae 
c | 9a 
18. pide paags2ae ate ert 2 ac dx 
o 
19. fady+ta—8ePry; pode 1, 


12. Negative Numbers. If a person owes a debt of ten dollars, 
and has but six dollars in money, he can pay the debt only in part. 
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For his six dollars in‘money will cancel only six dollars of his debt, 
and leave him still owing four dollars; we may consider him as be- 
ing worth four dollars less than nothing. The total number of dol- 
lars that he is worth may be represented by — 4, because it will take 
four dollars in addition to the six dollars to pay the debt. If a person 
gains eight dollars and loses eleven dollars, the number of dollars in 
his net loss may be represented by — 3, because it will take three dol- 
lars in addition to the gain to balance the loss. Similarly, if he gains 
100 dollars and loses 120 dollars, the number of dollars in his net loss 
may be represented by —20. ‘To enable us to represent these num- 
bers, it is necessary to assume a new series of numbers, beginning at 
zero and descending in value from zero by the repetitions of the unit, 
_ precisely as the natural series ascends from zero. To each of these 
numbers the sign — is prefixed. The negative series of numbers is 
written thus : 
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For convenience the algebraic series of numbers is represented as 
follows: 


Scale of Numbers. We may conceive algebraic numbers 
as measuring distances from a fixed point on a straight line, 
extending indefinitely in both directions, the distances to 
the right being positive, and the distances to the left nega- 
tive. From any point on the line, measuring toward the 
right is positive and toward the left negative. 





In the above illustration consider A the zero or starting-point on 
the scale of numbers, and the distance between any two consecutive 
numbers one unit. The distances to the right and left of A are posi- 
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tive (+) and negative (—), respectively, as indicated by the direc- 
tions of the arrows. 

To add + 9 to + 4 (read 9 and 4 win the positive serves), we start at 
4 in the positive series, count nine units in the positive direction, and 
arrive at 13 in the positive series. That is, + 4+ (4 9) = 18. 

To add + 9 to —4 (read 9 in the positive series and 4 in the negative 
series), we begin at 4 in the negative serves, count nine units in the 
positive direction, and arrive at 5 in the positive series. That is, 
—44 (+9) =+5. 

To add —9 to +4, we start at 4 in the positive series, count nine 
units in the negative direction, and arrive at 5 in the negative series. 
That is, +4+(—9) =—5. 

To add — 9 to — 4, we start at 4 in the negatove serves, count none 
units toward the left, and arrive at 13 in the negative series. That 
iS, 4 G9) = — 18. 

To subtract + 9 from + 4, we start at 4 in the posztwe serves, count 
nine units in the negative direction, and arrive at 5 in the negative 
Series ) Lnatis, 4: — (479) = +5. 

To subtract + 9 from —4, we begin at 4 in the negative series, 
count nine units in the negative direction, and arrive at 13 in the 
negative series. That 1s —4— (4 9) =— 13. 

To subtract —9 from +4, we begin at 4 in the positive series, 
count nine units in the positive direction, and arrive at 13 in the posi- 
tive series. That is, +4 —(—9)=+ 13. 

To subtract — 9 from — 4, we start at 4 in the negative series, count 
nine units in the positive direction, and arrive at 5 in the positive 
series.— That is, —4— (—9) =-- 5. 


13. The sign + is often omitted before a number in the positive 
series. Thus, the numbers 3, 5, and 6, taken alone, mean the same 
as (+3), (45), and (+6), showing that the numbers are in the 
positive series 

The sign — must always be written when a number is in the 
negative series. Thus, the numbers 3, 5, and 6, taken in the negative 
serves, are written (— 3), (— 5), and (— 6). 


The Algebraic Signs + and — mark the direction that 
the numbers following them are to take. These signs are 
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used to indicate opposition (opposite direction), also opera- 
tion. The former is called the positive, and the latter the 
negative sign. 

An Algebraic Number is one which is represented by an 
algebraic term with its sign of direction. Thus, + 3, — 3, 
—a, and + 5a are algebraic numbers. 

Absolute Value shows what place a number has in the 
positive or negative series. Thus, +3 and —3 have the 
same absolute value; that is, three wnits, 


Absolute Numbers are those not affected by the signs + 
OFv== 

EXAMPLE. The meaning of an algebraic expression, as 

3a* + (—246)— [e— (—y)], 
is explained thus : 

To 3? units in the positive series add 2a units in the negative 
series, and from their sum subtract the expression in brackets, c in the 
positive series minus y in the negative series. The signs written 
before the terms (— 2ab), (— y), and before the bracket, indicate 
operation. The sign written before 2a and y, also the sign under- 
stood before 3 x? and ¢, indicate opposition. 


Exercise 6. 


1. Over how many units and in what series of numbers 
would a point move in passing from +3 to — 8? — 10 to 
+1? +5to+ 15? —12 to—1?-—1 to —12? 15 to 5? 
9to9? —5to—5? 

2. Which is the greater, 0 or —6? 8 or—3? —5 or 
—3? +10 or—1? +50 or — 50, and how many units ? 

3. How many units is + 6 greater than 0, + 3, —3, —6, 


and —5? How many units is —5 less than 5? How 
many units is a less than 0? 
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4. Ifa point start at (+ 3) and move three units to the 
right, then five units to the left, where is it? Express its 
distance from 0. * 


5. Suppose a point start at (4 2), and move six units 
to the right, then eleven units to the left, where is it ? 


6. Where is the point which, starting at (— 5), moved 
(— 3), then (+ 8)? Express its distance from the starting- 
point. 


7. Suppose a point starting at + 3, move + 2, then — 7, 
then + 5, then — 6, then + 10, then —11, where would it 
be? - Express its distance from + 3. 


Explain the meaning of: 
8. 2 [3.0 + (— 9.a)| — 5 [(— a) + (4 9)];: 
Gets) el oe — Ci l2y) + 2) (89) |: 


Also the meaning of the signs + (as used or understood) 
and —. 


Explain the meaning of: 


10. 6a5/2 + (4.a308) + (4.07020?) + (—a3b?) + (+030) 
+ 20 abc? + (— a?b3) + (— a0?) 


11. a2? + (— yx) + (4 ab a) + Hye) + mn! 
— (+ a m’). 7 


12. + (4+ a) — (+ 08) — (4 a®) — (4 8). 
Tone yy +a 2)> — (a hay) ite = x)”. 


Find their numerical values when a =b=c=m=n=k 
— y — 1s 
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Read the following expressions, and find their numeri- 
cal values when a = 0,b=1, c= 2, d = 3, ¢=4, 


a 


nh = b/andsan) = 6: 
14. & + (+e) — (478) (4+ ¢) + (4 a) + (4B) G4 ©). 
Lov eile (t n)|— 5 +e) = (e+ 0) 49 (+ a) + 8. 
16. (+e)[a + (+n) + (+4) —(+2)] — (4m) + (+ @). 
17. [(4m) — (40) + (4m) — (40) (49)] + [4 m) (+2) 
18. d8-- (42) + 2(40)+(40°) (4+) +d—em + (449. 


If a=5,6=4,¢=3) 0 =2rand'e— 1 stind the wumeri- 
cal values of the following expressions : 


19. (+a%)+ (403) —(+c?) + (+65); atc—atd*+ d°+ (a*b*). 


Qeeds J 3 3 7 
90. Nala Sip y sais Peseta eo e 
RES Or (S+F erg Hite eae 
lia 1) GS ie = 3) 4 oe = bind the walues or 


2e+2 8e—9 e—1 d°& 8a?+3b% 4746 i? C+ 
“ e—3 e—2 Bey be? RE eee eo 
ee+b* a?+b? 1 CP. edt on Ua ae — OF 








bo 
bd 














EG a Te ha c 7” B4d?—bd’? &Led+d? 
93 at+4a°b+ 6070? +4408 + Dt 28 12% 
+3 ab+3aP48 > 4 P+e P—e—P 
21.9 2 [6 2 2 
Mis a ey a+2ab+h?  A+2 cd+d — |b +2 be+c? 


a+b c+d b+e — 


@ A0% +6 a2e—4a e+e 
ee ee ae ed ye = 
b4— 4.68¢ + 6 62e? — 4 be3 + c*’ 12Ze—4a- ( a Xb) b. 


26. [2e—4a)+2a] Xb; a°— (a2b+e) = (2 ~ a4). 


25. 
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dat+3b 4c+3d 5dite 
7 ae oe i Te, 
vat b+ec b+d \ esamprwaphm recs ec nl) 
4. 
20 64122 byl 
30. 66+ (a—c¢c)—sd+abed = 24a; ¢+5d+5 
+a xX @ 


28. (b+0) (c+ d)+(c+d) (d +e) + 





29. 12e—(4a+2a)xb—2); 3el ( 


Express the following statements in algebraic symbols: 
31. To the double of a add 0. 

32. To five times x add 6 diminished by one. 

33. instouiseke b by the sum of a and «x divided by y. 


34. Write x, a times. 
What is the sum of z+ 2+2+.... written a times? 


35. Write three consecutive numbers of which 7 is the 
least. 

36. Write five consecutive numbers of which m is the 
ereatest. 

37. Write m, a minus | times; also m plus 7 times. 


38. Write seven consecutive numbers of which z is the 
middle one. 


39. Write a, «th power, minus y, nth power. 


40. To the double of x, increased by a@ divided by 8, add 
the product of a, b, and e. 


Al. To the product of a and 6 add the quotient of x di- 


vided by a, and divide their sum by y diminished by e. 
2 
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42. Write a exponent n plus the quotient of x divided 
by y, minus 6 times the quotient of b divided by the ex- 
pression, @ exponent c plus 6 exponent m, is greater than 0 
minus &. 


43. Write x fifth power minus 0 sixth power plus y to 
the mth power, divided by z to the nth power, is less than 
q tenth power. 


44, Write a to the nth power divided by 0} exponent m, 
minus z exponent n, equals a minus 0, divided by the sum 
of a second power and 0 third power. 


45. Write ¢ fourth power divided by a second power, 
minus the product of « and y, plus z.... written 7 times, 
equals a exponent m. 


46. x exponent m, plus the fraction, a fifth power minus 
three times a second power 0 third power, divided by z 
minus y, equals # minus y, added to the sum of 4a and b 
minus m, plus 1 divided by & to the nth power. 


47. Five times the third power of a, diminished by 
three times the third power of a times the third power 
of b, and increased by two times the second power of 0. 


48. Three times # exponent 2, minus twice the product 
of z exponent 3 and y, plus the third power of a. 


49. Six times the third power of z multiplied by the 
second power of vy, minus @ exponent 2 times the fourth 
power of 0. 


50. a times the second power of n, divided by # minus 
y, increased by six a times the expression x plus y 
minus %. 


ALGEBRAIC ADDITION. 19 


CHAPTER. II. 


ALGEBRAIC ADDITION. 


14. In Art. 12 it was shown that to add a positive 
number means to count so many units in the poszteve di- 
rection, and to add a negative number means to count so 
many units in the negative direction. 

In Algebraic Addition of several numbers, we count from 
the place in the series occupied by any one of the num- 
bers, as many units as are equal to the absolute value of 
the numbers to be added and in the direction indicated 
by their stgns. Thus, 


EXAMPLE 1. Find the sum of 3 a and — 9a 

Solution. 34a signifies a taken 3 times in the positive series, and 
—9a signifies. a taken 9 times in the negative series. We count from 
+3a, 9a units in the negative direction, and a is taken in all 6 times 
in the negative series, or —6a. That is, 3a+ (—9a) = — 6a. 
Similarly (+ 9a) + (- 3a) =+ 6a. 


EXAMPLE 2. Find the sum of a, 20, and (—3c). 
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Explanation. Suppose these algebraic numbers to be accurately 
measured as represented on the line of numbers AC. Start at B, 
then count 26 units in the positive direction and arrive at C. Now 
count 3c¢ units in the negative direction, and arrive at D in the posi- 
tive series, 

Thus, (fa)+ (426), ora+20=AC; 

a+264+ (—3c), or@a+2b—3c=A4 D. 


The sum of the algebraic numbers is equal in absolute value to 
A D in the positive series. That is, 


(¢4a)+¢26)+C¢ 3c) =a+2b—3c. Hence, 


The sum of several algebraic numbers is expressed by con- 
necting them with their proper signs. 


Notes 1. The sum of several algebraic numbers is the excess of the num- 
bers in the positive series over those in the negative series, or the excess of the 
numbers in the negative series over those in the positive series, according as 
the one or the other has the greater absolute value. Thus, in Example 1 the 
algebraic sums are —6a and + 6a. In Example 2 the algebraic sum is A D 
in the positive series. 

2. The sum of algebraic numbers is the simplest expression of their aggre- 
gate values. 


3. Algebraic addition is not always augmentation as in arithmetic. Thus, 


(+7) + (—5)=2; also (+ 8) +(-12) = - 4. 


15. A Coefficient of a term is a factor showing how 
many times the remainder of the term is taken. Thus, 

In the term 5abm, 5 is the coefficient of abm, and shows that 
abm is taken 5 times; 5a is the coefficient of bm; 5a6 is the co- 


efficient of m. In the term 4m(ab — 2a), 4 is the coefficient of 
m (ab —2a); 4m is the coefficient of (ab — 2a). 


Note. A coefficient may be numerical or literal. When no numerical 
coefficient is expressed, 1 is always understood to be the coefficient; as, x; x y5. 


Like Terms are those having the same letters affected 
with the same exponents. Thus, 


ALGEBRAIC ADDITION, 21 


2mnay®, mnaxy°, and —10m?na%y5 are like terms, as are 
also 5 #0 y®z? and —day%28; but 32% y2% and 5 2y228 are un- 
like terms. . Like terms are said to be similar. 

A Monomial or Simple Expression consists of one term; as, 
eeu UC. — 5 aoa. 


16. To Add Similar Monomials. 


I. When all the Terms are Positive or Negative. Add 
the numerical coefficients; to the sum, annex the common 
symbols, and prefix the common sign. 


II. When Some of the Terms are Positive and Some are 
Negative. Add separately the numerical coefficients of all 
the positive terms and the numerical coefficients of all the 
negative terms; to the difference of these two results, annex 
the common symbols, and prefix the sign of the greater sum. 


EXAMPLE 1. Find the sum of 10xy5, —3ay , 4xy5, — ll ays, - 
and .—17 x y*. 


Explanation. For convenience write the terms Process. 
as shown in the margin. The sum of the coeffi- + 10zy° 
cients of the positive terms is 14, and the sum of aes 
the coefficients of the negative terms is 31. The ory” 
difference of these is 17, and the sign of the ol Nae, YP 
greater sum is negative. Hence, the required — 17x45 
BUN id 17 ap. 217 x yh 


EXAMPLE 2. Find the sum of (v7 + y), 1.1 @+y), —2.9(@+y), 
29 (a@+y),—4 (ety), and 1.26(@+y). Picci 

Explanation. (7«+y), enclosed in parentheses, 7 (x+y) 
is treated as a simple symbol. The coefficients Ll (a@+y) 
of (x+y) are 1, 1.1, 2.9, .29, 7, and 1.26. The | 4 99 (x+y) 
sum of the coefficients of the positive terms 1s 3.65, 4126 (aay) 
and the sum of the coefficients of the negative | —2.9 (x+y) 
terms is 3.15. The difference of theseis.5,and | — 4(«+y) 
the sign of the greater sum is positive. Itc. +.5 (a+ 4) 
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Exercise 7. 
Find the sum of: 


1. (4 2a), (+0), (+ 40), (+ 34), (+54), and (+ 1a). 
2. (+5 a2), (+ 2az), (+ 602), (+02), and (+ a2). 
3. (+60), (+ 80), (+20), (+ 15¢), (+ 9), and (+ &). 

4. (—6abc), (+4abe), (Fade), (—2abc), and (+5abe). 
5. (—§ 2%), (— 30%), (— $24), C$ 2%), and C 2%). 

6. (+32), (—32), (4 $2), (— 22), (+ $0), and (+2). 
7. (+ 303), (— 70), (— 8a), (+ 23), and (—11 4°), 
8. (+ 40202), (— a2), (— 7028), and (+ 5a?) 

9. (+7abed), (+ 2abed), (+1.1abed), and (—4.1 abcd). 


10, + @-4 cj); — 01 © + ¢), +.7 (6 +¢),—10 (+ oc), 
and + 2(6 + ¢). 


11. +10(@—y)3, —@w—yy, +.01 (a@—y)8, —2 (@— y)%, 
and —3(# — y)?. 


2 Ah 1 2 v\2 
2. a 2g fs io & 
LAr 5G). - zy Gr “© AG and — 2.5 (). 


17. If the monomials are not all like, combine the like 
terms, and write the others, each preceded by its proper 
sign (Art. 14). 


EXAMPLE 1. Find the sum of (+72), (+30 y?), (—2 2), (-5 by), 
(+ 42), (—8 by"), (+ 9%), (+ by’), G 11 2), and (— by?). 
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Explanation. For convenience, write 


Process. 

the expressions so that like terms shall stand + Ta Bby? 
in the same column, as in the margin. ~ 24— bby? 
The sum of the terms containing « is + 4¢2— 8by? 
+29, and the sum of those containing + 9x+ by? 
pies — 10 0 y2. | Hence, the result~ is Flla— by? 
+ 294% —10by?%. + 29% —10by2 


EXAMPLE 2. Find the sum of + .05 (a+ 6), —.01 (m+n), 
+7(a+b), ~3(m+n), —l11 (a+ )), and +10(m+7n). 

Explanation. (a+) and(m+n), 
enclosed in parentheses, are treated as 


Process. 


simple symbols. The sum of thelike | + 05 (a+b) — O01 (m+n) 
terms containing (a+b) is —3.95(a+b). | + 7 (a+b)— 3(m+n) 
The sum of the like terms containing | —_ |! (a+b)+ 10(m+n) 
(m+n) is + 6.99 (m+n). — 3.95 (a+ 6) + 6.99 (m+n) 


Exercise 8. 
Find the sum of: 


Pee ee ors ya (led )an (te Y/), and 4 (#1 w)s 
2. (+424), (— 440), 4 3a), G 4,00), and — £4). 


3. (+5 Ax); (—2aPx), (— 2x"), (+10a* 2), (+ 8 e 2”), 
(—4a'x), (—4c%2*), and (+ 4 a° x). 


4. (+ § 0%), (— $0), (+ 2), (+ fy 2b), + yo) 
(+302), (+40), ($a), (fad), and (+ $45) 


5. Ta, —3(a —y), 8a, 3(e—y), -038(@ — y), and —.la. 


6. (:), (;). 2(2) 289) (). 5a(<), and -3.(2)) 
a ie ah 1 a ff) 


18. A Polynomial or Compound Expression consists of two 
or more terms. 
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ExampLe. Find the sum of 8ax— ly+5, .7ax+y—am-—Q, 
and —,.3a%—102 4+ 6 p — .3. 


Process. S8an—- .1y aie 
Ea y—am—9 
—.dan—1.02y Fe ae Op 
84axr— 12y—am—43+5p Hence, in general, 


To Add Polynomials. Write the expressions so that like 
terms shall stand in the same column. Find the sum of the 
terms wr each column, and connect the results with their 


proper signs. 

A polynomial may be regarded as the sum of its monomial terms. 
Thus, the sum of the terms (+ a), (— 6), and (—3c) is a—b—3ce. 
Hence, the sum of two or more polynomials whose terms are all 
unlike is expressed by writing their terms with their respective signs. 
Thus, the sum of a—b, c—d, and m+n—-2% is a—bte-d 
eit 1 — SB, 

Exercise 9. 

Find the sum of: 

1 SCRE eae ET aie ne aoe, che, 

2, 5H2+38y+38a,—-Txe+4y—8a, and 2747—3,y. 

3. 3b—3c, 2c—24, 3e—7), and 4b—2¢4+ 3-. 

4. 14a+2, 13b—y, —lla-+ 2y, and x—2a—120. 


= 


5. axw—4mnt+ bd, bd~ax—3mn, Tmn—34az 
+ 360d, and 5mn— 30ax—90d. 


6. a—b, 2b—c, 2c—d, 2d—3a4a+4n, and m—av+2. 


7 abe+3abm—5em, 3cm+1labm+9abe 
Jabm—2lem—3labe, and 8em— dlabm4+13abe. 


8. mt+nt+p, m—n—p, mM—n+p, and m+n—p. 
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9, atb+e+d, a+b+e—d, a+b—c+d, Pale hate bite 
and —a+b+e+d. 


10. 1.25@6 + liec+ 990, and 3004+ 22¢4 1.018. 


1 et open: he 1 he | 
1t gat gads+ 9, $4 — 7, ab— 150°, Sa48ab 
+ 60% and la—10lab 
12. 4m*—.2m+4, .1m?+.01m—.2, m+ 3imn—h, 
Pe btn) > Te ine 21 
and 4m — 54:mn— 1§ m* — 2. 


lone OC, Oo CY — Ia, —i ey + oae+ 1.01 6d; 
4zy+6ac— 09cd, and —wvy—2Zac+ ed. 


14 ba? — 2076 — 3b, ath —- sib ah + 2.0%, and 
—3a?+al?+ 30°. 

15. 38(m~—nP+ 38(a4+ vy), 4(m — 12)? — .2 (@ + yy), 
7 (m—n)P— 3.03 (a+ y), and 5.1(m—n)8—3.1 (x+y). 


16. 500? —8a? Btweytay 47B—-TeARP—3 27? 
+6 ay 3080+ 3 470 —3 y+ bay, and 2 ab 
=O Oe 3 ay — Sey". 


lf fa — ter + 2aey + 8 Sad 4 baby + 7.5 0? 
+48, 2a0+ 3ay—ha—iB and faetttady 
+ $a? — 10°. 

18. ae+ sah + $a? —$a2b —Z2abe+ tare, 4076 
+40? + £00? + 468+ 2abe+ 1h 06, and 1.latc—12ac? 
= 1+ 40¢—$be— 1.3. + 1.23 ade. 


19. 3.la?—4.2 24+1.20¢4+1.7, 2.22 2 —1.22?4+ 3.33% 
0,09 a2 ae 7 at — oe 1) Bt 28 oe? + 12312 
— 1.33 2, and 11.11 2? + 5.55 a? — 6.2 « + 3.77. 


20. BREF + 2B 2+ 3028S, 188RF—14 288 
+ 1.5 a8 Bc, 1.5 a2 Bc? — 1.9 a8 0 cF 4+ 1/3 a2 BB and 
1.7 a2 67 2 — 1.2 a? Bc? + 1.01 a? be. 
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21. 2c%+ 1lant+3be, .567+3.9a"+2.02bc, c,+2.09.a” 
— $be, and £6 + 3bc— 3.03. 

22, ab6—2+42y, 12+ 0lax—2.020ab, dau 
+42y—4ab, 6% —10laz+ 12, and Acxyt+ fax 
—fuy. 

23. 3a + ly—7.0lz2+ 60ly 4+ 2a4 382-154 
— 82+ 9.0la + 3.03 y + 2—4.04y — 2.012 + 22a—y. 

24. 3ab6+9—a%y, @Byt3aeyt+ 5, Gayt4ary 
— say, 10¢y+1+4+ 3ay', and 17 —3a%y — 2a y, 

25. .0(m— 3a)", —£(m— 3x)", .75 (m — 3 x)", and 
— 1.25 (m — 3 a)”. 

26. a+ 044+ &, —4a2?—5 & 8a2?—7044+ 103, and 
6 64 — 6 3, 

27. 3a2—4ab+4+ 4+ 2a4+ 3b—7, 202-44 34a 
5h 4 8 10Gh 8b a Ob and) 5 a2 2.8 ub 4 eee 
+7a—T70411. | 

28. a—4ey+6ey—4aP4+ x6, 4e8y —12 ey? 
+122y—4y1, 62 y—122y4+6y5, and 447-4 yy. 

29. B+aPitat—ab—abc—ac, @b+084+ 02 
—al*—be—abe, and a@c+@e+A—abc—be 
eo 

S0meo.a> — 32 a? 60+ Olan ee beeen bee 
—4a0@—120? B-—4al?—5ab—a® and 2 a®b 
—2e0—68—alr 


31. am—y"+3 a, 2a"—3y" —a, and x” + 4 oy — at 
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CHAPTER IIL. 


ALGEBRAIC SUBTRACTION. 


19. In Art. 12 it was shown that to subtract a positive 
number means to count so many units in the negative di- 
rection, and to subtract a negative number means to count 
so many units in the positive direction. Hence, the addi- 
tion of a positive number produces the same result as the 
subtraction of a negative number having the same absolute 
value. 

Thus, +3+ (+6)=+34+6=9 +3-—(—6)=+3+6=9. 

Also, the subtraction of a positive number produces the 
same result as the addition of a negative number having 
the same absolute value. 

Thus, + 4—(+6)=+4-6=-2. +44 (—6)=+4-6=—2. 

We observe that the subtraction of one number from 
another produces the same result as counting or measuring 
from the place occupied by the subtrahend to the place 
occupied by the minuend. Thus, 


Subtract — 6 from +a; also + a from — Bb. 
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Explanation. Suppose the algebraic numbers to be accurately 
measured on the line of numbers CD. We start at B in the positive 
series, count 6b units in the positive direction, and arrive at D; and 
the distance from A (0) to D is equal in absolute value to A D in the 
positive direction. But in counting from A to D the absolute value is 
the same as the absolute value in counting from C (the subtrahend) 
to B (the minuend), and we have counted in the direction opposite to 
that indicated by the sign of the subtrahend. Thus, 


C B= + (+10) 4°54 a) = a4 0. \Phatis; 
(+a) —(— b) =a+b-: 

Subtracting + a from — b gives the same result as counting from a 
in the positive series to b in the negative series, and the distance from 
B to C is equal in absolute value to BC in the negative direction. 
Thus, 

BC=+(—a)+(~-))=—a—b. That is, 
(—b) —-(4 a) =—b—a,or—a—b. Hence, 

Algebraic Subtraction is the operation of finding the dif- 
ference from the subtrahend to the minuend. 


To subtract — 5a from +2 a is the operation of finding how far 
and in what direction we must go to pass from 5a in the negative 
series to 2a in the positive series, and is found, by counting from 
—5ato+ 2a, to be 7 a units in the positive direction. That is, 


+29a—(—5a)=+7a. 
To subtract + 5a from — 2a, we count from 5a in the positive 


series to 2a in the negative series and pass over 7 @ units in the 
negative direction. That is, 
—%a-(45a)=-—74. 

These differences may be found by changing the signs of the sub- 
trahend and proceeding as in addition, as shown by a comparison of 
results. Thus, 

Minuend. Subtrahend. By Addition. 

+%a—(—5a)=+7a } (+2e+(+5a)=+74. 

—%a—(+5a)=—Ta | —9a+(—5a)=—7a. 

eee) =a +b (es pad (ter b) =a 470, 

See ge 2) = — a — b) eh Dh as )) re a 
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Hence, in general, 


To Subtract one Algebraic Number from another. Change 
the sign of the subtrahend, and add the result to the minuend. 


Notes: 1. Algebraic subtraction considered as an operation is not distinct 
from addition ; for it is equivalent to the algebraic addition of a number with 
the opposite algebraic sign. It includes not only distance but direction, and 
direction depends upon the sign of the subtrahend and which number is consid- 
ered the minuend. 


2. Algebraic subtraction is not in all cases diminution. Thus, 
8 — (— 2) = 10; also 2 - (- 8) = 10. 


ExAMPLE 1. Subtract + 3a8bc m5 from + 10a?bem. 


Solution. Changing the sign of the subtrahend, and proceeding 
as in addition, we have + 10 a&bcm® + (—3a2bcm®) =+4+ 7 a®bcm’. 


EXAMPLE 2. Subtract + 27 (x? — y®)? from 13 (a? — y?)8. 


Solution. Treating (<? — y*)? as a simple symbol, changing the 
sign of the subtrahend and proceeding as in addition, we have 


18 (a? — 9)? + [— 27 (@* — y®)*] = — 14 @?— 9)? 


Exercise 10. 
From: 


1. + 9a8be take —a3bc, —14ab? x7 take +19 ab? x2/?. 
2. + 2%? take —x2y?; +99 mn pirst” take + 99 mnp rst”. 
3. —10azy take —axy; xy® take —be. 

From the sum of: | 

4. —11a, + 5°, and + 1.25 2° take + 5.5 2°. 


5. a0c0, —3abe, and’+ .3abdc® take the sum of 
—aoc, + 3.03 4b0c, and — 1.0labc?% 


6. 108 mnp, —10.8 mn p, and + mnp" take the 
sum of —10 mnp, +33 mnp, and — 108.1 mn p”. 
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7. 5(@+y), —2(@+y), and + («+y), take the sum of 
—(x#+y),+6(@+4+y), and — 2.5 (a+ y). 

Find the ageregate value of : 

8. +17 a 22 — — 5a2°) + (— 244 2°) — (+ a 2). 

9 +19a¢274+ (acy) —(—5axy’). 

10. + ay + (—a®y) — (+ aby) — (— ay) + (— dary) 
— (+ 8 ay) —(— 10 ay) + (— 5 ay). 

1 Pa 6) — | (a) |e [ad] 
—[+4 oe + b)?] + 10 (a + 6). 


12. 20° + (+ ba) +(—.12)-G %w")4 C42’) 
(41 12") —(— 342”). 


rie 


/ 20. Exampie 1. Subtract 3ab + 5a2y5 — 1448 — 7 8 from 
Tha? 8 48s) 23.0° 47) 





Process. 
WM invend aie one ote a la? —18.y" 23.08 4° 
Subtrahend, with signs bieiten ie 1443+ 7 y — § ab yh 0 
Del enCC a wey ce seem a ee eo a — ye + 18 a8y° — 3ab 


EXAMPLE 2. Subtract 3a y?+n—5a?6+5 p® from 5 xy?— 3 a7b 
+ 3m. 





Process. 
Wannend. .. ss (ot. PCY ew OO) ml 
Subtrahend, with signs a ioer Tokyo ag) 1 ope 
ere CC), y*) s <) ee Aa . Qryr+tQa2b+3m—n—5 ps 


Hence, in general, 

To Subtract one Polynomial from another. Change the 
algebrare sign of every term in the subtrahend, and add the 
result to the minuend. 


Note. It is not necessary ‘that the signs of the subtrahend be actually 
changed, we may conceive them to be changed, 
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Exercise 11. 


Subtract : 

1 5¢—dsy+ 22 from 3%+4+ y —2. 

Qe y+ 2 irom + 2'— 27 — 3 2. 

pea 0 + 2). cirom —a— b-+ T0c. 

44a —ty — fe from 32+ y +2. 

5. fa—Fy + foe from — 34 + ty — zy? 

6. 42 —3y—} from —$a—2y+4 

fe —4a7b+ 26c+5 from 3 a — a*b — dc — 5. 

8. wy —Sabet+207—1 from 3a%*y—abae+2 xy’. 

9 abcuy+ 2aby—4b« from 2abcuy —aby-+ be—3., 

10. acy—bay+abe —1 from bay —4acy—abe+a. 

11. 42 — 3 2? 2a? —7.1 2+ 9.9 from zt 2.10 
+ .227— .07x4+.9 

feo — 1 a ot 7 ee + a from 1 — 4 
— lat4+ 22°-— 34+ a. 

13. Zz mn? + 3 n—Em> + $n from 3 m3 — 1m n2— v2 

14, .125 m?> — .662 mn? — 834.0 m2 —. 662 n® + a from 
tm —2mn*?— 83min + i n3. 

15. 3m*—3y—Jn+4~a from 4m?—2y4+ $n—4a. 

16. 


abe + xy — 2c from 3h a2be + Qay" — 42. 


eel eet bg + 6a.—slbeeeeoo trom 250 0 
iy Ceti — O) a. 


18. a™ — 3 a"y" — y™ from 4a" +4 ay” — 2”. 
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19. — 9a™z?— 3402 x +.6 +.03 Oc x? from 9a" 7 
+13—2ab0?a+ 4 bc x2. 


20. From the sum of 4a2—40? 4+ }ct, $0?— 34 4, 
Cy cee er 1 Sd ee eee 8 <A oe 
and 230 oa 12¢ take a4 @ Tai0 4 ¢*, 


21, From the sum of 32°—-ya—a22, Ta? —1h aes 
4+ lig ys, and lla — 644° —2 ya take oA — 25 Yu 
4. £ a. 

22. From «+ y" take the sum of lla" 4 yr— 4, 
—6a2"—5y"— 32, and —52"4 3y"4 4z. 

23. Add the sum of 3hy — 37? and 5 — 3y4 2.7 7 


to the difference obtained by subtracting 3 + 127° — by 
from 1 — 7°. 


Queries. Why change the signs of the subtrahend in subtracting ? 
Why add the subtrahend, with signs changed, to the minuend ? 
Does the use of the signs + and — in Algebra differ from their use in 
Arithmetic ? How ? 


Miscellaneous Exercise 12. 


1. From m?— — 1 take the sum of 2” — 3 + 2 m3 
and 3m®—4+45n7?—n. 


2. From the sum of 1 — 8.8y + .9 2? and 1.12? + 3 2 
— .2y—1 subtract 2a? — 2? 4+ Sy. 


3. Take x2 +4%—1 from 2%, and add the result to 
2g — 427 — ¢ +1. 


4. Take a? — 0? from ab — 02, and add the remainder 
to the sum of a) — a2 — 320? and a+ 202 


5. Tothesumof m+n—38p+5 and2m+3n+5p 
— 3 add the sum of m—4n—7p and 5p—6m—2. 
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6. Take Sb xem =a v) x = ape aa ae from 3 ee: + + pan Te 
ola an + bik 2 

7. Take 2 x? y?—3224+2y8+2—1 from 23 ye t+2—4y3. 


8. Take 8 d3 ¥3 — 4a2c%+ 3d from 4223 + 3¢ 
— 1.2 8 y3. 


Dee eet Ole trom ered eae Le Loe 
9. Take $73 —3 «3 y3 + 33478 from 27342 a3 y341y8. 


10. From the sum of Teys— 4ax+.5b, 04 b—2eys 
+4$m,—fax+ $cys—§, and L{ax—.23b—8m+.3 
take the sum of .55a2+ 4m-+ 3 and .33m—1.1 cys 
+ .67 m. 


11. Find the sum of a"— 7b" + cp and 3U" + 2a”, 
and subtract the result from ep — 4n. 


12) From a” — 2.27" — 2° take the sum of 
+g? and 4a" + 3b” — y" — x". 


m Bi bo 


bole 


13. From — a” — 6"— c?—(d* take the sum of a"+ 20” 
— 20”, Pa” —4ie?, and 40" 4 dt? 

14. From 3 (a? — 88) — (23 + y*) take 
— oF + 34 (a8 — Bt, 


Colpo 


(2° + yp 


15. From unity take 3 a2? — 3a+1, and add 5a?—3a 
to the result. 


lbp Add 33°" — 72" +1. and 32%" + 3" — 3, and 
diminish the result by #2” — 2. 


17. From zero subtract ?a? — fa + 2. 


18. From 3m?—1+4%n take 5 n?—2.7.m3—i 1, 
then take the difference from zero, and add this last result 
to— 5 n* + 3.34 m3 + a. 

5) 
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19. What expression must be subtracted from 10 y? + y 
—1 toleave 3y?—17y4 3? 


20, What expression must be subtracted from a — 5a 
+y toleave 2a—52+4y? 


21. From what expression must a2— 5ab—7be be 
subtracted to give a remainder 5a2+3a6+ 7bc? 


car aie ne a eet: 
22. From what expression must a? 03 — b4¢s + 6a" 
> 1 a a 
be subtracted to leave a remainder 04 c3 — 6 a™c"? 


23. To what expression must ~ a? + 2}a—1f@—3 
be added so as to make 23 a? — 2}.a +4 3+ a? + 3 


24. To what expression must 5ay—11lbe—T7mn be 


added to produce zero ? 
* 


25. What expression must be added to 3a”—3a"-'+2 
to produce 2" + a”~'— 6? | 


26. What expression must be added to ma” — a” + 2 
to produce m x” — 2? 


27. From the sum of .6(# + y)? i (Ole ee 
——S8 (x = y)2, and 3 3 (a + ) a 2a" a™, take the sum 
Of 140 Gs + ye — Ja" ™ oO 6.5 (« + y)2 +c, and 
qg (@ + qe a v8 One. 


Algebraic Subtraction may be defined as the operation of 
finding a number which added to a given number, will 
produce a given sum. The sum is now called the mzn- 
uend, the given number js the subtrahend, and the required 
number is the deference. 
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CHAPTER IV, 


ALGEBRAIC MULTIPLICATION. 


21. EvipentLty 5m xX 6n=5X6XmxXn = 30mn. 
Hence, in Algebra, the product is the same in whatever 
order the factors are written. 

axaxXaxXa or aaaa is written at, and shows that 
ais taken four times as a factor. aXaXaXaxXa or 
aaaaa is written a, and shows that a is taken five times 
asa jactor. aXaxax.... to m factors, oraaa....ton 
factors 1s written a”, and shows that a is taken n times as a 
factor. Hence, 

An Integral Exponent shows how many times a number 
or term is taken as a factor. 

a? is read a second power, or a exponent two, or a square. 
a is read a third power, or a exponent three, or a cube. 
Hence, 

A Power is the product of two or more equal factors. 
The degree of the power is indicated by an exponent. 

Coe Oe 


and Goa oe a-O O. 
Hence, a Xe = GOO xX Aad 
= Qt, 
Of =O 04a cos tO. actors: 
and a” = 40.4.0 to mnelactors. 


Multiplying the second expression by the first, we have, 


a" X a" = aaa....tom factors X aaq.... to n factors 
= aaa....to(m + n) factors 
= a™*", In which m and m are any numbers 
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whatever. Similarly for the product of more than two 
powers of a factor. Hence, 


The powers of a number are multiplied by adding the 
exponents. 


If the multiplicand and multiplier consist of powers of 
different factors, we use a similar process. Thus, 


3m XX 2men?X 5b m?nPF =3X2XSmrMMMMMMMmnNmMN 
X UNNNN 
= 30 m! n5. 
a*h” x a*h"=aaa.... to n factors x aaa.,.. to » factors 
xbbbd.... to m factors X 600 .... to r factors 
=aaa....to(nt+p) factors x bb0.... to (m+7) 
factors 
— gt? OP" Hence, in: general; 


To Find the Product of Two or more Monomials. 7% the 
product of the numerical coefficients annex the factors, each 
taken with an exponent equal to the sum of the exponents 
of that factor. 


Notes: 1. When no exponent is written, the exponent is 1. Thus, @ is 
the same as a1, 0 as 01. 
The exponent is used to save repetition. 


2. We read a2, a square, and a8, a cube, because if a represents the number 
of units of length in the side of a square, and the edge of a cube, then a? and 
a8 will represent the number of units in the swrface and volume of the square 
and cube, respectively. 


Illustrations. 


11m X 10m = 11 X 10 m9 +2 = 110 m®. 


3a2bem X 2ab*em X 5abc?2m? = 3 & J XK Ha2t1+1H1+2+1 614142 m1+142 
= 30 at 4 c4 mi’. 


3a3 bic® X 4a xX beck =3 XK 4abt1$i ti c8t+3 = 12 a3bc*®. 


22 ry" X 24-8 K wd y= Qi+3 g2—-8+5yntn = 2 at 2”, 





gR 


3 


RO Oe ee a 
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Exercise 13. 


Find the product of : 


aera 


ie ce 


a re es es ee | 
SA geek Oo Hw eB SS 


a 
a 


wand 72°; 3a and 5 a®%a>; a3da3 and 2 a2}3a: 
svy2 and 3a°y mn; 2abcdm?n? and ee 
RP cyand fab cy"*); 2a8 ao yi and 4 a a3 yz, 
3a ey? and 10 aay; Lamy" and Sal yl, 
sabeay and Za"ey”; talbbry and 2a bay. 
2a™bra"y’ and 2a? Baty: 93 y* and a8 y? 
Oy On, Cd Oe yee. ANG. (aT) yd 
gery rend a bey ae 8 tt and: oh hot" 
0 oil a Man among 64 see Wey Gs ceo aan 
5a "a" and 5a bx-2", 

Lee a eae and oe Y?. 

OO. G ee Oe Ce and. 04 

2d, ac®, 2a", a™a™, and c?. 

at mat, a2nrat, amey, and 2a nat, 


1 1 ak al apes: LR ee al, 
ates, asy2, atat, ary 4, 5ia-4tas, and 5t 2! yl. 


3 = 
5 ys 


$ a8 m2”, 2 m3 xs, Zax-%, 5.1m and a-?0~". 
3y", a-F ye, avd", a8d%, Baty", and Ba" b-2" 

(a+), 5 (a+b), 3(a +b)4, £ (a+ D)5, and (a +b) 
(a+6)(c+d)°, (a+b), 3(¢+d)%, and (a+b) (e+d)*. 


3 (a + by (w@—y)", £(a + b)8, and 8 (x — y)>. 


38 ELEMENTS OF ALGEBRA. 


22. Algebraic Multiplication is the operation of adding 
as many numbers, each equal to the multiplicand, as there 
are units in a positive multiplier ; it is also the operation 
of subtracting as many numbers, each equal to the multi- 
plicand, as there are units in a negative multiplier. Hence, 

The multiplier shows that the multuplicand is taken so 
many times to be added, or so many times to be subtracted. 

Thus, 
4+6)X+4=46)4+¢464+¢6+G¢ 6) =+G 24) =+4+ 24; 
(-6)X+4=(-6)+(- 6) +(-6)+( 6) =+C 24) =— 24; 
(+6) X —-4=-(46)—-G 6)—-(4 6)—-(4 6) =—-G4 24) = — 24; 
Lah) OX sre tire (oO) er (0) eat ct) cee) oa Ce ae 


The sign of the multiplicand (6) shows that the product (24) is in 
the positive and negative series of numbers, respectively; and the 
sign of the multiplier (4) shows that the first two products are to be 
added and the last two are to be subtracted. Hence, 


The sign of the multiplicand shows what series of numbers 
the product is in, and the sign of the multiplier shows what 
as to be done with the product. 


Law of Signs. Zhe product of two factors is positive when 
the factors have like signs, and negative when they have un- 
like signs. 

Since 
iM A= + 45-20% — 2 3 Se x 8 ee 
—2xXx—-2x—-3x—4=—-12x—-—4=4 48; 
—2xX—2x-—3x—4x—5=4 48 x —5 = — 240; 
ete. Hence, 


The product of an even number of negative factors is posi- 
tive; of an odd number, negative. 
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The change of signs may be illustrated as follows : 





Let the measuring unit be represented by a. 

From A (0), the starting-point on the scale, measure toward the 
right and left. The products of + @ and —a by the factors from + 5 
tO — O.are ; 


Gehan. OX, he ee ne Cy x al 
eee Le te ON en OX oe Ee GK ee 508 
—aX+5,-axX+4 -a@axX4+3,-ax+2,-aX+1; 
=k) Sex = 2, ae XS Se XO 





respectively. The directions taken by the products are shown in the 


figure. 
Illustrations. 


mye Xx — 182 xX — hye? X— fae K eye =ts xX} XK 4abyo2%0 
== 12 76 ,5 210 
Se iS UR ea 
ro yee 


pad See Ryny"z Ni eae ar aoe = Le PA eh la a Fee 


—_— _ et er at 


Exercise 14. 
Find the product of: 
1. 5a, — 36, 7¢ —2 0, —11 a, anda; a*z, ae 
av, and — xy. 
2. aba, —ay, —azx, and a®2®; —ab®, —be, —cd’, 
—a, —a’, — a, and —5d at. 
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3d. —a, b6°= 1 4 2 at, guy, and 75a; aapes, 
— max, —y";and .3 m. 


4. sabe, —d, ax, —1, and faxyz; a”am, ay", al, 
and a 0. 


5. —a*a, 32, ab, ay, az, and axyuvw; ary, — fal", 
and — 34a" b" 2" y". 
6. —a*be, 2b°%cd®, — 5 aed’, — 8 a Pb Meg 


and a 6° di}. 


V1 ee aa? a oe a oa sand) a 
D) 2 ’ ae pall 2 D8. 
8. az’, —a* —1, dan, and —az yt; atx, — a3, a2, 
Ab 
and — a? x2. 
9.7 d aiys; 3atbt and 
_—MY, M2, —mn, — xy, and zy?; 3a an 
Ar 
— .7 at 08. 


10Sa® as a8” a7" fandea®*, © Express the resiuleain 
two ways. 


WOR eta tei a ya BS Oo) antl wean ee 


Heat oo 8 2 REX Fe One AC 
ex Be nL 


23. Exampie. Multiply a+ by m; also a—b by m. 
The symbol (a + 6) m means that m is to be taken (a + 6) times. 
Hence, 
Process. 


(a+b)m=m+m+m-+.... taken a+b times 
=(m+m+m+....takenatimes) +(m+m+m-+....takend 
times) 
=am-+bm. (1) 
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Also, 
(a—b)m=m+mt+m-+.... taken a—b times 
= (m+m+m+....takenatimes) — (m+m+m-+.... taken} 
times) 
= (m X a) — (m X BD) 
=am— bm, (2) 
Similarly, (a +6—c)m=am+bm—cm. 


These results are obtained by multiplying each term of the multi- 
plicand separately by the multiplier. Hence, in general, 


To Multiply a Polynomial by a Monomial. Multiply each 
term of the multeplicand by the multiplier, and add the 
results. 


Exercise 15. 

Multiply: 

1. be+ac—ab by abe; 8a7b4—Z b2c5— 83 by 0°d™. 

2. 5a®§— 6? —2 by a7d%c; 623 — 5 ay? — Baty? 
— DY 277 y. 

a £m2—imn + 4n7 by mn; x —y — 2*7* by wy. 

A, 2a—8,P + tal? by £ab?; a’—a*b?—ab by ab’. 

Sa brete|— 5 ah? a +2 6423 by gab 2s pa" — ¢ a" 
—r by par. 

6. 3a™—?— 2 b*- 14 a™b" by ab?; 4a” -” °° —4 ar *? OF 
+ 67? by 3 a™*? D?. 

7. a2" —3a™b-"+ b" by a™b?™; 22a% — Qbyt + Wary? 
by 22 a2 2. 

8 as — a2bt—adh +b by as be. ctxt yi+ ci yi—.5 yt 
by aty~2. 
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Find the product of: 


- m?? — 2m? n*4 


y) 


9, aFyt—4aly84 44, aly}, and — 27? 
Lie ta a? orem 22” 20%, 


10. }a2b-4+2ab-3x+ 4b?2?, dal, 2642, and 407032°. 


as 
3 


2 2 1 ang 1 2d ek 
11. v3 — y8, v3, y3, and —x3 y8; a — 08, a2, 3, a2 b2, 
aly 
A2 


2 
b3, and — a 03. 


gts a ang, 9 3 8 
12. 2— 78, xt, xtyi, — at y?, By, Bvt, — yi, and 
Ql 2. 

eiyt, 


5 2 ln ey Ger ee ee 5 
13. a2? —.2 0322+ .3b 2% —b3, b az, —b3 2, and 4 b3 x. 


ive 2a 42 qa” b-™ as 45, S (oe Sa 5 ieee and 
i a7” b-™ 


Ly qgntn aes a” b™ eL a Lb” “fs SE ee, ae Cwe bee and 
er eu Dros 


24. Examptel. Multiply m+n by «+y; also m+n by r—y. 
(m+n) (x+y) means that e+y is to be taken m+n times. Hence, 


Process 


(m+n) X (tty) = (*+y)+(@t+y+@ty)+.... taken m+n times 
= [(@+y) + (@+y)+ @t+y) + .... taken m times] 
+ [(@+y)+(@+y)+(@+y)+.... taken n times] 
= (04-9) ey) 2 
= = (1) Art. 23, mz+my+nu-+ ny. (1) 
Also, 
(m +- 2) (# — y) 


(x—y) + (r--y) + (x—y)+.... taken m+n times 
= ((a—y)+ (@—y) + (r7—y) +.... taken m times] 


+[(—y)+(2#—-y)+(4—-y) +.... taken n times] 
= (&— y)m+ (r—y) nr 
= (2) Art. 23, mzx—my+na—ny. (2) 


Similarly, (m +n +p) (e+ y-z2)=mzr+my—mz+nzr+ny 
—nz+pr4-py— pz 
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These results are obtained by multiplying each term ot the multi- 
plicand separately by each term of the multiplier, and connecting the 
products with their proper signs. 


EXAMPLE 2. Multiply +®— 27° + 222—2—5 by a+ 343+ 5. 








Process. 
Gee Ce ee ae — 5 
eet Bch + 5 
gl 994+ Qe6— x5 —5 xt 
SO +62°—3xt-— 378 — 15 28 
+5276 —5 75 Bea dick ee 
ee 2 9? 7 x5 —82t— 328 — 1523+ 1022-52 — 25 


Explanation. Multiplying each term of the multiplicand by 
each term of the multiplier and connecting these results with their 
proper signs, we have x!% — 7° 4-226 —2>— 521+329— 3278+ 625 
— 324 — 1578+ 527° —525 + 10 22? —5x— 25. Uniting like terms, 
for a simplified product, we have x! 4-2 49 —3 28+ 7 26-8 at —15 23 
+ 10 22— 52 — 25. 

The process used in practice is shown above. The first line under 
the multiplier contains the product of the multiplicand and z4, The 
second contains the product of the multiplicand and 32%. Etc. To 
facilitate adding, write the several products so that like terms shall 
stand in the same column. 


Note. It is convenient to arrange the terms of the multiplicand and multi- 
plier according to powers of some common letter, ascending or descending. 


EXAMPLE 3. Multiply 3a2+22x?+ $a? by 307+ $2? — Zaz. 


Solution. Arrange the expressions according to the descending 
powers of x. Taking the multiplicand 3 z? times, we have x4 + a 2° 
+4a?x?. Taking it — 3 az times, and writing the product so that 
like terms shall stand in the same column, we have — a2’ — a? x? 
—iaix. Again, taking it 3a? times, and writing the product as be- 
fore, we have $a?22+ 4a3x+4a*. Adding the partial products, 
we have z* + 1 a’, or arranging alphabetically, } a* + 24 
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Process. 
g27+ 2axr+4a? 
Spee So 7 4 8 42 
Zr gart+ za 
fo At? ae 
a0 Oe 
hoz +iartiat 
4 nee 
als sip 
< € © . 2 
EXAMPLE 4, Multiply — 32"+2y2 — .gamtiynti 2 3.3.27 yt 
by a gy — 2 f Age =! re 





Process. 
sen Red a OT TAO Sele ee ee 
4 gm —1 Chea at uo) per 





13.2 g2m—1 gets =o IL 2m ye — 19.00 yem+l CHa 
A 66 VA ideale OG 20 tba eS Lt Gin ek ee meee 


13.2 x2 m—1 ee = 1.86 TP La pe 11.94272"+1 yer! ats gem t 2 yrn—2 





Explanation. Arrange according to the ascending powers of z, as 
shown. The product of the multiplicand by 42™—!y"~-! gives the 
first partial product, as shown on the first line under the multiplier. 
The product of the multiplicand by — .2x2™y"—* gives the second. 
partial product. Taking the sum of the partial products, we have 
the product required. Hence, in general, 

To find the Product of two Polynomials. Multiply the 
multiplicand by each term of the multeplier, and add the 
partial products. 


Exercise 16. 


Arrange the terms according to the powers of some 
common letter, and multiply: 

1. a@§+h—ad by ab4+ 02+ a?; a®—2axr4+ 42? 
by a+ 427+ 2axz. 

2+ yi — ay by P+ Psat yta—y by r+y 
— Cady, 
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3. y—3+¥ by y-I9+ yy; @y—az+y—a3 by yta. 


4. da*—Bxa—3 by de? + 2e—4516 a2 41245 
+96? by 4a—.38. 


5. P—y+to—y by V+ P+ae—y; $2-axr—202 
by }a79—dax+ ha’ 


6a —aeytotytyt+ 1 by c+ y—1; 222+3a" 
Tepe by 22° tar —+4 a’. 


7. 1828 — 504 — 2? + o® —2 +2 by —'27 — 2. 
8. 3a*—2a28—2a+1+at by 307+ 202+ 2a414 at. 


Ree eo CL Oe ee ea eral Dyer) 
+1i4+2et— 523 


10, 1+9a@+5 a+ 30+ 7 of + a by 4 a? — 3 ab 
+at*+4—4a. 


“11. 4277 + 8242 + 1644 + 2a%y + zt by x —2y. 


12, al — a y+ of yt — a + ox by 24 23; 2297? 
—xey—xcyptatyt by ot+y. 


13. 2+07+2—ab—ac—be byat+bt+e 
14. @7+4+0+4+¢2+b¢e+ac—ab by a+b—e. 
15. ab+cd+act+bd by ab+cd—ac—bdd. 
16. 2+ y72°—322?—-7* by 2a+2y—2(a4—y). 
17. 3(m+n)—.1 xX (a+ 6) by a—64.1(m— 7). 
tia + bre by a2" bars vs + 3 by vs — ys. 
Pee 0 bye 1-03 a” + b> vege 0": a” + boby 
xa + 3. 
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20. 32° '—By-* by 24—37; a2" + ba" fabs 
by a2? — ba? —1. 


adh 
xv y. 
22. 


302"2+3a2y +a" by a*"—a" +a; v3 —y—8 by 





2at—.30% by 2at+.3b3; as +asyt+y3 by x—ys. 





23, vty t+ yt +aty tt at by ct— yk. 
Find the product of: 


24. 


25. 


l+ailt+e2zandil+a2—2—-—2. 
e—2a,x—a,¢r+a, and «+ 2a. 

3a+2, 2¢4—3, 52—4, and 42 —5., 
ine ei lea ee. gee eee 
e—art+a, tax a, and zt —a* zt at. 
a+b, a—b, 3a+, and a&—2a7b—al? 63 
am +b", a™—b", V+ ab" +b", and a?" a™b"+ 57". 


A Binomial is a compound expression of ¢wo terms; 


as,a—b;ab+ 20% 


In each of the following products, observe that : 


A i a A nae SC 

Pe He 9x2 — 5 

427+ 62 427+ 62 
10%+ 15 —102—15 


407+ 16x%+15 


4z?— 4x2—15 


20 — 3 22% — 3 
22 + 5 Qa — 5 
4u?— 62 4nv2— 62 

OD a as Bi LOG --- 15 


447+ 47-15 


422— 162+ 15 
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I. The first term is the common algebraic term of the binomials 
multiplied by itself, or the square of the common algebraic term. 


II. The second term is the algebraic sum of the other two terms of 
the binomial expressions multiplied by the common algebraic term. 


r oy 1a «© naQ1R a > : = 
III. The last term is the algebraic product of the terms which are 
not common to the binomial expressions. Hence, 


To find the Product of two Binomials, having one Common 
Algebraic Term. Add together the square of the common 
term, the algebrare sum of the other two terms multiplied by 
the common term, and the algebraic product of the terms 
which are not common. 


In general, (7+ a) (a+b) =a? + (a+b)xtab (el) 
(v—a)(@tb)=a?+(-atb)aFab (2) 
In which a, b, and # represent any numbers. 


Notes: 1. It is of the utmost importance that the student should learn to 
write the products of binomial expressions rapidly, by inspection. 


2. To square a monomial, multiply the numerical coefficient by itself, and 
multiply the exponent of each letter by two. The proof is evident. Thus, the 
square of 2 ati = 2x Qak* 2 mx2 = 4ah2n, 

Also, (36—" a™)2 = 3 X 3,6—”X 2am xX2=QH—2n g2m, 


EXAMPLES. Write the product of the following by inspection : 
(29 4.1.4) (22 —64):, (@—9 b) (a—8b); (a—6) (a+ 13). 
Solution. Squaring the common term, we have 4277. Taking 
the algebraic sum of the other two terms, + 7 y and —5 y, we have 
+2y. Multiplying thissum by 27, we have+4zy. Taking the 
algebraic product of the terms not common, + 7 y and —5 y, we have 
— 357%. We thus obtain 427+ 4xy— 35 y? for the product. 


Similarly, (a—9 6) (a—8b) = a?+ (—9 b-8b) X a+(—9b) X (8b) 
= 07 +17 ab 7252. 

Also, (a= oa lay = a? (—6 enc + (— 6) X Gada) 
= 07-7 a@ ero 
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Exercise 17. 

Write, by inspection, the products of the following : 

1. a@—3)(a+ 5); (6+ 6)0—5); w+ 4)@+4 3); 
(ae — 4) (aera): (eo — 7) e + 2). 

2. (@ —8)(x— 6); (a +9) (a —5); (a — 8) (a-+ 4); 
(2a — 4) (2a—5); (82+ 7) (38% — d). 

3. (@—3y?) (a—4y"); (@—Ty) (e+ 8y); (a"—-1) (a + 2); 
(3 2 — 5) (8 2° — 4). 

4. 2aty? + 4) (2a2y2>— 8); GBax—4)(8Baxr4+7); 
(eet 3a) (ae 4 oh) oO OO tet) 

5. (22+ a)(2e— 2a); (22"+5a)(2a"—3a); (82—2y) 
Ba+y); —6m+ 22°) (4m4 2 2°). 

6. (w~—a)(@—5a); (a—5b)(a+8b); (a3 —22)(a'— 62); 
(52 + 3 a?) (62 — 4 a?). 

7 87 — 52°) (2y2— 52°); (845+ 206) (3a5—4ad4); 
(a” + 3) (a" — d). 

8. (4a+56)(4a—c¢); 2b—5a)\(2ce—5a); @y+42) 
(ay +42); (at — 1) (at + 4). 

9. (203 +1) (227 + 12); (203 — 3az) (2a? + b); 
(2 — Bary") (y — 3234"). 


26. (e+ y)e-—y)=P+y—y)xXet+(+y) x -y) 
=2?— yy. In which w and y represent any two numbers. 
Hence, in general, 


To find the Product of tl.. Sum and Difference of two 
Numbers. Take the difference of their squares. 
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Exampies. Find the product of (2a" + 30-”) (2a™—30- n); 
(8 pt + 1123) (8 p— 112%). 

Solution. (20" + 36-") X (2a™ — 36-") is the square of 
2a™, or 4a?™, minus the square of 35-", or 95-2", Therefore, 
(2a™ + 3b-") (2a™— 30-") = 4 a2?™— 95-20, 

Similarly, (8 p* + 11 24) (8 pt — 11 2?) = 64 p8 — 121 z. 


Exercise 18. 


Write by inspection the product of the following: 

1, (22+ 3y)(20—3y); @+ 2y)(@—2y); (6432) 
(5—32); (62+ 11)(2—11). 

2. (2%4+1)Q2—-1); 224+ 5)(2e—5); xy + 3) 
(52y— 3); (e+ a) (ec — a). 

3. (2 — a*) (2 — a7); (mn +1) (mn—1); (a ¥ + D) 
(ay? — b); (a? a? + 1) (a? a? — 1). 
4 @ty) ey); A— pat pai m2) 
(m +n); (a® + a*) (a" — a) 

5. (bay 1—4y) (Sry '+4y"); (507+ 3y’) (527-39); 
Perr) (i 8 2), 

6. (Qart+ by) (2axu—by); (m?+n-") (m?—71~%); 
G0 a~" — 130 "\10 a7" +13 5,”). 

7. (m2 + nb) (m2 — n2); (4a%— 202") (4 az + 20 2) ; 
(at — b-8) (ab + 0-4). 

8. (1123 + 307%) (11 23 — 30 y3); (15 a2 08 — 16 at d+) 
(15 a2 8 + 16 a? dd). 


9. (hab-2+ 3b-1a-}) (Lal P—2b-1a-}); (a+b) (a—2) 


(a? +. 0). 
4 
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10. (ab +1) (ab—1) (0? 41); 2a"4+ 4a") (2 a™—4a") 
(402" 4 16 a2”), 

11. (503 + 602) (503 — 60?) (25a? + 360); (a-8 + a2B8) 
(a~8 — a? B%) (a~§ + at). 

12. we + a ne Com Mame a fo) 
(fe —™m 4 0") (3 67 — $b") (23 ¢ —?2m + $$ 02"), 


Queries. In finding the product of monomials, why add expo- 
nents of like factors? What is the product of a5 and a?? Prove it. 
Why is the product of an even number of negative factors positive ? 
How prove (1) and (2) Art. 25? 


Miscellaneous Exercise 19. 


Multiply : 
1. 2a?”—a"4+ 3 by 207% 4+ a®— 3; 5424744 34% 
by 42% — 3 274 \ 


2, at +2a*—3 by 5—ha*+2a7*; kab—5 4848 
by fat +4471 

3. $a8 —a —a? by 203 4+ a-1—6a-t; 2a-2b-3” 
eae, OY, oa. 0? — oo? hy ae. 

4. 5aty—3a-*y-* by 4 aty + Fatty, a2” 4+ g- 2" 
by a2” 4 g-3”, 

5. .3a*— .02 a8b4+13 a2 + 5a6?—1204 by 302 
—oab — .6 0. 


1 3 


6.1 — 2 at — 2 xt he ce; at—8a-t+4a-t~a 
by fa-2 +a+ha- 


5 a ee 
7, 2et— oi —3 a7] by 202—B8a-F— 4-2; gr — 1 
n 


+a" bya? +a? 
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8. gi™th— gett — an + a) by wt? —aF— ae 41; 
a” ae 3"? ath 2 yn-1 by 2 qn +l ag grr? ee, 3 a”. 

Ome oa oa a te by afP-l 5 at 
“® oe gentl As gh — 2, 

Timo 2 ob eS eet by 3 a2 + Dat > 
Be eee a 

Di eo ae te ee a bya Oo 48 a et 
—4x°°—*. 

Te: 5 eye nd A SBR ae ied Ao Ag tie by 3 Hebe ay le! 
a8 Age tafe ne 5 4@ 

13. m?t*—3m?n+ m?-'v?—m?—?n? by m'—'—3m"n 
+ mt? n2. 

14. 9 1 a+é6 ya OO ple GET ay eee ce 
by Qaftt2ye—se Dusen ir meee oe ae tA ee 8 
. Ts AN roel of ¥ a ae aa. DIES NO ah Pivel ae af —e 
page by 2a Fy? — 9 ot — Dr Oe nyt 20 ye 
eg tat. 

16. (y%+ a-m)(y*—a-") ; (Rat —F a 4y?) (Fury + Bx 4y?), 

17. (a"-+-y™) (a —y"); (2? — 5) (wh + 4); (Te — 3 y-}) 
(72 + 3y-). 

18. (42—5 7) (424347); (§ c8b-2 — 2 0202) 
(5 ch O73 + 2% atd2); (a +7430") (a+ 7-307"). 
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CHAPTER V. 


INVOLUTION. 


27. Involution is the operation of raising an expression 
to any required power. 

Involution may always be effected by taking the expres- 
sion, as a factor, a number of times equal to the exponent 
of the required power. 

It is evident from the law of signs that even powers of 
any number are positive ; and that odd powers of a number 
have the same sign as the number itself. Thus, 


(— m8 n)? = (— m?n) X (— m3n) 
=+4+mtsyitt = + m6 n?. 


(— m*n®)§ = (— m*n®) XC mit n®) X mtn) 


— — mt+44+43+3+8 = — m2 n, 


(—3 m'n)*= (— 3m? n) X (— 3 men) X (— 38min) X (—3 mF n) 
— 4 QIFL+I41 8 +34343 nl +1+141 = 4 B] m}2 nf, 


(ar2p°)* = a” bx aM babe Oy. LOL lac bors 
= (a X a™ xd Xe tO Milachora) abe AD OX Uo OCC 
to m factors) 
= (qr+mtm+....tonterms) % (fete+e+.... ton terms) 
=—qmnxn x tee n 
=a™" be", where c, m, and n are positive integers, a and b 
may be integral or fractional, positive or negative. 
Simuany, (abe d* .... pr)secamnpengen cprn,  Henee, an 
general, 
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To Raise a Monomial to any Power. Multiply the exponent 
of each factor by the exponent of the required power, and take 
the product of the resulting factors. Give to every even 
power the positive sign, and to every old power the sign of 
the monomial rtself. 

Notes: 1. Since, - am = — 1 X a™, the nth power of —am = (—1 X am)n 
=(—1)" X amn, Or we may write + a, for the nth power of — a™, where 


the positive or negative sign is to be prefixed, depending upon the value of n 
whether an even or odd integer, m being positive and integral. 


2. Any power of a fraction is found by taking the required power of each of 
; m\> m3 ON ces 
its terms. Thus, e)) at (5) = 


Illustrations. 
Ce 2 xy? z)4 = + QL X4 gl X4 2X4 28K4 — 4 16 wf 8 212, 
(— 3 x2 y5)8 = — BL x8g2x8y5x3 = — 27 x8 y36, 


(4 me no )® =-+ A4Lxxmaxryexe =a Ax mer yer 
Exercise 20. 


Write the results of the following: 

1. (4a7b4)2; (3 a8 B88; (2 at y); (2.040708)? ; (1 ad"); 
fab) (ae 62)? 

9. (7 a8 B)2; (LLabeckd)2; (— 3ex8y2*)?; (3 aFb?y*)?; 
fou Oa 280 \2, 

3. (2abea 8; (— abedx); (—a3b%c)®; (— c7b)*;, 
(3 a b8 c4)6; (— 2 a b*)?. 

4. (1x at Ben); (—2a2"b")?; —daye); Gry" 2" 
ellie Vat Ne 

By 2a BP. (my; (a); Rey; (mr nny; 
(— 28; (—a)?; (— 1)". 
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6.in (2 a G-* capt); ant m?™”)"; . 1 Gn awe. 
mn (3m? nt a? ye 

7. 2a(—3mnFat)?; m(— 3 ab8eomt)*; al? (8 a-* bf; 
CAO 

8. (2 nt ys ais); be J at yn Bay (— 3 a* b-3* c)** , 
(— 3 a~*c8 wt yrs)? 
_ Affect the following with the exponent 7; that is, raise 
each to the 7th power. 

9. —a2bcSdtar, —axy"; a- "beh? (—27 a8$2)8, (— a 8y")4. 

10. (—a"y")®; (a8 08); (Arabar); [(—a™*y']; (Chim). 

‘rite the nth powers of: 

11. m(a—3d)? (w@—y)'; (a—8d)2" (a—y)?; 3 (a—b4ce+d) 

(a — x)”. 


12. abc(a—b")"(a+y+2")"; a” (a—y + 2)?” (2 — y™)8™. 


28. It may be shown by actual multiplication that : 


(a+b)? = a?+6?42ab; 

(o--0)4 eS U0 a D 

(atb+c)? =a?+b?+c?+2ab+2ac+2bc; 

(a—b—c)* =a*+b?+c?2—2ab—2ac+2be; 

(a+b+e+d)? = a*+b?+c?4d?+2ab4 Jact+2ad+2be+2bd+2cd; 
etc. ete. etc. 


In each of the above products, observe that the square consists of : 


I. The swum of the squares of the several terms of the given 
expression. | | 

Il. Twice the algebrace product of the several terms taken 
two and two. 
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These laws hold good for the square of all expressions, 
whatever be the number of terms. Hence, in general, 


To Square any Polynomial. Add together the squares of the 
several terms and twice the ulgebrare product of every two 
terms. 


EXAMPLE 1. Square 3a’ — 425. 


Solution. The squares of the terms are 9a® and 162°, Twice 
the algebraic product of the terms is — 24 a82°. 


Therefore, (3 a® — 4x°)?=9 a® + 16 21° — 24 a8 a5. 
EXAMPLE 2. Square 227— 347-1. 


Solution. The squares of the terms are 47°, 9x4, and 1. Twice 
the algebraic product of the first term and each of the other two 
terms gives the products — 12 z5 and — 423, Twice the product of 
the second and third terms is 6 «?. 

Therefore, (22° — 302 — 1)? = 42° + 9x* + 1 — 12a5—428 + 6272, 


Tllustrations. 
(Dame ran) t= (2a )\2 (sig 8-2 2.0") xX (—- 3 2-") 


ee ID eg eee a re ee 


(a? yan” y— 24 y84 yy)? = (a2 y")?2+ (—grry "P+ gy t (dy 
Sat Ue en eee) te Se ae) 
x (3 y8)4+2(a-2y")X(— fy) +2(—$2"y-’) 
x (Fy8) +2 (—gary-*) X (—gy) F289") 
x (-9) 
= 742m 4 bgrmy—4 4 hy84 12 gr 2yn2 
+ $22 yt 8 — Ags tl— gary + 5 xry 


— $y. 
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Exercise 21. 

Square, by inspection, the following : 

lv2+2;m+5;n+7;a—10; 24+ 3y; a4+30; 
a—3b; 2“4—3y. 

2. @+ 04; 3x —5y; 2a+ ab; 0% — 327; 5abce—e; 
DU ith oe a ale eae 

3.2a+4+30%; wy+au?; 3a724+ 5050-3; 1—g; 
1—ey; m—1; a0 —1; ga" — 05: 

A fab -* 4+: 20 ad, tg" — 9; 40 — 4b"; 
a-4y-$ +4; 0002 a" 4+ .005 7" 

5b. 2m utp? —k mn®s vy + ye + v2; 222-432 — 1; 
w—27+1;27+227—4. 

6. 2a°—2+3; —d5a—2; 22?—Qaryt+y?; 402+ m2n—n'; 
a — 3a + 2. 

7. wy —2n+1;m—n—p—q; ®— 2224 2x38; 
l+2tedtaes r+ 3y+2a—. 

8. 202 —3a2?—a24+38; e~—2Q2y—324+2n; m+n” 
+ p"— qg"; sa —36b— 8. 

9 ta—2b4+4ce, 0% —y®*+ha—40; 327 —2+3; 
Bat — 208 4 2 

LO + de— ha; hae he be tar tay; 
2as + 50% 4+ 7. 

Lg 3a2—2as+iet—a2s; mer + gary 2%? — 3 23¢_ 3; 


1 
23 — 38, 


29. Any Power of a Binomial. It may be shown by 
actual multiplication that: 


INVOLUTION. 57 


(a + D8 ae 3 a2b + 3a + 8; 

(a —b8=a2—3 b+ 38al— 8B; 

(a+ dt=at+4a8b+ 6077+ 400° + OS; 

(a — b)*= at— 40°} + 6023? —4a]3 + OF; 

(a+ b®=a° 4+ 5athb+ 104030? + 10 a703 + 5 adbt+ BS; 

(a — 6)? = a — 5 atd + 10 a3 2 — 10 0708 + 5 adt— BS; 
and so on. 

In each of the above products we observe the following 
laws : 

I. Lhe number of terms is one more than the exponent of 
the binomial. 

Il. Lf both terms of the binomial are positive, all the terms 
are positiwe. 

Ill. Jf the second term of the binomial is negative, the 
odd terms,in the product, are positive, and the even terms 
negative. 

IV. The first and the last terms of the product are respec- 
tively the first and the last terms of the binomial rarsed to 
the power to which the binomial rs to be rarsed. 

V. The exponent of the first term of the binomial, in the 
second term of the product, is one less than the exponent of 
the binomial, and in each succeeding term rt decreases by one. 

The exponent of the second term of the binomial, in the 
second term of the product, is one, and in each succeeding 
term at increases by one. 

Thus, omitting coefficients, 

(a + db) = a8 + ad + at B+ 0303 + a2 dt + ad? + OF 

VI. The coefficient of the first and the last term is one, 
that of the second term 1s the exponent of the binomial. 
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The coefficient of any term, multiplied by the exponent of 
the first term of the binomial in that term, and divided by 
the number of the term, will be the coefficient of the next term. 


Notes: 1. The sum of the exponents in any term of the expansion is the 
same, and is equal to the exponent of the binomial. 


2. The coefficients of terms equally distant from the first term and the last 
term of the expansion are equal. Thus, we may write out the coefficients of 
the last half of the expansion from the first half. 


If one or both of the terms of the binomial have more 
than one literal factor, or a coefficient or exponent other 
than 1, or if either of them is numerical; enclose it in 
parentheses before applying the principles. Thus, 


EXAMPLE 1. Expand (2 2% — 5 a*z)*. 


Process. 
(ea2 bala) =| (205) (5a) 

= (22°)4—4 (04%) (ba*z) + 622? bas) — 422") Garey 
a (Bae 

= Yyl2_4 x 9829 x 5 a22z+6 X 224° X 52atx29— 4 x 228 
X 58 aS x84 5408 x4 

= 1622—4X 829 & 5a®’x@ +6 XK 42° Watx?—4 x 228 
X 125 a 28+ 625 a® x4 

= 16212— 160 a? x!0+ 600 at x8— 1000 a® a6 + 625 a8 x4 


Explanation. In the expansion the odd terms will be positive, 
and the even terms negative. The first term is (2 x°)4, and the fifth 
or last is (5 a?z)*. The exponent of (2 2) is 4, and in each succeed- 
ing term it decreases by 1. The exponent of (5 a?z) is 1, and in each 
succeeding term it increases by 1. The coefficient of the second term 
is 4. For the second term we take the product of 4, (2 2%)’, and 
(5a*%x). To find the coefficient of the third term, we multiply the 
coefficient of the second term 4 by 3 (the exponent of (2 2%) in that 
term), and divide the product by 2 (the number of the term), and 
have 6. Hence, the third term is 6 (2 2°)? (5a?xz)?. The coefficient 
of the fourth term is found by multiplying 6 (the coefficient of the 
third term) by 2 (the exponent of (22%) in the third term), and 
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dividing the product by 3 (the number of the term). Hence, the 
fourth term is 4 (22°) (5a’x)%. Performing operations indicated, we 
have the required result. 


EXAMPLE 2. Raise 1 — 22" to the fifth power. 
Process. 
(1— 3.2%) = (1)5—5 (1)4(3.2) +10 (1)8(3.a”)2— 10(1)2(2.2)3 +5 (1) (2.20): 
— (3 x")5 
= 155 X 14x 22"4+ 10 X 18x 5a 10X 1x 22845 X 1 


= | — 10x" 1 40 72n__ 809804 80 ¢4n__8 
Lag ahh Ay EN Fy eon EO An — Be hn 


Exercise 22. 

Expand and simplify the following expressions: 
1. (a — bj"; (w+ 2)%; (@®— aes; (a? — 4); (2 + a); 
((@a— 198; (L—a)®; (2a — 354, 

2. (at — 3)$; (ax — 32%; (x — 3)®; 2atx+ 327y?); 
(2ax+ 3by)* | 

3. (4@+2)* (a—2)*; (2—£a)*; (Fa—36)*; Gat dd) 
(a + b)®. 

4. (ab—2—a-~ 4; [@ + y+ @—"Ps tat oF 
—(l—a+ 2a?) 

5. (a+26)4'—(a—2b)*; (8 —2a+a*)*-(2—a)!; 
(33 + 52)? — (22 — 32)? 

Queries. How prove (—m)" = + m", according to the value of 
mn, Whether an even or odd integer? How prove the method for 


squaring any polynomial? How prove the laws for raising a bino- 
mial to any power ? 
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CHAPTER VI. 


ALGEBRAIC DIVISION. 


30. Division is the inverse of multiplication, and is the 
operation of finding the other factor, when a product and 
one of its factors are given. The product is now called the 
Dividend, the given factor is the Divisor, and the required 
factor is the Quotient. Thus, 


since OG OOP. ine Pi re 
since Gr one: a a eis ar? 
since XI a sates 427 a+a-*=a'; 
since oe ty ee 18 Os BP OO ee 
since Ct Xa 8, ee a™ + q-® = qmtn,; 


since 3a°b4* x 2a-*b=6ab’, .. 6ab'+2a-2b = 30351; 
since | 9a—9b? X 3a4b>=27ab", .. 27ab7+ 3a4b5 = 9q-8)?; 
since 5a'b->x4a~*ht = 20a?b3, ... 20a8b' +4 a7*pi = batb-; 
etc. Hence, in general, 

To Divide a Monomial by a Monomial. 70 the quotient of 
the numerical coefficients annex the literal factors, each taken 


with an exponent obtained by subtracting its exponent in the 
divisor from its exponent in the dividend. 


Illustrations. 
a8 b4c5m? + a2 b3c2 m = a®—2b4-3 05-2 m2—-1 = ah c8m. 
63 a—2b2c5 + Ta-3hc4 = 9 q—2+8)2-1¢c5-4 = JQabe, 
_ 6 atria SR UR bak 7 


15 a? b? +6 be = 





2 OF (Art. 2); 
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Exercise 23. 
Divide: 
1. 3030? by ab; 15a4b® by 3a3b?; 2002082 by 508203; 
3m by 5 ms, 
2. n> by n-; a® by a®-3; 25-30" by a8b-22; amt 


Woes 2592" ** by 2°54 


1 


3. 15 a~$ 0-4 a? by 9 a2 b-1 23; § ad WE by Bab di; 
21 a™m*x* by Tame. 


4, 24a"p™ by 3a™p"; 36a"my°n by Vamyn?®; aot? y*—? 
Dyas ye 


5. (e—y)® by @—y)®; (a —c)*t by (4 — c)-!; 
$b" i™k* by 2 die K. 


Gono @ 02 elo ag >boe byrne pice <2 ac) - a aby 


a”; (2mn%)2* by (2 mn. 


S31. Only a positive number, + a, when multiplied by +0, can 
give the positive product +ab. Therefore, +ab divided by +6 gives 


the quotient + a. 

Thus, since erXb— ab, -. +ab>— bs ba: 
since aX —b=—ab, .. -ab+—b=+4; 
sinces —@ x b= — ab, -. — abet oh=sa; 
since—a X —b=-+ ab, .. +}ab+—b=—a. 


Hence, in general, 


Law of Signs. Jf the dividend and the divisor have the 
same sign, the quotient is positive. If they have opposite 
signs, the quotient is negative. 
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EXAMPLE. Divide 12a™ by — 4a”. 


Solution. Since there is a factor 4 in the divisor, there must be 
a factor 3 in the quotient, in order to give a product of 12 in the divi- 
dend. Since there are m factors of a in the dividend, and in the 
divisor, there must be m — n factors of a in the quotient, in order to 
give a product of a” in the dividend. Hence, 12a"+—4a" = —3a™—, 
because only a negative number, —3a"—", when multiplied by —4a” 
can give the positive product, 12 a”. 


Tllustrations. 
— 15 a5 mob? = 3a? m4 b? = — 5 ad— 2 68-2 mo—-4 = — 5 a2 bd m2. 
— 5 x10 828 + — 10 a8 yS 28 = 4 fg 8 y8—5 26-8 = 4 hy 228, 


7a" (a—b)®(aty™+ —4a(a—by(u+y) = —fa"—1(a—b) (a+ y)™—. 


Exercise 24. 
Divide: 


1: 627 by 3%; —20a°d%e’ by 10abc; 35 al! by —Ta’; 
—7Taebc by —7atbc*. 

Brian by — Oat; —paboc by 4 athers eb aloe ce 
by § abdiclt; 12 a2" y2 by rome WF 

d. a4 mina? by —24 mln 82-2; — 58 mF x 1y' by 


14 a? mix ty; 3.2, a aby? by 2.023 a8 x y?. 


2 
4, 04 aim?732* by —.0La2 my228: —9.3 m34t 2y"-37/3¢ 
16 | Ye; Y 


by .3 m84+) y~4 yi, 


5. 66 x44? by —.1axty-??; —{(a bc by .6(a—b)2cl; 
— 3ak™bi* by —.2 ab 
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6. —.375 x3 y8 (x? — y8)i by — By x8 y (28 — ys) ; 
8 nee aby 9m en 2 eBay 3. 

(eae —y)la? by 3.0°(e — y)P2!1; m-*n®(x—y\ 
(y—2)* by m-?4n2? (2 — y)-* (y — 2)84 


Simplify the following, that is, perform the indicated 
operations : 


8. (3a2b%c x 12a—1b%c?) + 6.03 b3c?; (32a"b"c* + 8 arb”) 
eed a0 cn”. 
9. (a~2b4 + 2ab) x —2a?b-? X (— 6.8) + — 3.0408). 
POMC) Ome OG, Orta? U0d. 016s) ea ie" bre oe sep, 
Dia Aede bd 2 last 63 a") 
xX [6 acd? x + (84 a8 boc + 7 at 8 c?)). 
12. (a "x a-2b-2 a") x (add a8" yt + 04.22" y~ 4). 
13. 14 a OS c 8 7a bh es) 
20 a 08, — — 4 a5" b-" cm *). 


14. (1.7a~80-2 ch 22 + 1.1La-2d-128) x (abe 8 + ad P03), 


32. Since (a+ b)m=amt+bm, .. (amt+bm)+m=a+b. 
Since (a—b)m=am—bm, .. (am—bm) +m=a —-b. 
Since (xy—2y2z—32x8y- 7) X —S8ryP= —3z743 + 6xyiz+ Outy, 

Peet yen One 2+ Fay) So eye 2 22 —3 coe 


Hence, in general, 


To Divide a Polynomial by a Monomial. Divide each term 
of the dividend by the divisor, and add the results. 
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Exercise 25. 
Divide: 


1. 2a%+ 6a®y — 8aty*® by 2 a7; 21 mn? — 7 mn? 
—14mn+ 63 by 7mn. 


ee oc 0b ct — oP ee cenvaot0 Cc, 4207 
—11a+ 28a by .72. 


3. 28 a3 + 9a? — 21a+4 35 by Ta; 4030? — 16 at 4 
+4a7°B by — 4a3b* 


4. 6070? — 48 a2btc? + 36 a2 ct — 20adc® by 4abec*. 


5. 2.4 m@n? — .8min® — 24mn? + 4m2n? by .8 mn; 


8 ee 1 
xt — ays by x4. 


6. —3a*+ 8ab—6ac by —1.5a; 5 mn?—3m3n* by 
— 1.5 m3 v2. 


7. —72 a2 — 48 alc + 32 A by 16 a; 3.6 nt 
—4.8 nt by 4 ni. 


8. 1127+ 3en—24y? by 32y; .09 m4#—2.4 min 
+ 4.8m? by .03 mf. 


9. —a™ + 2a" — 3a” by — a®; m*t1— mt? + m™t8 
— mrt by m3. 


10. 21aay” + 1.408at y" — 2.8 adaty? by —.Taxy" 


11. a™B— ab 4 a"—-2b by —ab; — 2a5a34+ 3.544 24 
by 2.34 ax, 
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12. 2.25 a®@z — 0625 abe — 375 acu by .387i az; 
11 a — 33 a% by 11 a8. 


13. 72 mé — 60 mb n3 + 12 m3 nb — 6 mie nt by 24 mé. 
14. 36 (@ — y)? — 27 (7 —y)8 + 18 (w@— yy) by 9 (x — y). 
15. —l2a™y*2’—30 vt 2y2"24108 2% yett? by —6 uy". 
16. m” (x — y)* — m*(@ — y)” by m™ (a — yy”. 

17. (ety (a—y)'+ (ety (a—y)* by (ety) @—y). 


18. —2.5m?+1.6mn+3.3m by —83.m; a%3—a18 +44 
by a36. 


33. It may be shown by actual multiplication that : 


(m+n+p) (cty+z2) =mae+mytmezt+nat+ny+ne+prtpytpe. 
e (met+myt+me+nzet+ny+net pxt+pytpz) + (etyt2)=mt+n+p. 


The division is performed as follows: 

Separate the dividend into the three parts mx + my + m2, 
nitny+n2z,and pxt+py+pz The first term of the quotient, 
m, is found by dividing mz, the first term of the dividend, by «, the 
first term of the divisor ; multiplying the entire divisor by m will 
produce the first part of the dividend. The second term n of the 
quotient is found by dividing the first term of the second part of the 
dividend by the first term of the divisor ; multiplying the entire di- 
visor by n will produce the second part of the dividend. The third 
term p of the quotient is found by dividing the first term of the third 
part of the dividend by the first term of the divisor; multiplying the 
entire divisor by p will produce the third part of the dividend. The 


work is conveniently arranged as follows: 
5 
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_ Explanation Dividing the first term of the dividend by the first 
term of the divisor, we have x, the first term of the quotient. Now 
as we are to find how many times 24 — 3 2? + 22+ 1 is contained in 
the dividend, and have found that it is contained zx? times, we may 
take x? times the divisor out of the dividend, and then proceed to find 
how many times the divisor is contained in the remainder of the divi- 
dend. Dividing the first term of the remainder by the first term of 
the divisor, we have — 22, the second term of the quotient. Simi- 
larly, we find the third term of the quotient. Hence, the quotient is 
se — 22 — 2. 

Notes: 1. Algebraic division is strictly analogous to ‘‘ long division’? in 
Arithmetic. The arrangement of the terms corresponding to the order of suc- 


c2ssion of the thousands, hundreds, tens, units, etc., and the processes for both 
are exactly the same. 


2. It is convenient to arrange both dividend and divisor according to powers 
of the same letter ascending or descending. 


3. It may happen the division cannot be exactly performed ; we then alge- 
braically add to the quotient the fraction whose numerator is the remainder, 
and whose denominator is the divisor. Thus, if we divide «2 —2ay — y? by 


xz — y, we shall obtain z — y in the quotient, and there will be a remainder 
2 2 





—2y?. Hence, Crier ile pL Pct ti Bie aco nearer 


EXAMPLE 2. Divide a? + 63+ c?— 3abe by a+b+e. 


Arranging according to the descending powers of a, we have: 











Process. Divisor. Dividend. Quotient 
[++b?+c?—be 

a+b+c)a’ —3abe+b3+c8(a2—ab—ac 

a? times the divisor, ae+ta2b+tatc 

First remainder, —a?b—a?ec —3abc+b3+c8 

—ab times the divisor, —a*h = —ab? — abe 

Second remainder, — —@2e-+ab? —2abce+b?+c3 

—ac times the divisor, —a¢ —ac?— abe 

Third remainder, ab?+ac2— abc+b?+c3 

b? times the divisor, ab? +53+b2¢ 

Fourth remainder, ac2— abc—b*c+c? 

c? times the divisor, ac? +be?+c?3 

Fifth and last remainder, —abce—b?ce—hc? 

— be times the divisor, —abce—b*c—be? 





To verify the work, multiply the quotient by the divisor. 
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EXAMPLE 3. Divide 4; ry?+42°+ 48 by }y4 ha. 





Process. 
dat+hy)}2 + dp ay tty y®(402?—-fryt Ty 
Divisor X 4 2°, ee 4 Fy 
First remainder, —{x2y+ Ary? 4+ wy 
Divisor X —}4 zy, —¢x?y— ¢ xy? 
Second and last remainder, try? t+ Ay 
Divisor X 1 y?, tary? t+ ayy? 


Hence, in general, 


To Divide a Polynomial by a Polynomial. Divide the first 
term of the dividend by the first term of the divisor for the 
Jirst term of the quotient; multiply the entire divisor by this 
term, and subtract the product from the dividend. Divide 
as before, and repeat the process until the work vs conrpleted. 


Exercise 26. 

Divide : 

1. 14444 45 a8 y 4.78 a y* + 454 424+ 1444 by 2 x? 
+5xny+ 77". 
eo O—2ey+207—a2y by «—y; F&—2400+ 6 
by a — 0. 

A eemR I hen) Sore OU bd eda eA A DY OMT vs pet Se 
y= 1 by y.i— 1. 

Ae +eytQe2—224+7Ty2—-32 by e—y4 32; 
a —b by a— 4. 

5. 2ey+3by+10b%+150 by y+ 5b; a&+a°d 
by a + 0. 

6. 125 2 — 2.25 a@y +13.52y7— 277 by 5ba—3y. 

7. y—6yP—224+ 5408 3a*y by 2a—y; at—y* by e+y. 
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8. ey ey tl by ey tet yt; 475+ 4y 
—7 by 3y¥4+ 2y7 + 2. 

9. 8+y—24 3x0y2 by wt+y—2; 2—y by at — yf. 
Ler Payee ee ap! by ey +ee + 2; 
a — 2 by a — yy’. 

Tf) 124 — 26 y—8 Ay +t1lecy—8y by 32 
—2e“ey+y2 

Tae ee oy IS by, ay — Lah. a? — sh a2 
+ i¢%— eq by 34-4. 

13. 12 a4? — 14 2 46 + 6 a —y' by 22° Y— 4%; 
a2 — y% by a? — 772. 

14. a b—alb’ by a + B+ a+ eb; atte i- ev’ 
ADV ee ee 

15. Oe +aty+ et Pp + oy + 7? by e+ 73; 
Ns, Leeay 
az — b% by a® — 02. 

16. EG eis vin, 5.25a + 2.25 by 4a+ 3; .75 2? ¥ 
+ .048 2 by 2a%+ 5 xy. 

17. at—a?@—4a? + 6a—2a2 by at—4at 42; 0° — yf? 
Byee 7 

18. +7424 3277+ 3uy by e+y+2; 52 
+ a+ 37524 .75 by 42+ 1. 

19. 2+4+8y3+2—6ayz by 2+47%+2—xe2-2Qay 
— 2 Y z. 

20. 9, at — Ze? —fort+ a+ if by 15 e?—x—e 


21. 8&—by P+ eyt+rcy¥+ty, -—y by a 
+evy+ yy’ 
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22. 10 a*— 27a3b + 34021? — 18al3 — 8 b4 by 5a?— bab 
Not 

23. 36074 $424.25 —4ay—6ae+hy by 6a—hy—.5. 

24. a®@+ 2a°b’ + 2 by at + 2 0202+ 0; a&—D® by 

83_. Pah + 2al? — dB. 

25. 208" — 6:22" y" + 6 at ye” 12 482 by 2" — 4°52" 
a ipo by gn oe ie 

26. g2™9— y2™ 4 Qy™2i — 2 by at + y™—2; 32% — 2?” 
by 3° — 2”, 


Se ee 

27. f° —242any' by 2u—.75y; a 8"— 3a sy 3” 
ae 1 oar 
ead 5” by Ase eo ae te 


206 et hy ae ts Ny Oe eke er eee cee 
by ya" + ea" + %. 

29. a l4+2Qa7by-2 + y? by a2 + y7 2; at + y4 by 
a? + 23 wy + y?. 

20) aly F + Dy tet 2 2 by a B+ iy 
at— 3y* by x—y. 


34. There are special methods for finding the quotient 
of binomials, by inspection, which are of importance on ac- 
count of their frequent occurrence in algebraic operations. 
Thus, 


It may be shown by actual division that : 














aC os 4__ 7,4 

TP aattab+o: aes =a8+a2b+ab?+b; 

Sie 5 GPF 6 

.> = at+a3 b+a2b2+al3404; = : = a> + a4b + a8b?+ a7b3 + abt + 65 


and soon. Hence, in general, it will be found that, 
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The difference of any two equal powers of two numbers is 
divisible by the difference of the numbers. 


In each of the above quotients we observe the following 
laws : 


I. The number of terms is equal to the exponent of the 
powers. 


Il. The signs are all positive. 


HI. The exponent of ain the first term ts one less than 
the exponent of a in the first term of the dividend, and in 
each succeeding term it decreases by one (in the last tern its 
exponent is ), or a disappears). 

The exponent of b in the second term is one, and in each 
succeeding term at increases by one (in the last term its expo- 
nent rs one less than the exponent of b in the dividend). 


IV. The first term ws found by dividing the first term of 
the dividend by the first term of the divisor. 


V. To find each succeeding term, divide the preceding 
term by the first term of the divisor, and multiply the result 
by the second term of the divisor regardless of sign. 


EXAMPLE. Divide 1— n° by 1—n. 


Solution. Dividing 1, the first term of the dividend, by 1, the 
first term of the divisor, we get 1 for the jirst term of the quotient. 
Now divide the first term of the quotient by the first term of the 
divisor, and multiply the result by n, the second term of the divisor 
(regardless of sign), for the second term, n, of the quotient. Dividing 
the second term of the quotient by the first term of the divisor, and 
multiplying the result by , we have n? for the third term of the quo- 
tient. Similarly, we find n’, and n* for the fourth and fifth terms, 
respectively. .-. (1 —n5)+ (1—n) =T+n+n?+ n8 + n‘4. 
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Exercise 27. 
Divide by inspection : 
1, m?—n® by m—n; a m®—dn® by am—dbn; 
ne? ae — A ven a — 1: 


2. 1—monsa® by l—mna; (ey)'— (x2) by ay — vz; 
ia aby 1a bg. 


In order to apply this principle the terms of the divi- 
dend must be the same powers of the respective terms of 
the divisor. It is not necessary that the exponents of the 
terms of the divisor be 1, nor that they be the same, nor 
that the exponents of the terms of the dividend be the 
same. ‘Thus, 


EXAMPLE Divide a = yl by 2% — ae 


Solution Dividing z! by 28, we have «° for the jirst term in the 
quotient. Now divide «® by «® and multiply the result by 4, for the 
second term, «® y*, in the quotient. In like manner we find «3 v8, and 
y'? for the third and fourth terms of the quotient. 


2 nm 


So in general #* — y™ divides a"* — 7*™ (n being any 
positive integer), since the dividend is the difference be- 
tween the nth powers of the terms of the divisor. 


) 


3. a? — U by a® — 0%; gt — 91 by ai — yf; a8 — 72 
by a — ek 
4, qi — 330 by «a — U8; gin — poe by o" — y? Wee Oe 


— a5" by 2" — 2” 


We may easily apply these principles to examples con- 
taining coefficients as well as exponents; also to those 
involving fractional or negative exponents. Thus, 
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EXAMPLE. Divide 81 a’? — 164% by 3a8 — 2 08 


Solution. Dividing 81a by 3a°, we have 27 a for the jirst 
term of the quotient. Now divide 27a? by 3a% aud multiply the 
result by 20°, for the second term, 18 a® b®, in the quotient. Simi- 
larly, we find 12 a? b!’, and 8 b}S for the third and fourth terms in the 
quotient. 


~. (8la"— 166%) = (3a8—20°) = 27 a? + 18 a®b$ +1208 hb? + 8 bls, 


If a and 0 are coefficients, a*z"? — b" y"™ is divisible by 
ax? — ly, since the dividend is the difference between 


a s 


the nth powers of az? ani by” In general, « ™"—y ° 


na ns 


divides 2 “—y * (n being any positive integer), since 
a 


the latter is the difference between the nth powers of x ™ 


s 


and. y ”. 
do. 64a 27 n? by 444-8 n3, 16.26 y"— A 8220" 


Dyer a Ok eet”, 


6. a? ah2— bP 48" -by at at? — b24?"; 32 2 — 243 4% 
bys? a? — 3:4" 











4 ee a Gt 1 1 
eee i eaiveces yo tre ye by) a2 ae 
5 5 1 Nya 
axz—bsy by asaz— bi ys 

35. It may be shown by actual division that . \ 

ar—t? at—I4 , 

=a-—b; : é = a®—a?b+ab?—b®; and so on. 
a+b a+b 


Hence, in general, it will be found that, 


The difference of any two equal even powers of two num- 
bers is divisible by the sum of the numbers. 


In each of the above quotients we observe the laws are 
the same as in I. and IIL, Art. 54; also, 
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VI. The signs are alternately + and —. 


Hence, the principle may be applied to different classes 
of examples as in Art. 34. Thus, in general, 

If a and bd are coefficients, ax? + by™ divides a” xz"? 
— b"y"" (n being any even and positwe integer ; also m and 
p may be integral, fractional, or negative), since the divi- 
dend is the difference between the nth powers of az? and 


m 
° 


by 


Note. ‘The difference of the squares of two numbers is always divisible by 
the sum and also by the difference of the numbers. Thus, a6 — 88 is divisible 
by a+ U4. In general, a2 — §2m is divisible by a” + b™ when n and m are 
integral. This is the converse of Art. 26. 


Exercise 28. 
Divide by inspection : 
1. 625 «4a* — 81 mi nt by 5az24+3 mn; 2 — b™ by 


a4 08; a —1 by 2+ 1. 


2 «t — yi by wt + y8; 256 ct — 10000 by 4x + 10; 
gm 2a ae by gsm as Tee: 


toleo 


3. gim — yi" hy am y” qs 42 es 0016 Oe by dat fe Qy 
a —b by a+b 


4, 729 a@ — 64 68 by 3 at + 2 08; a2.a2" — bty™ by 
Coe eae 1/2 


re, Bn Sm 1 . —i egos th: 
6. 28" — 43™ by 23" + yia™: 8lavt* a — 1. bin ya” 
Bernd 1 ee 
by 3a 12"at + 1 be" y-8”. 
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36. It may be shown by actual division that : 
a’ + 08 iene mst bP 
pre ab+ 6°; ay, 


Hence, in general, it will be found that, 








= at—a’b+a?b?—ab3+ 4; and so on. 


The sum of any two equal odd powers of two numbers is 
divisible by the sum of the numbers. 


In each of the above quotients we observe that the laws 
are the same as in Art, 35. 

Hence, the principle may be applied to all the different 
classes of examples as in Art. 34. Thus, in general, 

If a and 5b are coefficients, a2? + by” divides a* 2”? 
+ by’ (n being any odd and positive integer, also m and 
p are integral, fractional, or negative), since the dividend 
is the sum of the nth powers of az? and by”. 


Exercise 29. 

Divide by inspection : 

Lae a bye ae 8 a8 By “a ape! 
1024 2° + 243 y°? by 4a+4 3y. 

2, 128 27! + 2187 44 by 2 48+ 347; 243 2 + 32 4 
by 3224 2 9. 

Sea le hy 72" 78™ = hele 4 m3" by 12% anew 
a+ bY by at 0. 





4. Mn+ vy BY ms ns + a8 yB ; a3 + yt by vr + 2 ; 

ab + y7 by ab + y}. 

5. aak+oty by ababs ota; + @ by @E+ Oh 
a’ + 6 by a + 


Note. Since a6 and 06 are odd powers of a? and 62, a6 + 66 is divisible by 
a2 + 62, a0 and 610 are the 5th powers of a2 and 62, @10 + 610 is divisible by 
a2+ 62. Also, a9 and 69 are the third powers of a8 and 68. Therefore, a9 + 69 
is divisible by a8 + 63 
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6. a2 + p2 by at + bt; 26 + 1 by a +1; c?@41 by 
a+ 1; a? + 6% by a? + 0°. } 

7. cl + yl by a2 + y2; al + 8 by a + 45; 64 +28 
by toeeeae 

8. 64 26+ 72978 by 2722+ 9y7; w!0+ iba by 2? +(4); 
a 4 0 by a® + 08. 

9. a8 + 518 by af + 08 and by a?+ 87; +4, 2°+ ty 
by 427+ 47% 

10. a6 +. 6% by a+ Db! and by a*- b4s 729 2° 4 1 
by 9a7+ 1 


11. 2+ y@ by 2° + 7° and by 24+ y"*. Query. Is 
it divisible by 27 + y?2 Why? a! + 6% by a + 08; 
ani O71 Dy a? big baby eae a. 


12. 24+ y* by v8 + 78 and by 26+ 76 Query. Is 
it, divisible by 22 + y??. Why? a@®.4+ 6% by a3 + 61; 
AUPE ne nee bya) um? nia ralbe = moe at Rely 
a® b> + m® n?. 

Find an exact divisor and the quotient for each of the 
following, by inspection : 

13. 8 + a®; a& — 0; 8 — a8; zt — 81; ab — DO}. 
81 a? — 1608; at — 625; a? — O°. 

14, 320 — yl. 5 + a5; 12 — yl2, 6 -- 1; g7B — 9-2. 
8 gb? — $8 76? o> — 32; 16 at — 81. 

l5mpo2 a? — b°; 8la® = 16 eT 4! G22? + 1000: 
at g@ = 1; a + mo 2?; gy? = 81 at 


16. 82 a! — 243 O15, elOgl0n— gl glim. (9m 1 Eom. 
Oey; co! a!” + bigs 
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7, Pee tf 729; al? ylte, pl aa. 
69 a? — Gage — 1296; aie® — pon 

18. gags 218745 25608 = eye lhe 8 Bye roe. 
1 +128 al; g-8" — pl"; gs y-2 — 1, 

= 1 va 
193 3*y $—atyl, ata +41; raat? | 84 hom y cl, 
= RO ae 
35 x 3” — 00032 Y oe 
20. b8 c® + 00243 2y-1; 256 aa?" — .0081 b- 3": 
9-9 gk — 33"5-3. 

Queries. How divide a monomial by a monomial? Prove it. 
How prove the method for dividing a polynomial by a polynomial ? 
In Art. 35, the sign of the last term of the quotient is —, while in 
Art. 36, the sign of the last term of the quotient is +. Why is this ? 


What is the product of a’ and a-8? ~Prove it. What of a” and a—"? 
Prove it. 


Miscellaneous Exercise 30. 

Divide : 

1. a3b-8+ 5, a2 0-2 + 82 by 4406-74401; el+y) 
by a3 + 3. 

2 tae 0 8b + 10a78 b 44-10 o-* bs Se eo Oo * 
+6-§ by a1 +o-1 

3. 2a%— a? —2a+1 by 1—at; e—y by at —¥. 

a (de — bc) = {as .b — ce)" ™ = (ae 6)" by 
(a — b=)”. 

5. 28+ 2R+4+ 22—62yz2 by («x—y)? + (y—2)P 
+@—aP; (@—y? by @+ay+ yy. 

6. (2—2yzP—8y22 by w2-4 yz; (@+2y)8 + (y—32)? 
by 2+ 3(y¥—2). 
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5 3 3 1 5 3 1 1 
7. ci —atyt vy? —Qazyt?t+ yt by v7 — vy? 4 ay 
3 
8. 222" — Gary + 6a yt" — 248" by 2*— yx". 


Oy ee nO oe” -f Oa” Boas 


m—2, 


ee 
10.002" — 9308" 6" +3 a" bh" — he bye — b" 58 aes 
eta —i0 Us” (DVO eae 


by a ed 3 rama] ale 6 aD 


11:76 a? *? —193 altt! 4.18 a Sate — Bart * 
aA 982-8 —.9?4—-4 by 2-a°tt) — 5 a82 a eee 


2 te 


1 _ sete « 5 Alt 
12. 403 —8at?—5+ 10a 3+ 3a 8 by 2 aiz—aiz 
‘ Sahl 
—sa fF. 
13. 6att8—5 att? =~ 6 a? t!4+ 1927 —21a*14+4a°-? 
by 2a°+ a2?— 4a. 


14. 6 m2? teh see ae ae 9 i ee 
Ain —"—* by 3m Am mn, 
15. 6 a Bee EG Oe 11 2” bH—-l__ Gaetn—2 


ao meer eV ea cr aga ee ee 
16. qn" — a" p@— lm ail Hf Rs eee aR es aN pas by es b”. 
Find an exact divisor and the quotient of the following, 
by inspection : 


177 82+1; 16—8lat; 640%2—8 6; a? + 1000; 
a®& — 64; m®>— n°; 1— 878; at bh — 1. 


19. 8a — 277-9; 64a! — 27 1-9; 243 a8 + 32: 
bg" — ay”; 14 at" — 0016 bz": 29” qian 4. 36". 
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CHAPTER VII. 


EVOLUTION. 


37. Evolution is the operation of finding one of the 
equal factors of a number or expression. Evolution is the 
inverse of involution. 

By Att. (20) =a"; (20)? 5 0°): (2 0)* = 1644s ete: 

2a is called the second or square root of 4a? because it is one 
of the two equal factors of 4 a?; it is the third or cube root of 8 a? 


because it is one of the three equal factors of 8 a3; ete. Hence, in 
general, 


A Root is one of the equal factors of the number or 
expression, 

Roots are indicated by means of fractional exponents, 
the denominators of which show the root to be taken. 


1 > 1 
Thus, (a)? means the second or square root of a; (a)* means the 
° = “2 1 . ’ 
third or cube root of a; (a5)® means the sixth root of a®. In general, 


(a) means the nth root of a™. 


Roots are also indicated by means of the root sign, or 
radical sign, 4/. 


ig fas 
Thus, 4/a means the square root of a; 4/a means the cube root 


of a; x/a™ means the nth root of a™. 


The Index is the number written in the opening of the 
radical sign to show what root is sought, and corresponds 
to the denominator of the fractional exponent. When no 
index is written, the square root is understood. 
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= Ee 
Note. Va or a” is defined, when x» is a positive integer, as one of the n 
equal factors of a; so that if Va be taken n times as a factor, the resulting 


1 
product is a; that is, ( Va)” or (in) 


ras 
Similarly, ("Ya or inn) 


I 
S 


38. The sign, + or =, is sometimes used and is called the double 
sign; it indicates that we may take either the sign + or the sign —. 
Thus, a + b is read a plus or minus 0. 

By. Axt. 27, (+a)*=at; (a)*=a*; (+e)5 = a5; (a) =—a’° 

Therefore, (at)? =+a; (+a°)* =a; (—a5)*=—a. Hence, in 
general, 

Liven roots of any number are either positive or negative. 


Odd roots of a number have the same sign as the number 
itself. 


Since no even power of a number can be negative, it 
follows that, 


An even root of a negative number is vmpossible. 


Such roots can only be indicated, and are called imaginary. Thus, 
} 4 . 3) ay 10a : 9 
(— a?)?, ,/— 6, 4/—1, and 4/— a®, are imaginary. 
EXAMPLE 1. Find the square root of 9 a® 4 c?. 


Solution. Since, to square a monomial, we multiply the expo- 
nent of each factor by 2, to extract the square root we must divide 
the exponent of each factor by 2. The two equal factors of 9 are 
3 X 3, or 32. Dividing the exponent of each factor by 2, we have 
3.a3b2c. Since the even root of a positive number is either positive 
or negative, the sign of the root is either plus or minus. 


oe) qf DGD CAs aia ee 
EXAMPLE 2. Find the fifth root of — 32 a? z*”. 
Solution. Since, to raise a monomial to the fifth power, we mul- 
tiply the exponent of each factor by 5, to extract the fifth root we 


must divide the exponent of each factor by 5. The equal factors of 
32 are 2X 2X 2 X 2 X 2, or 25. Dividing the exponent of each 
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factor by 5, we have 2a? x. Since the odd roots of a number have 
the same sign as the number itself, the sign of the root is minus. 


ess 10 kn 
.. a/— 32.4195" = — 2a?" Hence, in general, 


To find any Root of a Monomial. Lesolve the nwmerical 
coefficient into its prime factors, each factor beng wretten 
with its highest exponent, divide the exponent of each fuctor 
by the index of the required root, and take the product of 
the resulting factors. Give to every even root of a positive 
expression the sign +, and to every odd root of any expres- 
sion the sign of the expression itself. 


Note. Any root of a fraction is found by taking the required root of each 


ie ore m Wm 
of its terms. Thus, Va pies Mien a ot general, /" ca pe 
27 











Exercise 3l. 
Find the value of the following expressions: 
iy M25 xry'; V— 8 808 29; 4/— 125 a2 08; 1/81 385. 
2, (—843atb-8)5 ; (G4 aty528)2; (— aly). 4/81 vty 
8. Wxl8: (121 2 y)2; /25 a20?; (16 a8 8). 
4, (— 243 ad» p0")5- (— 64 m3 n8 29)3; (5 130)70, 
5. (— 32 a y-5)5; 4/32 al a0. (625 a8 O16 c4) 5. 
6. (512 a® 3 cl d-8)3; /64a-%4; 128; 4/— 32 a®. 


FUMES nA Bi ee 1 
(ey Ca oa S27 8 m2; Vat BA o=7, (a2"53)™, 
Y, 
8. A/a” y™ a (on 120743), V81x2"y 2m+4. A/— 8 a3" 6 7/609, 
6 
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9, 7243 704-102. V 3; 8 a3 Wely—21, (—125 a2 p15) 
10. V 16 at” yi2” 28 lan 28 (zs ifs m- —a)h- /a™ o3™¢~™ —m 
Simplify : 

Lt, 25 a2 bF cn 44 (8 a8 baton i)t J: (a2 als e-1)4 


5/39 
5 
— Ve ean a® b8 ct. 
9? 


Express the nth roots of : 





bee Ox Px Oya 3 a2 d3: (a- 4). (7); LT me gee 
“"; (a bee)"; (co tyy (e—y) * 


Express by means of exponents: 


13. Vabee; Va(x—y'”; Vara; Vat y)™ 


Queries. Ifn and p= in the last two parts of Ex. 13 are integral, 
what signs should the roots have? Why? When should the first 
two roots have the double sign ? 


39. By Art. 28, (a+b)?=a?+2ab+4 dB? 

Therefore, (a2 + 2ab+ b2)}=a+b. 

By observing the manner in which a + 6 may be obtained from 
a? + 2ab + b%, we shall be led to a general method for finding the 
square root of any polynomial. 


Process. az+2ab+B(atb 
First term of the root squared, a> 

First remainder, 2ab+b? 

Trial divisor, 2a 

Complete divisor, 2a+b 

Complete divisor X 3b, 2ab + } 


Explanation. The square root of the first term is a, which is 
the first term of the required root. Subtracting its square from the 
given expression, the remainder is 2ab + 6, or b times 2a+4 6. 
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Since the first term of the remainder is twice the product of the first 
and last terms of the root, and we have found the first term ; there- 
fore, divide 2ab by twice the first term of the root already found, or 
2a. The result will be the second term 6 of the required root. 
Adding 6 to the trial divisor gives the complete divisor, 2a + b. 
Multiplying by 6 and subtracting, there is no remainder. 


By Art. 28, (at+b+c)? = a?+2ab+6242ac4+ 2be+c?. 
Therefore, (a2+2ab+6?+2ac+2bc+c%)* = a+b+e. 

Process. w@+2ab+b?+4+2ac+2be+c2(atb+e 
First term of root squared, a? . 
First remainder, 2ab+b24+2ac+2be+c2 

First trial divisor, 20 

First complete divisor, 2a+6 


First complete divisor X 8, 2ab+6? 











Second remainder, 2ac+2be+c? 
Second trial divisor, Aide? B 

Second complete divisor, 2a+2b+e 

Second complete divisor X ce, 2ac+2be+c? 





Explanation. Proceeding as before, the first two terms of the 
root are found to bea +b. ‘To find the last term of the root, take 
twice the terms of the root already found for the second trial divisor. 
Dividing 2ac by the first term, the result ¢ will be the third term of 
the required root. Adding this to the trial divisor, gives the entire 
divisor. Multiplying by ¢ and subtracting there is no remainder. 
We have actually squared the root and subtracted the square from 
the given expression. Hence, in general, 


To find the Square Root of any Polynomial. Arrange the 
terms according to the powers of one letter. Find the square root 
of the first term. This will be the first term of the required root. 
Subtract its square from the given expression. Divide the first term 
of the remainder by twice the root already found. The quotient 
will be the next term of the root. Add the quotient to the divisor. 
Multiply the complete divisor by this term of the root, and subtract 
the product from the remainder. For the next trial divisor, take 
two times the terms of the root already found. Continue in this 
manner until there is no remainder. 


4 
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EXAMPLE. Find the square root of 4a — 10 a8 + a®+ 4a°+ 1. 


Arranging according to the ascending powers of a, we have, 





[—2 a2—a 
Process. 1+4a —10a%+4a5+a9(1+2a 
First term of root squared, 1 
First remainder, 4a —10a?+4a5+a® 
First trial divisor, 2 
First complete divisor, 2+2a_| 
2a times first complete divisor, 4a*+4a 
Second remainder, —4.a?—10 a3+4a5+a 
Second trial divisor, 9+44a 
Second complete divisor, 2+4a—2 a? | 
—2a? times second complete divisor, —4a?—8 a814at 
Third remainder, —2 a®—4a4+4a5 +a 
Third trial divisor, 2+4a—4a? 
Third complete divisor, 2+4a—+4 food 
— a’ times third complete divisor, —2 a—4a*+4a>+a® 


Note. The student should notice that the sum of the several subtrahends 
is the square of the root, and that he has actually squared the root and sub- 
tracted the square from the given expression. 

Exercise 32. 
Find the square roots of: 
1. 7—4y7 4+ 67 —4y4+1; 9at*—-12 0-202 +4a+1. 


2. 4a® — 12a°b — 11 atl? + 58 a3 b3 — 1702b4 — 70a 83 
+ 49 68, 


3. 2 — 122° + 60 at — 160 234+ 240 a2? — 19224 64. 
8a+4+at+4a24+ 8 a2 

9+2°+ 30¢%—42°4+ 13474 1424 — 142°. 
6aPec—407bc+ CRP 44072490? 2—12 adc2 
AQa*— 28a —17 a2 +6a+ 2 


A SOT SL 
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8. 4a? +9 y+ 2007+ 1l2 ey — 30ay — Waa. 

9. m®—GFam?+ 15 a m*— 20 a m+ 15 at m2? — 6 aim 
mn 

10. 1—2a4+3a?—404+5at—40°+3 a—2a7 4 a8. 

11. 9m?—-—6mn+30me+6my+n?—l0nz—2ny 
+ 2527+ 10xvy +4 7%. 

12. 2° + 1d a*y* + Li aty? + y— 6 wy — 202398 — bay. 

13. 49 ay? — 24243 — 30 a8 y + 25 at + 16 4. 

14. 2 — 62° 4+ 172% — 342° 4 4622 — 402-4 35. 

15. 4—16 at + 16 a8 + 1203 — 24.08 la + 90. 


16, $2°— 42°y + 4p ay + 4y*; oA*— 028" + bat 
12a 4. 


17. 25 w® + 16 — 30 a — 24 wt + 49 a. 
18. 907-2 4+ 120712 —6at4y—4a272 + oh 


40. Since the square root of an expression is either + or —, the 
square root of a2+2ab-+ 0? is either a+b or —a—b. In the 
process of finding the square root of a? + 2ab + b?, we begin by tak- 
ing the square root of a?, and this is either+aor—da. If we take 
—a, and continue the work as in Art. 39, we get for the root ~ a —b. 
Also, the square root of a2—2ab + 0? is either a—b or —a+b. 
This is true for every even root. Hence, the signs of all the terms of 
an even root may be changed, and the number will still be the root of the 
same expression. Thus, last process Art. 39, if —1 be taken for 
the square root of 1 we shall arrive at the result —1 —-2a+2a?+ a3, 


41. Square Root of Numerical Numbers. The method 
for extracting the square root of arithmetical numbers is 
based upon the algebraic method. 
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Since the square root of 100 is 10, of 10000 is 100, ete., it fol- 
lows that the integral part of the square root of numbers less than 100 
has one figure, of numbers between 100 and 10000 two figures, and so 
on. Hence, 


If a point be placed over every second figure in any number, begin- 
ning with units’ place, the number of points will show the number of 
Jigures in the square root. 

Thus, the square root of 324947 has three figures; the square root 
of 441 has two figures. If the given number contains decimals, the 
number of decimal places in the square root will be one half as many 
as in the given number itself. Thus, if 2.39 be the square root, the 
number will be 5.7121; if .239 be the root, the number will be 
0.057121; if 10.321 be the root, the number will be 106.523041. 
Hence, 

The number. of points to the left of the decimal point will show the 
number of integral places in the root, and the number of points to the 
right will show the number of decimal places. 


EXAMPLE 1. Find the square root of 45796. 
at+b+ec—214 


Process. 45796 (200+10+4= 214 
The square of a or 200, 40000 
First remainder, 5796 
First trial divisor, 2 a, or 400 
First complete divisor, 2a+ 6, or 410 | 
First complete divisor X 0, or 10, 4100 
Second remainder, 1696 


Second trial divisor, 2a+2b, or 420 
Second complete divisor, 2a+2b-+e, or 424 | 
Second complete divisor X e, or 4, 1696 


Explanation. There will be three figures in the root. Let 
a+6+c denote the root, a being the value of the number in the 
hundreds’ place, } of that in the tens’ place, and ec the number in the 
units’ place. 

Then a must be the greatest multiple of 100 whose square is less 
than 45796, this is 200. Subtract a?, or the square of 200 from the 
given number. Dividing the first remainder by 2 a, or 400, gives 10 
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for the value of 6. Add this to 400, multiply the result by 10 and 
subtract. Dividing the second remainder by 2 a + 28, or 420, gives 
4 for the value of c. Adding this to 420, multiplying and subtract- 
ing, there is no remainder. Hence, 214 is the required root; because 
we have actually squared it and subtracted this square from the 
viven number and found no remainder. The student should observe 
that the sum of the several subtrahends is the square of the root. 


EXAMPLE 2. Find the square root of 17.3 to four decimal places. 








Process. 17.30000000 (4.1593. ... 
Square of 4, 16 

First remainder, 130 

First trial divisor, 8 

First complete divisor, 81 

First complete divisor cre rrplice by 1, Sl 

Second remainder, 4900 

Second trial divisor, 82 





Second complete divisor, 825 
Second complete divisor multiphed by 5, 4125 











Third remainder, 77500 
Third trial divisor, 830 

Third complete divisor, 8309 

Third complete divisor multiplied by 9, 74781 
Fourth remainder, 271900 
Fourth trial divisor, 8318 





Fourth complete divisor, 83183 
Fourth complete divisor multiplied by 3, 249549 
Fitth femainder, 22351 


Let the student formniate a method for arithmetical square root 
from what has been demonstrated. 


Notes: 1. If the trial divisor is not contained in the remainder, annex 0 to 
the root, also to the divisor, then annex the next period and divide. 


2. Should it be found that after completing the trial divisor, it gives a pro- 
duct greater than the remainder, the quotient is too large, and a less quotient 
must be taken. 

3. If the last remainder is not a perfect square, annex periods of ciphers and 
proceed as before. 

4, The square root of a fraction may be found by taking the square root of 
its terms, or by first reducing it to a decimal. 
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Exercise 33. 
Find the square roots of : 


1. 33124; 41.2164; $82; 825; .099225; 1.170724 
2. .30858025; 5687573056; 943042681. 
Find the square root to four decimal places of: 

8. 081; 9; .001; 144; $8; 00028561; 3.25; 20.911. 


42. By Art. 29, (a+ 6) = a8 + 3 a?b+ 340? + 6. 

Therefore, (a? + 30?b+ 3002+ 3)3=a4 6. 

By observing the manner in which a+ 6 may be obtained from 
au? + 3a2b + 3a 62 + 63, we shall be led to a general method for find- 
ing the cube root of any compound expression. 


Process. a3+307b+30b2+b8 (a+b 
First term of the root cubed, as 

First remainder, 307b+3ab2+b3 
Trial divisor, or 3 times the square of a, 3a? 

3 times the product of a and 8, 3ub 

Second term of the root squared, b? 

Complete divisor, 3a2+3ab-+b? 

Complete divisor x ), 3a7b+3ab2+b8 


Explanation. The cube root of the first term is a, which is the 
first term of the required root. Subtracting its cube from the given 
expression, the remainder is 3a?b+3a6?+ 0%, or b times 3a?+3.ab+)?. 
Since the first term of the remainder is three times the product of the 
square of the first term of the root multiplied by the last term, divide 
3.a2b by three times the square of the first term of the root already 
found. The result will be the second term b of the required root. 
Adding to the trial divisor three times the product of the first and 
second terms of the root, and the square of the second term, gives the 
complete divisor, or 3u2+ 3ab + b% Multiplying by b and subtract- 
ing, there is no remainder. 

Since the cube of a+b+e is a84+3a?2b+30b?+13+302c+6abe 
+3b2ce+3ac?+3bc?+ 8, the cube root of.a2+3a2b+3ab?+b34+3.a2c 
+6abce4+3b?c+3ac?+3bc?+c3 is a+b+e. 
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e9 +4998 +,9DE19z9E8+9909+920E 
I +99E+90E+29E+ 
z? 
INE +90E 


298 +99 +e08 =z(4+P)€ 


Apealye 
sITZIIETZIVETIZIE TIGDOTIgDE 
eI teQVET9e0E 


‘9 X IOSTATP oJoTdu10d puodseg 

q09-+,02e ‘IOSLATp ojoTdurod puoveg 

‘potenbs 4oor oy} Jo 9 WIE} ply, 

‘a pue q+ jo yonpoad ayy sour ¢ 
‘punoj 


qood Jo oivnbs oy} sowly ¢ “LOSTATp [eI1} puodseg 
‘IOpUTRULAT PU0IGG 

‘g X AOSIATP opoTAmMoo 4st 

2 +qvet,vE ‘IOSIATP ojoTAuM09 4S 
ral ‘porenbs 4oo1 oY} JO Io} Pwo0d9G 
yve ‘g pue v jo yonpord oy} sourty ¢ 


g9+299E+29DETIIETIGDI+IZVE +99 +29DE+9,VE 


9-+9+0) g9 +2998 +29DE +9298 +99D9+9z0E+09-+e90E+4,0E+e0 


‘sso00Ig 


zb& ‘b Jo oaends otf} Soul} g 10 “LOSTATP [BLT] FSA 
‘TOPULVUIAL ISAT 


‘poqnd JOOL oY} JO Wi} SAL 
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Explanation. Proceeding as before, the first two terms of the 
root are found to bea +6. To find the last term of the root, take 
three times the square of the terms of the root already found for the 
second trial divisor, and divide 3.a?c by the first term. The result 
will be the third term of the required root. Adding to the second 
trial divisor three times the product of a + b and ¢, and the square of 
c, gives the second complete divisor. Multiplying by ¢ and subtract- 
ing, there is no remainder, Observe that the sum of the several sub- 
trahends is the cube of the root, and that we have actually cubed the 
root and subtracted the cube from the given expression. Hence, in 
general, 


To find the Cube Root of any Polynomial. Arrange the terms 
according to the powers of one letter. ind the cube root of the first 
term. This will be the first term of the required root. Subtract 
its cube from the given expression, Divide the first term of the 
remainder by three times the square of the root already found. The 
quotient will be the next term of the root. Add to the trial divisor 
three times the product of the first and second terms of the root, and 
the square of the second term. Multiply the complete divisor by 
this term of the root, and subtract the product from the remainder. 
For the next trial divisor, take three times the square of the root 
already found. Continue in this manner until there is no remainder 
or an approximate root found. 


A Term may be a figure, or a letter, or a combination of 
figures and letters, or of letters only, produced by multi- 
plication or division, or both. 


n 
Thus, in the algebraic expression 5+ 2a8b4—a+ zy 9 2.08 bf a, 


a bn ‘ 
ing Veneers, 
2 ie © 


An Algebraic Expression is a representation of a number 
by any combination of algebraic symbols. 


EXAMPLE. Find the cube root of 27 a— 8a? — 36+ 36a?—12a-1 
— 5408+ 9a-?+4+ 27a? + a—-*— 6 at. 


The work is conveniently arranged as follows : 
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Exercise 34. 


Find the cube roots of : 


1 30 +508 — 38a —1; @2-— saat babe 
— 30a — a 


2. 828+ 48 aa + 60 a2at — 80 a8 a3 — 90 ata? + 108 aba 
SIM isha 


BF es oooh Oe 15 a* — 20 22 +.15a7—627+1. 

4, 27a8— 544056 + 9ath? + 28a2b? — 342 b4— 6ab>— 68, 

5. 8284+ 122° — 30 a* — 352° 4+ 45 42 4+ Qe — 27. . 

6. 2164 3422? + 171 a1 + 27 26 — 27 2 — 10923 — 108 2. 

7. @& — 3a2b6 — B+ 88+ 6Gac—12abce4+ 6 le 
Lu a ee PR eerie 

8 1—32+ 622 —1042 4+ 122 —122°4 1028 — 627 
+ 34 — 2°. 

9. 8a — 36‘aoy + 114 aty? — 207 a®y8 + 285 a2 44 
— 225 vy’ + 125 »?. 

10. a8 + 6a76 — Bae + 12a0? — 12abce 4+ 38ac 
+ 80?—12c+6)08eR—&. 

11. 26+ 3a°y—3aty—11laPypt 62242 + 1224) — 8y%, 

12. 204 0477-144 257+ 878-36 2y°— 171 2°73 4 6426 
+ 102 x7. 


43. Cube Root of Numerical Numbers. The method for 
extracting the cube root of arithmetical numbers is based 
upon the algebraic method. 


EVOLUTION. 93 


Since the cube root of 1000 is 10 ; of 1000000 is 100, ete., it fol- 
lows that the integral part of the cube root of numbers less than 1000 
has one figure, of numbers between 1000 and 1000000 two figures, 
and so on. Hence, 


Tf a point be placed over every third figure in any number, beginning 
with units’ place, the number of points will show the number of figures 
in the cube root. 


Thus, the cube root of 274625 has two figures ; the cube root of 
109215352 has three figures. 

If the given number contains decimals, the number of decimal 
places in the cube root will be one third as many as in the given 
number itself. Thus, if 1.11 be the cube root, the number will be 
1.367631; if .111 be the root, the number will be 0.001367631 ; if 
11.111 be the root, the number will be 1371.700960631. Hence, 


The number of points to the left of the decimal point will show the 
number of integral places in the root, and the number of points to the 
right will show the number of decimal places. 


EXAMPLE 1. Find the cube root of 778688. 





Gb 92 
Process. 778688 (90+ 2=92 
The cube of a, or 90, 729000 
First remainder, 49688 
First trial divisor 3 a’, or 3 (90)? = 24300 
3 times the product of aand b, or3X90X2= 540 
Second term 6 of the root squared, 2? == 4 
First complete divisor, | 24844 
First complete divisor X 0, or 2, 49688 


Explanation. There will be two figures in the root. Let a +6 
denote the root, a being the value of the number in tens’ place, and 
6 the number in units’ place. Then a must be the greatest multiple 
of 10 whose cube is less than 778688, this is 90. Subtract a’, or 
the cube of 90, from the given number. Dividing the remainder 
by 3 a’, or 24300, gives 2 for the value of b. Add to the trial divisor 
3.ab, or 540, and 6b?, or 4, for the complete divisor. Multiplying by 
2 and subtracting, there is no remainder. Hence, 92 js the required 
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root, because we have actually cubed it and subtracted this cube from 
the given number and found no remainder. 


EXAMPLE 2. Find the cube root of 897.236011125. 


Process. 897,236011125 ( 9.645 
Cube of 9, 729 
First remainder, 168236 
First trial divisor, 3 times (90)? = 24300 







3 times the product of 90 and 6, 1620 

6 squared, 36 

First complete divisor, 25956 

First complete divisor multiplied by 6, 155736 
Second remainder, 12500011 
Second trial divisor, 3 times (960)? = 2764800 

3 times the product of 960 and 4, 11520 

4 squared, 16 

Second complete divisor, 2776336 

Second complete divisor multiplied by 4, 11105344 
Third remainder, 1394667125 


Third trial divisor, 3 times (9640)? = 278788800 
3 times the product of 9640 and 5, 144600 
5 squared, 25 
Third complete divisor, 278933425 
Third complete divisor multiplied by 5, 1394667125 





Let the student formulate a method for arithmetical cube root from 
what has been demonstrated. 


Note. The notes in Art. 41 are equally applicable to cube root, except that 
in Note 1 ¢wo ciphers must be annexed to the divisor instead of one. 


Exercise 35. 
Find the cube root of: 
1. 74088; 34012.224; .244140625. 


2, 2515456 - 000152273804. 


EVOLUTION. 95 
Find to three places of decimals the cube roots of: 


3. Ot eUoree ls .o, 008. A% af. 


44. Since at = q? x2 ae (a*)? = V ab = V Va, 


The fourth root is the square root of the square root. 





: 1 1y1 x4 
Since a® = q?x3 = (a?)3 = Va@ 
The sixth root is the cube root of the square root. Hence, 


When the root indices are composed of factors, the ope- 
ration is performed by successive extraction of simpler 
roots. 


Note. Itis suggested that the teacher use the remainder of this article at 
his discretion. 


We may find the fifth, seventh, eleventh, or any root of an 
expression or arithmetical number if desired, by using the 
form for completing the divisor. Thus, 


To find the fifth root: 


Form, (a + 6)§'= a5 4+ (5at+ 1008) + 10070? + 5 ab8 + I) d 
Trial divisor, 5 a4. 
Complete divisor, (5a*+ 10 a8b + 10 a2b? + 5ab3 + 64). 


To find the seventh root. 


Form, (a+b)? = a?+(7a®+21a5b+35a4b?+35a%b3+ 21 a2b4+7ab>+b) b. 
Trial divisor, 7 a§. 
Complete divisor, (7a®+21a5b+35a4b?+35a5b3+21 a2b4+7ah>+h*). 
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EXAMPLE. Find the fifth root of 36936242722357. 


Process. 3693624272237 (517 

Ph oe 3125 
First remainder, 56862427 
First trial divisor = 5 a* (a considered as 

5 tens) =5 (50) = 31250000 
10 a8b (6 considered as | unit) = 

10(50)?x lo = 1250000 

10. a2b2 = 10 x (50)? X (1)? = 25000 
5abs = 5X (50) X (1)3 = 250) 
pA = C14 = iW 
First complete divisor, 3252525 | 
First complete divisor multiplied by 1, 3252525) 
Second remainder, 2433717622357 


Second trial divisor = 5 a4 (a considered 
as 5l\tens) = 5 X (510) = 338260050000 
10 ab (6 considered as 7 units) 


= 10 x (510) X (7) = —- 9285570000 
10a*b? = 10 X (510)? X (7)? = 127449000 
DO" | DOA DL ox 7 Pee 874650 
b4 = (7)? = 2401 
Second complete divisor, 347673946051 
Second complete divisor multiplied by 7, 2433717622357 





Miscellaneous Exercise 36. 


- Express the nth roots of: 
1. abecm?; 52" 93" —y + 2")4" x 2a") X 4" (G—y")”, 
2. Simplify 4a (8a wy)? — 522 ye 28 ot x ak 
Find the square roots of: 
3. 924+104+e1— 44-34 12 at. 
4. 98 —94 a-3—16at +907" 4+ 44" 
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5. 1628"+ 16a07"— 4208" — 449" + 70”, 

6. a8y-8—Aady3 + 6 — 4a dys + a3 yf, 

7 6ace®4+4@at + ao 4+ 9?—12 bow? —4 adr. 
8. dat + 4a? + daa? + ta? — 223 — gaz. 

9, ate 2ara"t+ 2"; a+ 2 at v2 + 2. 

Find the cube roots of : 


10. 60 ay* + 48 wy? — 272° + 108 a y — 90 at 42 + 8 y8 
— 80 ay’. 


ine 24 gm “ee Ae 96 gam qa = 6 om y" 178, 96 gm apr 
+ 64 48" — 56 28” 98", 


12, 15e-* — 6a7-!— 627794 154¢-24+ 14 4-8 — 2024-38 
13. 828 —427 7 + 2uyt—sh7® 
14. 8a-2—6 G18 g% — 2 Lq~8 4+ 27a724+54a7-% 
+ 3 a-% + 36 a? — 18 72. 
Find the sixth roots of: 
15. 1215a4—1458a5+ 135 a?@— 540 a—184a4+14729 af, 
16. a6 + f&—GatyPt 152%y4—Gary + Lb aty?— 2023 7%. 
eye 60) a + 240 a*+ 60 a2+192 a + 6408412441. 
18. 2985984; 262144. 
Find the eighth roots of: 
19. a8+ 28 a?+8a414 56 a?4+70a*+8a7+ 56 a5+ 2845. 


20. (at + O4'— 2400? + 3.020? + 2 a8d)* 
fi 


98 | ELEMENTS OF ALGEBRA. 
21. Find the 5th root of 36936242722357. 
22. Find the 7th root of 1231171548132409344. 
Extract the following roots : 
23. q/(at + 19 a + 25 — 6a3 — 30a). 


24, q/[at — 2 (m + n) B+ (m2? + 4mm + 0%) a 
—2mn(m + n) @ + m? n?]? 


25. [25 a? — 204044024 982— 12 be + 30 act. 
26. [27 a5— 5405+ 63 at— 44034 21026 a 4 14h, 
27. [Cem + 2am — 2artt 4 ate — 2 ahha + oo), 


28. [aS — 1205+ 60a4— 160.03 + 240 a®@—192a + 64] 6. 


bd 
~ 


[ (aE) 284 areata? +1 202(a-4b Prt Bae] 5. 
30. yf ( ah 2 qen-l a 3 qan-2 a D) g2n—8 4 g2n—4), 


81. 4/(8 — 12 a8} + 6 abn — gir—8), 


Queries. What signs are given to even and odd roots? Why? 
What principles govern the signs of roots? Upon what principle is 
the method for finding the root of a monomial based? How derive 
the method for finding the square root of any polynomial? Why 
divide the first term of the remainder by twice the terms of the root 
already found for the next term of the root? Why add the quo- 
tient to the trial divisor for the complete divisor? How derive the 
method for finding the cube root of any polynomial? Why divide 
the first term of the remainder by three times the square of the root 
already found for the next term of the root? Why add to the trial 
divisor three times the product of the terms of the root already found 
by the next term, and the square of the next term, for the complete 
divisor ? 
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CHAPTER VIII. 
USE OF ALGEBRAIC SYMBOLS. 


45. SyMBOLS of operation are used to indicate that 
algebraic operations are to be performed. 


Thus, m+ (a-—b) indicates that a—b is to be added to m; 
m — (a — b) indicates that a — b is to be subtracted from m._ Per- 
forming the operations, we have, 


Mo (dU) ie ta Ons 
it (10) —m a 40. | ence, 


A plus sign before a symbol of aggregation shows that the enclosed 
terms are to be added to what precedes ; as this operation does not 
change the signs, the removal of the symbol does not affect the signs. 
Removing one preceded by a minus sign changes the sign of each 
enclosed term. 


Thus, a—26—[4a—6b—{3a—c+(5a- 2b—3a—c+2b) 


1] 
=¢—20—(4a—6h {3056-7 (5a—2b—3a+¢e—25)}] 
—t-20—-(40 60 ,30=—c (20 —4) “fe yt] 
—-a—26—[4a—6b—j{3a—c+ 2a—4b rae A 
—@--2b—(40—60-, (6 —4b t] 
=a—2b—[4a—6b— 5a +4 ] 
idee Oe 2 a 7 | 
=a—2b fe ae 
=2a 


Explanation. Remove the vinculum, subtract and unite like 
terms; then remove the parenthesis and unite like terms; now 
remove the brace, subtract and unite like terms ; finally, removing 
the bracket, subtracting and uniting like terms, we have 2 a. 
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Exercise 37. 
Simplify : 


1. 2a—[864+ (20—c)—4c+4 {2a—(8b—c—2 d)}]. 
2. a—b+c—(a+bd—¢)—(C—d—-a). 


3. at — [408 — {6 a? — (4x — 1)}] — (24 + 408 + 6.2 
+4a2+ 1). 


4. —10(@@+y)—[2+aty—3 t+ 2y—-(@+2—-y)}] 
+42. 


5. a—[5b—{a—(5e—2e—b—4b)+ 2a—(a—2b+0)}]. 
Bath {a Ola (bene) 60 eee 

1. 2a—(3b+26—[5b—(6e—6b) +5 c—{2a—(c+ 26)} J, 
8. 3a—fy—-[y-@ + y)—-Cy—-y—-2—p hy. 
Oy, Bat [2 Die ae ceedl| crab rea a 

10. {@—2y + 2y)—(e—y + )}—fe— (wy + 2y)}. 
iietoe |e a (ha (24 a ee eee) 


12. 84 (a) —8—o} - 40-2) J (e—a)} 
—} {c—a—§(a— Bp}. 


13. 5{a—2[a—2 (at a) —4 {a 2[a—-2 (a + a). 


14. a+ 2b— {6a—[304 (8a—2+by—2+4a)|— 3b} 
Mee ta — 45), 40 


15. 2(8b—45a) —T7[a —6 {2 —5 (a —D)}]. 
16 —2{-3-4C DR + ELC ECM}. 
ie (- ett l= fh 


USE OF ALGEBRAIC SYMBOLS. LOTS 
18. 5 {a — 2[b —3(c + d)]}} —4{a—3 [b-4(c—@)]}. 
19. (a—1)(a—2) —3a(a + 3) +2 {(a + 2)(a+1)— 3}. 
20. {2z—(e«—-y) (y+ >} —yly—- @— 24]. 


21. (at+b+c4+d)+(a—b—ce+d)*+ (a—b+c—d) 
+(a+b—c-—d)*. 7 


22. 2—{2xy—[—(e@—{y—2} )(a—{y—2} 4+ 2ay|—4y2} 
—(y + z)%. 


1 23. a(a+1)(a+2) (a+3)—6 (2a—2)—(a?—-3a+4+1)%. 
24. 5n{(x—y)a—bz}—2n{x(a—b)—ay} — {3ax—(5z—22)b} n. 
20. (2 + yn — (a2 + y) (alm — y}—y in — 2}). 

26. 2aV2—3m—[b 2 —6 n+ (a?—-2 Vx) a] +bx Vy. 


at. (2 mtn? == 4 nm) (m2 =n"), —) {3,m 1..— 2 nt 
fom (m7 7) — 2 2 (n?- 3mm — m?)} 1. 


29, ne (mp 8 — 2 oe (a a) dm — 1.) = (8 — 03/2. 

29. 4(4a+4y) G2—-hy-Ge— 3-3-3) 

30. 48 (a2? +492 Ga2—49) — (2-3) Ga +9) 
29) + Gy —3) Gy + 3) be — 9) 


The use of symbols of aggregation aid in shortening the 
work in certain cases in division. ‘Thus, 


a+(b+c))(b+c)a*+(b2+ be+c%)a—(b+c)bce((+c)a—be 
(6+ c)a?+ (067+2bc+c*)a 
ies be: °) at Geeenic 
+( — \bc ya—(b+e)bc 
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Divide: 

B81. (64+ c)a274+(P+3bc+c7)a+(b+e)be by atbte. 

32. (a + 6% —6(a+4+ b) — 27 by (a + 6) +38. 

33. (e+yP+3(a+yP2t 3@+ yer+e by (ety 
2(a+ yet 2 

84. @+tyr—2@+y2e412 by t+ y—2. 

35. (a+ 68+ 1 by a+04+1. 


46. The converse operation of enclosing any number 
of terms of an expression in a symbol of aggregation is 
important. 

a+m—ce+b—n=a+m—c+ (b—n). 
a—m—c+b—n=a—(m+c)+ (b—n). 
OO ie YD aan OU eee ict nO a geen oe 
ry — ane bys ab —Kry— by) — (Ga = a7): 

Hence, when the signs + and — indicate operation : 

(1) Any number of terms may be enclosed in a symbol of aggrega- 
tion preceded by the sign +, without changing the sign of each term. 

(2) Any number of terms may be enclosed in a symbol of aggrega- 
tion preceded by the sign —, if the sign of each term be changed. 

‘The terms may be enclosed in various ways. Thus, 

am+an—auz—ba+cy—dz= (am—ax)+[an—ba]+{cy—de}, 
or, am+an—axc—betcy—dz= (am+an—axz)—{ba—cy+dz}, 
or, am+an—axz—bxe+cy—dz= (amtan)—(axrt+bz)Hey=dz2). Ete. 


If a factor is common to each term within a symbol of aggregation, 
it may be placed outside as a multiplier. Thus, 
a8 +b2?—b23+ d2?= (az®—bz®)+(b22+ dx?) = 23 (a-—b)+ x? (64d). 
Note. An expression consisting of three or more terms may be raised to a 


given power by inspection, by first changing it to the form of a binomial. 
Thus, (a +6+c¢—d)4 = [(a + 6) + (ce — d)}4 = ete. 
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Exercise 38. 
Bracket the last three terms so that each bracket shall 
be preceded by a — sign: 
1. at§—ae— 5224+ 2; m'+3m24+ 3 — 6m? 
2. 8a—2y+52—4n; a&R— 2a7b° 4+ bt —a B. 
3. 42+ 3a07—6e8—Seyty; e—y—2+ab+ 3ae. 


4. Express each of the above as binomials, and enclose 
the last two terms in an inner brace preceded by a — sign. 


Bracket the following in binomials, also in trinomials, 
each preceded by a — sign: 


2ab—B8ay+4b2—5bx— 2ed — 3. 
a—2b+cz—d—1+z2—a#—-—2y+2m—n+p—4abe. 


5 

6 

7. 2a—32eyt4e7y—S5eyYt+ ey—ayz. 

8. 2°43 at'—4a%—3 a*+a—1; —2m—3n+4p—5 a—1—-6 y. 
9 


an+tab—-ac-ar—azrz—ay—3abe+ 3uyz. 


10. Express the above six examples in trinomials, and 
enclose the last two terms in an inner bracket preceded by 
a — sign. 


11. Expand (m + 2”— 2)®. 


12. Simplify and bracket like powers of w in 262°—ax 
— {a2?—[ba—nae— {ax + 3cx}] —(az*—2ex)}. 


Queries. Why may a symbol of aggregation preceded by a + 
sign be removed without changing the signs of the enclosed terms ? 
If a symbol of aggregation preceded by a — sign be removed, why 
change the signs of the enclosed terms? 
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CHAPTER IX. 


SIMPLE EQUATIONS. 


47. 3%2+5=52-—7 is called an Equation. The first 
member or first side is 3a+ 5, and the second member or 
second side is 5 x — 7. 

x=x,14=14,are called Identities or Identical Equations. 

To solve an equation is to find the value of the unknown 
number. 

The process of solving an equation depends upon the 
following axioms: 


1. Lf to equal numbers we add equal numbers, the sums 
are equal. 


2. If from equal numbers we subtract equal numbers, the 
remainders are equal, 


3. Lf equal numbers are multiplied by equal numbers, the 
products are equal. 


4. If equal numbers are divided by equal numbers, the 
quotients are equal. 


EXAMPLE 1. Find the value of x in the equation 6z—11 = 32+10. 


Solution. Subtracting 3a from each member of the equation 
(Axiom 2), we have 62—32—11=382--3%+410. Uniting like 
terms, 3%¢—11=10. Adding 11 to each member (Axiom 1), and 
uniting like terms, we get 3%=21. Dividing both members by 3 
(Axiom 4) gives « = 7. 

Proof. ‘To verify this result, substitute 7 for x in the given equa- 
tioteae buen, 6 X 7 — 11 =38)h97210, or 31/31, which is van 
identity. Hence, the value of = is 7. 
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EXAMPLE 2. Solve the equation 2 (x —-8)—3 (9—2z)+5(a#—11) 
= 7 —3 (fe: 

Solution. Performing the indicated operations, and uniting like 
terms, 10%2—98=58—32. Adding 32 and 98 to each member of 
the equation, we have 10%+ 32 —98 + 98= 58+ 98— 3x+ 32, 
or uniting like terms, 18<= 156. Dividing both members by 13, 
Aad 8 

Proof. Substitute 12 for x in the given equation. 

Then, 2(12—8) — 3 (9 — 12° +5 (12 — 11) =7 — 3(12 — 17), 
or, 8+9+4+5=7 + 15, 
or, 22 = 22, an identity. 

Therefore the value of « is 12. 


EXAMPLE 3. Solve the equation 14 — x«— 5 («- 3) (#4 2) 
pope 2) (470%) — 45 7 ---76: 


Process. Simplify, 64—252=45x2— 76. 
Subtract 45 x, 64 — 702 = = 76. 
Subtract 64, ACO =e 140): 
Divide by — 70, i Mem 


Notes: 1. To verify, that is, to prove the truth of the result, substitute the 
supposed value of the unknown number in the given equation and thus find if it 
satisfies its conditions. 

2. In simplifying an equation the student should be careful to notice that 
when the sign — precedes a term, in removing the symbol of ¢ggregation, the 
sign of each term must be changed. 


Exercise 39. 
Solve the following equations: 
Gao wie Oe LO: Fo ea eee 1A 
o2e—22=— 144+ 6027; 4¢—372 4+39=47-4 1. 
24%+3=16—(22—3); 3(@—2)4+4=4 (3—2). 
1(e%— 18) =3(¢— 14); 7e+6—3H = 56 + 2 x. 
15 («—1) + 4(@4+ 3)=2 (@ + 7). 
5—38(4—27)+4(8-—22)=0. 


Os ue a FOR Ron, ie 
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48. If we add the same number to each member of an 
equation, or subtract it from each member, the results are 
equal, each to each. Thus, 


Consider the equation z —_b—=a. Adding b to each side, we get, 
Lohans 3 UE 
Consider the equation x + b= a. Subtracting b from each side, 
we have t=a—b. 
In each case 0 is transposed from one side to the other, 
but its sign is changed. Hence, 


Any term may be transposed from one side of an equation 
to the other, provided rts sign be changed. 


EXamMeunm. solve (% +1). (+92) Gia 6) Ga 2 sige 2) 
te 9m 4 4 (74 — 1) (22) oe). 

Process. Simplify, 2?+ 822+ 2024 16 = 2° + 8274 27242. 

Transpose, «® — 2° + 82? — 8274 20% —272 =2-—16. 

Unite like terms, i oe 

Divide by — 7, oes 


Hence, in general, 


To Solve a Simple Equation of one Unknown Number. // 
necessary, simplify the equation. Transpose all the terms 
containing the unknown number to one side, and all other 
terms to the other side. Unite like terms, and aivide both 
sides by the coefficient of the unknown number. 


Exercise 40. 


Solve the following equations : 


1. 122 — 202 + 138 = 9x4 — 259; 336 + (82 — 11) 
ome) + 8 (OF Sieg) 


2. 62 +42 = 32 + 84; 6a + 2(13 — x) = 3(17—2). 
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3. 2(@ —2) +18e%@=3(5+2)4+ 6; 3074+ 207-152 
+12 4% = 2820. 

4 ae a (w + 2) (« —4) 
eee ol. 

5. 6y—2(9—4y)+ 3 (5y—7) = 10y—(44+16y 4 35), 
and verify. | 

6. 2y—(4y—1) = 5y—(y+ 1); 564 21a2—8(2a¢—1) 
2. 

7. 10 [224 — (@ + 192)] = 7 (28 + 32); 9(74+ 9y) 
—4[9 —(2—y)] = 252. 

8. 25%—19— [3— {4xz—3}] = x—(x— 5), and verify. 

9. 20(2—2)4+ 3(@—7)— 2[#+9—3{9—4(2—2)}] = 1. 

10. (y—2)(7—y) + (y—5) (y+ 3)—-2(y—1) +12 = 0. 

11. 4+ 59? -—-2y+1P =3 y—5)4+ 180; 2.252 
1.25 = 3.243.795. 

12. 15 y + 1.575 — 875 y = .0625 y. 


Query. In transposing, why change the signs ? 


49. Known Numbers are represented by the first letters 
of the alphabet, and by figures; as, a, 0, 2, 6. 

Unknown Numbers are usually represented by the last 
letters of the alphabet; as, 2, y, z. 

An Equation is a statement that two expressions repre- 
sent the same number. 

An Identical Equation, or an Identity, is one which is 
true for all values of the letters which enter into it; as, 
(a + 2) (a — xv) = a* — 2. 
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The Roots of an equation are the values of the unknown 
numbers. 

The Degree of an equation is the power of the unknown 
number, and is determined by the greatest number of un- 
known factors in any term. 


Thus, z — y = 6 is an equation of the first degree; 427+ 5y=3 
and 5xy+2=32 are equations of the second degree. 


A Simple Equation is an equation of the first degree. 


Miscellaneous Exercise 41. 
Solve the following equations: 
1. 5(7+3y)— (2y—3)(1—2y)—(2y—3P +5 +y) = 0. 
2. (2y+1)%+(2y—1)? = l6y(y*—4)+4 27, and verify. 
3. 1.5(26y—51)—12 (1-3 y)=78y—2[5y—2.5 (1—3 y)]. 


4. 62—.1e+.752— 8752415 =0; .6y—(18y—.05) 
= .2y + 4.45. 


5. 302—3[302— 22—5)] = 5 (22 — 57) — 50. 


BualOe(4 10) 18 (Be A) eh 8 enya) 
= 30 2 — 16, and verify. 


7. 48y—2(.72y—.05) =1.6 748.9; 5a—.3e—.25 


8... 2y— lby=6—.3; Sy 2y=.3y— 15. 


Ap 5.6 y+ 2 y+ By =y— 3; 6y+ .25—1y=18 
— hy — 8. 


10. 3$a — .25 (2 — 2) —.3 (3 # + 12)? = 41. 
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CHAPTER X. 


PROBLEMS LEADING TO SIMPLE EQUATIONS. 


50. Tue beginner will find the model solutions of great benefit 
in forming statements, and he should give them careful consideration 
before attempting to solve any of the problems in each set. 


Exercise 42. 


1. A father is 35 and his son 8 years old. In how 
many years will the father be just twice as old as the 
son ? 


Solution. Let x = the number of years required. 


Then x + 35 = the number of years in the father’s age x years 
from now, 
and x +8= the number of years in the son’s age x years 


from now. 

By the conditions of the problem, at the expiration of x years 
twice the son’s age, or 2(« + 8), equals the father’s age, or x + 35. 
Hence, the equation 2 (+8) = 2+ 35, or 22+ 16 = x + 35. 
Transposing and uniting like terms, xz = 19. 


2. One number exceeds another by 5, and their sum is 
29. Find the numbers. 


3. The difference of two numbers is 14, and their sum 
is 48. Find the numbers. 


4, A father gave $200 to his five sons, which they are 
to divide according to their ages, so that each elder son 
shall receive $10 more than his next younger brother. 
Find the share of each. 
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5. A father is four times as old as his son; in 24 years 
he will only be twice as old. Find their ages. 


6. Divide 50 into two parts, so that three times the 
ereater may exceed 100 by as much as 8 times the less 
falls short of 120. 


Solution. Let z= the greater part. 


Then 50 — x = the less part, 
and 3 x = three times the greater part ; 
also, 8 (50 — x) = eight times the less part. 
But, 3% — 100 = the excess of three times the greater part over 
LOO" 
also, 120—8 (50—2) = the number that eight times the less lacks of 
120. 
By the conditions, 3 z — 100 = 120 — 8 (50 — 2). 
Therefore, x = 36, for the greater part, 
and 50 — x = 14, for the less part. 


7. Twenty-three times a certain number is as much 
above 14 as 16 is above seven times the number. Find 
the number. 


8. A is five years older than B. In 15 years the sum 
of their ages will be three times the present age of A. 
Find the age of each. 


9. Ais 25 years older than B, and A’s age is as much 
above 20 as B’s is below 85. Find their ages. 


10. The sum of the ages of A and B is 30 years, and 
five years hence A will be three times as old as B. Find 
their ages. 


11. The difference between the squares of two consecu- 
tive numbers is 121. Find the numbers. 
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Solution. Let x = the less number. 


Then will «x + 1 = the greater number, 
x? = the square of the less number, 
and (z + 1)? = the square of the greater number. 
Then («+ 1)? — 2?= the difference of the square numbers. 
But 121 = the difference of the squares. 
Piencee Cera! 2 — 27 — 131, 
Therefore, x = 61, the less number, 


“x + 1 = 62, the greater number. 
12. Find three consecutive numbers whose sum is 27. 


13. The difference of two numbers is 3, and the differ- 
ence of their squares is 21. Find the numbers. 


14. Find a number such that if 5, 15, and 35 be added 
to it, the product of the first and third results may be equal 
to the square of the second. 


15. I sold a cow for $35 and half as much as I gave for 
it, and gained $10. Find the cost of the cow. 


16: A had four times as much money as B; but, after 
ceiving B $16, he had only two times as much as Bb. How 
much had each at first ? 

Solution. Let «= the number of dollars that B had at first. 


Then 4 x — the number of dollars that A had at first. 
But 4% —16= the number of dollars that A had after giving 
B $16, 
and 2 +16= the number of dollars B had after receiving 
$16 from A. 
By the conditions, 4z—16 = 2 (a + 16). 
Therefore, g = 24, the number ot dollars that B had, 
and 4a — 96, the number of dollars that A had. 


17. A father is 3 times as old as his son; four years 
ago the father was 4 times as old as his son then was. 
Find their ages. 
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18. One number is two times another; but if. 50 be 
subtracted from each, one will be three times the other. 
Find the numbers. 

19. A has $26.20 and B has $35.80. B gave A a cer- 
tain sum; then A had four times as much as B. How 
much did A receive from B? 

20. If 288 be added to a certain number, the result will 
be equal to three times the excess of the number over 12. 
Find the number. 


21. A farmer has grain worth $0.60 per bushel, and 
other grain worth $1.10 per bushel. How many bushels 
of each kind must be taken to make a mixture of 40 
bushels worth $0.90 a bushel ? 


Solution. 
Let x = the number of bushels required of the $0.60 grain. 
Then 40 — x = the number of bushels required of the $1.10 grain; 
and fis @ = the number of dollars in the cost of the $0.60 grain; 


also, 1.10(40—a) = the number of dollars in the cost of the $1.10 grain. 
Hence, 3&5 x + 1.10 (40 — «) = the number of dollars in the total 
cost of the mixture. 
But the cost of the mixture is to be $36. Hence, 
poy @ + 1.10 (40 — xz) = 36. 
Therefore, «= 16, the number of bushels of the $0.60 kind, 
and 40 — « = 24, the number of bushels of the $1.10 kind. 


22. A merchant has two kinds of vinegar: one worth 
$0.35 a quart and the other $1.25 a gallon. From these 
he made a mixture of 63 gallons, worth $1.30 a gallon. 
How many gallons did he take of each kind ? 


23. A merchant has a mixture of 88 pounds of 13 and 
11 cent sugar, which he sells at 132 cents per pound. 
How many pounds of each kind are there ? 
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24. I bought 24 pounds of tea of two different kinds, 
and paid for the whole $9. The better kind cost $0.65 
per pound, and the poorer kind $0.85 per pound. How 
many pounds were there of each kind? 


25. A grocer having 75 pounds of tea worth $0.90 a 
pound, mixed with it so much tea at $0.50 a pound that 
the combined mixture was worth $0.80 a pound. How 
much did he add ? 


Remarks. No general method can be given for the solution of 
problems. 

The beginner will find that his principal difficulty in solving a 
problem consists in forming the equation of conditions, and in order 
to overcome this, much will depend upon his skill and ingenuity. 

The statement of a problem consists in translating its conditions 
into algebraic symbols and ordinary language. Many times the be- 
ginner fails to form a correct statement, because he does not under- 
stand what is meant by the ordinary language of the problem. If he 
cannot assign a consistent meaning to the words, it will be impossi- 
ble for him to express their meaning in algebraic symbols. It often 
happens that the words appear to be susceptible of more than one 
meaning. In such cases the student should express the meaning that 
seems most reasonable in algebraic symbols, and obtain the result to 
which it will lead. Should such result be inadmissible, the student 
should try another meaning of the words. 

The student must depend upon his own powers, and should he at 
times be perplexed, he must not be discouraged, since nothing but 
patience and practice can overcome the difficulties and give him 
readiness and certainty in solving problems. He must study the 
meaning of the language of the problem, to ascertain the unknown 
numbers in it. There may be several such numbers, but oftentimes a 
little skilful manipulation will enable one to express all of the un- 
known numbers in terms of some one of them. Select the one by 
which this can be most easily done and represent it by some one of 
the final letters of the alphabet. 

Among the following problems no doubt the beginner will find 

8 
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some which he can readily solve by arithmetic, or by guessing and 
trial; he may thus be led to undervalue the power of algebra, and to 
regard its aid as unnecessary. In reply, as the student advances he 
will find that by the aid of algebra he can solve not only all of these 
problems, without any uncertainty or guessing, but those which 
would be exceedingly difficult, if not altogether impossible, if he 
depended upon arithmetical processes alone. 


26. A’s age is six times B’s, and fifteen years hence A 
will be three times as old as B. Find their ages. 


27. A is three times as old as B, and 12 years since he 
was five times as old. Find B’s age. 


28. A father has three sons; his age is 60, and the 
joint ages of the sons is 46. How long will it be before 
the joint ages of the sons will be equal to that of the 
father ? 

29. If you walk 10 miles, then travel a certain distance 
by train, and then twice as far by coach, and the whole 
journey is 70 miles, how far will you travel by coach? 


30. A is twice as old as B, and seven years ago their 
united ages amounted to as many years as now represent 
the age of A. Find their ages. 


31. After 136 quarts had been drawn out of one of two 
equal casks, and 80 gallons out of the other, there remained 
just three times as much in one cask as in the other. 
Find the contents of each cask. 


32. Find the number whose double increased by 1.2 
exceeds 3.65 by as much as the number itself is less than 
8.65. 

33. Find three consecutive numbers such that if they 
be diminished by 10, 17,-and 26, respectively, their sum 
will be 10. 
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34. Two consecutive numbers are such that one fourth 
of the less exceeds one fifth of the greater by 1. Find the 
numbers. 


35. There are two consecutive numbers such that one 
fifth of the greater exceeds one tenth of the less by 3. 
Find them. 


36. Find a number such that the sum of its half and 
its fourth shall exceed the sum of its fifth and its tenth by 
45. 


37. Find a number such that the sum of its half and 
its fifth shall exceed the difference of its fourth and its 
tenth by 110. 


38, If a watch and chain are worth $185, and the 
watch lacks $19 of being worth two times the cost of the 
chain, find the cost of each. 


39. If silk costs 6 times as much as linen, and I buy 
22 yards of silk and 28 yards of linen at a cost of $52, 
find the cost of each per yard. 


40. A man gave 17 boys $3.31, giving to some 13 cents 
each and to the rest 23 cents each. How many received 
23 cents ? 

41. I paid a bill of $1.03 with 39 pieces of money, 
some 3-cent and the rest 5-cent pieces. How many of 
each did it take ? 


42. A son earns 37 cents per day less than his father, 
and in 8 days the father earns $6.08 more than the son 
earns in 5 days. Find the daily wages of each. 


43. How many 10-cent pieces and how many 25-cent 
pieces must be taken so that 95 pieces shall make $12.35 ? 
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44, Divide $112 into two parts, so that the number of 
five-cent pieces in one may equal the number of three-cent 
pieces in the other. 


45. A sum of money consists of dollars, twenty-five-cent 
pieces, and dimes, and amounts to $29.50. The number 
of coins is 55. There are twice as many dimes as quarters. 
How many are there of each kind ? 


46. A sum of £8 17s. is made up of 124 coins, consist- 
ing of florins and shillings. How many are there of each? 


A7. A bill of £4 5s. was paid in crowns, half-crowns, 
and shillings. The number of half-crowns used was four 
times the number of crowns and twice the number of shil- 
lings. How many were there of each ? 


48. A bill of £484 was paid with guineas and _half- 
crowns, and 12 more half-crowns than guineas were used. 
How many were there of each ? 


49. A company of 84 persons consists of men, women, 
and children. There are three times as many men as 
women, and five times as many women as children. How 
many are there of each ? 


50. The sum of three numbers is 263. The first is 3 
times the second, and the third is 23 more than 5 times 
the sum of the other two. Find the numbers. 


51. A farmer wishes to mix 660 bushels of feed, con- 
taining oats, corn, rye, and barley, so that the mixture 
may contain two times as much corn as oats, three times 
as much rye as corn, and four times as much barley as 
rye. How many bushels of each should be used ? 
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52. Divide $2590 into two such parts that the first at 
7% simple interest for 8 years may amount to the same 
sum as the second in 5 years at 8 %. 

Note. The character % is sometimes used for the term ‘‘ per cent.” Per 


cent is used by ellipsis for rate per cent. Thus, an allowance of 7 on a hundred 
is at a rate of .07, and the rate per cent is 7. 


53. $330 is invested in two parts, on one of which 
15% is gained, and on the other 8% is lost. The total 
amount returned from the investment is $345. Find the 
investment. 


54, A man has $7585. He built a house, and put the 
rest out at simple interest for 18 months; 40% of it at 
5 % and the remainder at 6%. The income from both in- 
vestments is $211.26. Find the cost of the house. 


50. Ina certain weight of gunpowder the saltpetre was 
» 4 pounds less than half the weight, the sulphur 5 pounds 
more than a fifth, and the charcoal 3 pounds more than 
a tenth. Find the number of pounds of each. 


56. A company of 266 persons consists of men, women, 
and children. The men are 14 more in number than the 
women ; the children 34 more than the men and women 
together. How many are there of each ? 


57. I bought 16 yards of cloth, and if I had bought one 
yard less for the same money, each yard would have cost 
$0.25 more. Find the cost per yard of the cloth. 


58. A and B, 85 miles apart, set out at the same time 
to meet each other; A travels 5 miles an hour and B 4 
miles an hour. How far will each have travelled when 
they meet ? 


118 ELEMENTS OF ALGEBRA. 


59. $330 is loaned for nine months in two parts; on 
one 15% per annum is gained, and on the other 8% 
per annum is lost. The total amount from the loan is 
$364.25. Find the amount in each loan. 


60. A boy has a certain sum of money, he borrowed as 
much more, and spent 12 cents; he again borrowed as 
much as he had left, and spent 12 cents; again he bor- 
rowed as much as he had left, and spent 12 cents; after 
which he had nothing left. How much money had he at 
first ? 


61. A carriage, horse, and harness are worth $720. The 
carriage is worth eight tenths of the value of the horse, and 
the harness six tenths of the difference between the value 
of the horse and carriage. Find the value of each. 


62. A boy sold half an apple more than half his apples. 
Again he sold half an apple more than half his remaining 
apples. A third time he repeated the process; and he had 
sold all his apples. How many apples had he ? 


Algebra is the science which treats of algebraic numbers 
and the symbols of relation. 


Algebra, like arithmetic, is a science which treats of numbers. In 
arithmetic the numbers are positive and represented by figures. In 
algebra the letters of the alphabet or figures are used to represent 
numbers, and they may be positive or negative, real or imaginary. 

Algebra enables us to prove general theorems respecting numbers, 
and also to express those theorems briefly. 
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CHAPTER XI. 
FACTORING. 


51. A Factor is one of the makers of a number. 


Thus, since 5 with the aid of 4 and by the process of multiplica- 
tion makes 20, 5 is a factor of 20. 

A factor is also a divisor, but it is considered a divisor when it 
separates a number into parts, not when it helps to make up a 
number. 


Nete. Unity cannot be a factor. 


Factoring is the process of separating an expression into 
its factors. 


EXAMPLE. Find the factors of 12 a?02?. 


Solution. ‘The prime factors of 12 are 2,2, and 3. The factors 
of a8 are a, a, anda. The factors of x? are x and 23. 
Therefore, 12a8ba?=2*X2X3xXxaXaXaXbXx xX 22. 
Hence, as a direct result of the principle that monomials are mul- 
tiplied by writing the several letters in connection, and giving each 
an exponent equal to the sum of the exponents of that letter in the 
factors, 


To Factor a Monomial. Separate the letters into any number 
of factors, so that the sum of all the exponents of each factor shall 
make the exponent of that factor in the given expression ; also sepa- 
_ rate the numerical coefficient into its prime factors. 


Exercise 43. 


Separate into factors with integral exponents : 
eee ela ye) 15a b? c8 Vt es. So oP 4? 2° : 
28.4 0? 22; 36 a b2 2°. 
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Separate into two equal factors: 

De Op ems ladape a ys LOO ia 

Remove the factor 2 a2 b? from: 

3. Satb; Gaba; l6abke; 10 a~2b- 148 9. 

Separate into three factors, also into four: 

A x; m2"; a; x2; 2. 

52. Examptel. Factor a? x — 3 a?2?. 

Solution. Dividing the expression by a?xz, we have a — 3z. 
Hence, 02 2-— 3: Qt — 029 (a= op). 

EXAMPLE 2. Factor 5a? b?a* — 15 4 672° 4 20 682? 


Solution. By examining the terms of the expression we find 
that 5 6?a? is a factor of every term. Dividing by this common fac- 
tor the other is found. Hence, the factors are 5 6222 and a®a—3axz 
+40. 

-. bat0%®— 1bab278+ 20.0% a? — 5 0207 (a*a—8 ax 4b) 
Hence, 


When the Terms of a Polynomial have a Monomial Factor. 
Divide each term of the expression by the common factor. The 
divisor and quotient will be the required factors. 


Exercise 44. 
Factor the following : 
1ofintt+n; 4076+ abc+3ab; 3 a? — 12 a2, 
2. ax—bu+cu; 39 a8y° + 57 25 yo? 
3. Bat+ 828 — a8) 12 Paty? — 84 B 2 2-96 ob a2? 
4, 924 a2 a” y*2— 1178 a ey 2” + 1232 a2 2” 4? 2. 
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4 a2b— 60 008+ 20 abe+8a2bta®+16.aby—36 a2b car. 
Qaty—absy + cary; 5 a8 + 102% — 15 ae. 
dact+iate@b—lLatd ze; ae ge — a2 a2" 4 a” a8, 


a" 02" 2" + a2" D3" o* — a8" "2". 


bie. eee Tong 


53. In certain Trinomials, of the form 2? + az + 6, where a 
and 6 represent any numbers, either integral, fractional, positive, or 
negative, it is possible to reverse the operation of Art. 25, and sepa- 
rate the expression into the product of two binomial factors. Evi- 
dently the first term of each factor will be the square root of x, or 2; 
and to obtain the second terms of the factors, find two numbers whose 
algebraic product is the last term, or b, and whose sum is the coefficient 
of x, or a, 


EXAMPLE 1. Factor z?+ 212+ 110. 


Solution. Evidently the first term of each factor will bez. The 
second term of the factors must be two numbers whose product is 
110 (the third term), and whose sum is 21 (the coefficient of x). The 
only two numbers whose product is 110 and whose sum is 21 are 10 
ends eee hercioreg eet ta t= (10) (@-ell). 


EXAMPLE 2. Factor 27+ 2 — 182. 


Solution. Evidently the first term of each binomial factor will 
bez. The second term of the two binomial factors must. be two 
numbers whose algebraic product is — 1382 and whose sum is + 1 
(the coefficient of z). The only two numbers whose product is —132 
and whose sum is +1 are +12 and —11. Therefore, x?+ 2 — 132 
= (x + 12) (x — 11). 


EXAMPLE 3. Factor y27—5cy—'50c?. 


Solution. Evidently the first term of each binomial factor will 
be y. The second term of the two binomial factors must be two 
numbers whose product is — 50 c* and whose sum is —5 ce (the coef- 
ficient of y). The only two numbers whose product is — 50 c? and 
whose sum is —5c are +5c and —l0ce .. y2—5cy-— 50 e? 


= (yin eyaty— 10°C). 


Te, ELEMENTS OF ALGEBRA. 


EXAMPLE 4. Factor 2?y?— (m—n) xy —mn. 


Solution. Evidently the first term of each binomial factor will 
be zy. The second term of the two binomial factors must be two 
such numbers whose product is —mn and whose swum is —(m—n). 
The only two numbers whose product is —mn and whose sum is 
—(m—n) are +n and —™m. 


ets tte a ea ae) (Ra 70), Lience; 
I. If the Coefficient of the Highest Power is Unity. For the 


first term of each factor take the square root of one term of the trino- 
mial; and for the second term of the factors, such numbers that 
their algebraic product will be another term of the trinomial, and 
their sum multiplied by the first term of either factor will be the 
remaining term of the trinomial. 
Exercise 45. 
Factor the following : 
. @+19¢%4+ 88; w—T7r+12; a — 20 at + 96. 
w+ 352+ 216; be — 24b¢4+ 1438. 


at bt + 37 a2b? + 300; a2 + 5ab — 66 22. 


1 
2 
3 
4A, @b?—5ab— 24; at +15 0a?+ 44; a® +17 a? + 60. 
5. a®#b?—3abe—10 ec; at—2 a? —120; n24 8n4+1.5. 
6. at— a2? — 5604; «2-9 a—90; v*4+13.4? 22-300 at. 
7. @—154"4 44; m2 4+ JA + 48; a —1l2 — 26. 


Sepee0 +31 a b'+ a7 Oy oe 0 ie 75 0? i> aA 
+ 6 224? — 27 a; 1 ts eS oy ye hee 


9. @@—184axy— 243 224; @+yP?+5(@t+y) +4. 
10. 40 a?0— 13 ab+1; (a—b?%+4+ (a—b) — 2. 
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ll. (w—yyr—3(e@—y)—15; 27454024729 ; 204—29024 af, 
12. @ + b+ O(a + Db) + 8; a4" — (6+ m) a2" + 5m. 
13. a —10al?¢— 39 btc?; w2™ + (a — bd) a" — abd. 
14 ey — 0 ye — ea — By ot" — 43 or” + 460, 
Leer mah dee ana — AbD at. 
16. w4°+3a%y—154; a2" 28™+ 14 arr y" + 33 y™. 
17. 224? — 28 a" b wy + 187 a2" 62"; 2? —Lo + 1. 


18. a ba a 20 am O™ x2 on. yj2” ots 51 a2™ D2™ - (7 ae ye 
— Tai" (v7 + ye" — 98 a8"; ep TOL nt 017) 


19. + ea — tle, + 2ay—.2ly; att Pea? + dp. 


By an extension of the foregoing principles we may factor some 
trinomials, of the form c?z? + ax + bd, where the coefficient of x? is 
a perfect square. Thus, 


ExAMpriE 20. Factor 442.4 4a” — 3. 


Solution. The first term of each binomial factor will be the 
square root of 42%. The second term of the two binomial factors 
must be two numbers whose product is — 3 and whose sum multiplied 
by 2ais+4za. The only two numbers whose product is —3 and 
whose sum multiplied by 27 is +4 are +3 and —1. 


oe Ae — Oo (20-3)! (Sonal). 
21. 42°7—-10x+6; 9a2?9—272418; 427+16a24+12 a2. 
22. 9a? + 30ad 4 2407; 1622—20ac+ 6a? 


23. 25 ol0™— Bab™a"—1a2"; 36(a—b)"+12(a—b)"** 
— 143 (a — B)4 
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54. We may factor some trinomials of the form az?+bz+c. 
Thus, 


EXAMPLE 1. Factor 82? — 382+ 35. 


Solution. The first term, 82, is the product of the first terms of 
the binomial factors. The last term, 35, is the product of the second 
term of the two binomial factors. It is evident that the first term of 
each binomial factor might be +22 and +42, or +82 and +2; 
also the last terms of the two factors might be +7 and +5, or +35 
and +1. From these we must select those that will produce the 
middle term, —38 x, of the trinomial. Since (+22) X (—5)+(442) 
xX (—7) = — 382, we must take + 22 and +42 for the first terms, 
and —'7 and — 5 for the corresponding second terms of the two bino- 
mial factors. Therefore, 822 — 38%+35= (22-7) (4x—5). 


EXAMPLE 2, Factor 624 — 5% y?— 6 y1. 


Solution. Take +32? and +24? for the factors of 64, and 
+2 y? and — 3 y? as those of — 6y*. We now arrange them in bino- 
mial factors, so that the algebraic sum of their cross products shall be 
= 52792, “Since (43 27) X(— 38.97) + CE 2 23) on 247) = aay 
+ 32% and +24? are the first terms, and + 2y? and —3y? are the 
corresponding second terms of the factors. .°. 6a*— 5 2z?y?— 6 y 
Aa 2 yao) cence, 


II. If the Coefficient of the Highest Power is not Unity 
Arrange the trinomial in descending powers of a common letter. 
Select factors of the extreme terms and arrange them in binomial 
factors, so that the algebraic sum of their cross products shall be the 
second term of the trinomial. 


Exercise 46. 
Factor the following : 
1. 4¢°+13844+ 3; 4y¥—4y—3; 1204+ a®2? — xt. 


2. 84+1la—42?; 822—222y—217"; 6a?22®+a0—1. 
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3. 8m — 19 m3 — 27; 150? — 58a +411: 6a2+ Tab 
— 367; 2me—1amn+ 6 n7; 3822+ Tx + 4. 


4, 244 37a —72 a2; 1522+ 2240 —15: 4—5 xe — 622. 


5, 62°—19xey+ 107; 82+ l4zry— 1577; 15 2 
—T72+10; 24274 227-21; 1la*?+ 34a + 3. 


6. 18—332+527; 642—Try—3y*; 54+ 32e2— 2122. 
7. 2427— 29 ay —4y*; 6a4"4 19 a2" ym — 7 72m, 

8. 2Zatyrt+s(aty)(mt+n)+2(m+ny; 2a?+xr—28. 
9. 2(at+y)*—-T(et+y) (a+b)4+3(a+b)?; 4007418 7—8. 
10. 11(a@—y)®"— 23 2" yB"(a—y) 2" 222" y"; 2702+ 6a—1. 
11. 8a2"4 34a"(@ — y)™" + 21 (a — y)2™ 


55. A trinomial is a perfect square when two of its terms are 
positive, and the third term is twice the product of their square roots. 
Such trinomials are particular forms of I., and their binomial factors 
are equal. 

EXAMPLE. Factor 427+ 44xy + 121 y?. 

Solution. The first term of each binomial factor will be the 
square root of 4x7, or 2x and 2%. For the second terms of the bino- 
mial factors take the square root of 121 y?, or lly and 11y. Since 
the terms of the trinomial are positive the factors are 2x+11ly and 
22+11y. Therefore, 

4e2?+ 44ey+ 121 y2=(2e+11ly)@z4+11y) 
— (2 7 Ly eee erence, 


III. If the Trinomial is a Perfect Square. Arrange the tri- 
nomial according to the powers of one letter. For one of the equal 
factors, find the square roots of the first and last terms, and connect 
these roots by the sign of the second term. 
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Exercise 47. 
Factor the following : 


1. m*+nt+2m?n?; m?+n?+2 mn; 16 a*—120 abc 
+ 225 0c; a®’—4at+ 4a2. 


2. 49m®—140 men?4+100n4; 81 aty?—126a3a?y4+49 a®. 
3. m&—2miun+n?; 1-10mn+25 mie n?; v4+22° + 22. 
4. (a + 6% +16 (a+ bd) + 64; m?+ 18 m + 81. 


5. 4ata®— 20a? aby 4+ 25aty*; 36107 e—T6abcdmn 
+4d2%m*n?; 121 mnt — 220 mn? p+ 100 p. 


6. 225 at — 30 ay? 4+ y!; 4a4%* — 402*b" + B™ 

7. 49 mn? + 28 mn + ont; o@tatth 

8. sea +5 ss 4a®b*; a®c + Gar bc + 9 De. 

9. 9a*—3ayt+gy; (m—n)?+2(m—n) +1. 
10. (@—a?+6(@—a)+9;4(a@+yPtAat+aety. 
11. a%+b3—2 as b?; m—2m24+1; mn+mn2—2 mini. 
1 atQaryrzty; mn+a2—2 amn; Axvt+12na2%4 9n2. 


> 


56. Exampue. Factor 8 2? — 27 73. 


Solution. Evidently (Art. 34) 27%—3y is a divisor of 82?— 2748. 
Dividing 82° by 22, we have 42%, the first term of the quotient. 
Divide 4 2? by.2 ~, multiply the result by 3y, and we have 6 wy, the 
second term in the quotient. In like manner we find 97? for the last 
term in the quotient. Hence, the quotient is 422+ 6xy+4+9 y%. 
Therefore, the factors of the binomial are 2x—3y and 442+ 6ry+9y?. 


—— - 
nf . 
a 
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Since the dividend is equal to the product of the divisor and quotient, 
x8 — 27 y8 = (24.— 3y) (427+ 62y+ 9y"). Hence, in general, 


When a Binomial is the Difference of Two Equal Odd 
Powers of Two Numbers. Consider the binomial a dividend, 
and find a divisor and quotient by inspection (Art. 34). The divisor 
and quotient will be the required factors. 


Exercise 48. 


Factor the following : 
1, 1 — 343 23; 8 23 — 729 78; 216 26 — a, 
2. Py — ad’; vw —1; 243 a® — B°; a8 bo — mi. 


3. 216 a8 — 343; 32— 812. Suggestion. Remove the 
monomial factor 3 2 first. 


4, al} — 1024 6; 729 a8 — 1728 48; wb — y-5, 
5. 135 2 — 32022; 2.a8b — 640d; a — y-5. 


6. ab’ — ay); 6405 — 12508; 23" — ¥2™. 


57. Exampue. Factor 729 + a®. 


Solution. Since 729 is the 6th power of 3, 3? + a? (Art. 36) is 
a divisor of 729 + a®. Dividing 729 by 3? we have 34, the first term 
in the quotient. Divide 3* by 32, multiply the result by a?, and we 
have 3?a2, the second term in the quotient. In like manner we 
find a* for the last term in the quotient. Hence, the quotient is 
34 — 32a2+ a4. Therefore, the factors of the binomial are 32+ a? 
and 34— 32a2+ a‘. Since the dividend is equal to the product 
of the divisor and quotient, 729 + a® = (9 + a?) (81 — 9a? + a4). 
Hence, in general, 


When a Binomial is the Sum of Two Equal Odd Powers of 
Two Numbers. Let the student supply the method (See Art. 36). 
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Exercise 49. 
Factor the following : 
320° +1; 1+ 2°; 2 + 76; ol 4 7% 
a’ +128; 2 + 729 4°; 642° + 
a® GO) + g0yl0; 76 + 64 y%; 1000 2? + 1331 9°. 
Dey? el Bow O20 tee eye 
a5 $y; gl 4 786; ay + aD; a2 + DP. 
abt + of. 1 4+ gl2, 28% 4 46m, ge 4 y~ 8. 
qian 4. 69"; 32 ab) c® + 243 2; 1024 a® + 51. 
64.46 + 729 a8; ~45 0° + gy O°; (a? — dc)? + 8 Bc? 


Con Sra SES Eke ete ANB 


58. Exampie 1. Factor 25 x? — 64y?. 


Solution. The square root of the first term is 5 z*, and of the 
last term 8 y. Hence, since the difference of the squares of two num- 
bers is equal to the product of the sum and difference of the numbers 
(Arts 26), 250? — 6497 = (62484) (574-34). 


EXAMPLE 2. Factor (5a — 4)?— (84+ 42 -— 4)% 


Solution. The square root of each term of the binomial is 5a—4 
and 3a+4a-— 4. Adding the results for the first factor, we have 
8a+4«e—8, or 4(2a+e— 2). Subtracting the second result from 
the first for the second factor, we have 2a—4za, or 2(a—2z2). 
Hence, the factors are 4(2a+a— 2) and 2(a—2z). 


Process. 

(5a—4P"—(Ba+4x—4)? = [(5a—4)+(38a+42—4)] [(5 a—4)—-(3 a+4 2—4)] 
= [5a—4+3a+42—4][5a—4—3a-42¢+4] 
= [8a+4z2—8][2a—42] 
= 4[2e¢-e=2)(2 (¢—22)] 
= 8 (2at¢—2) (a—22). 


‘ 
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A binomial expressing the difference between two equal even 
powers of two numbers may often be separated into several factors. 
Thus, 

EXAMPLE 3. Factor x36 — y}6, 


Solution. The square root of each term. of the binomial is z§ and 
y®. Adding these results for the first factor, we have «8+ y8. Sub- 
tracting the second result from the first for the second factor, we have 
x8 — y8, Similarly the factors of z§ — y§ are z+ + y* and zt—y*. In 
the same way the factors of x* — y* are x7 + y? and x2? — y?. Finally 
the factors of 22 — y? are z+ yand«—y. Hence, the factors of the 
binomial arez® + y) o* Ey, 27 -y?, a ty, and’2 =; 

IBnTOCeSS.0 toe 100 (n° yo) (ea) 

= (28 +y®) (e*+y*) (@4#—y4) 
= + y8) Hy) G+ 9%) 9) 
= @+y*) try) @ ty?) @+y) ey). 


Hence, in general, 


When a Binomial is the Difference of Two Equal Even 
Powers of Two Numbers. Find the square root of each term of 
the binomial; add the results for one factor, and subtract the second 
result from the first for the other. 


Notes: 1. The preceding method is a direct consequence of Art. 26. 


2. The above method finds a practical application when it is necessary to 
find the difference between the squares of two numerical numbers. Thus, 


(235)2 — ‘219)2 = (235 + 219) (235 — 219) = 454 x 16 = 7264. 


Exercise 50. 
Factor the following : 
1. a?g? — 2? y?; 1622? —9 oy"; 25 ata? — 49 B27... 
2. at — yt; xt — 81 7; B — 7'; ce — 9 


a® bt — 81 at78; 1 — 100 a®dtc?; 16 a6 — 9 0°. 


a 


2 2 
9a2"— 4a"; da? — 402; «8 — ys. 
9 
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gt — x; (a + bP — (e+ d?; (ue — y)? — a. 
0? — (ey 2b) 1; (a + by aes 
: (aL a0 a yas (a+1)?—(b—1)?; (753)? —(2538)*. 
No ( 24-7 erry en ow Yin (1811)? — (689)?. 


er feet aint h vere (12) 


. (54 — 2)? — (a — 4)?; (1639)? — (269)? 


10. a&*— 1; 72927 y—xzy'; abd —B5a—. 
iT Qe2+t+a—3Y— Bb 2¢)75 645 27 20ae* 
12. (575)? — (425)?; 2a—4a*; 25a" — 30°", a — 


59. Compound expressions can often be expressed as the differ- 
ence of two equal even powers of two numbers, and then factored by 
the foregoing principles. In many such expressions it will be neces- 
sary to rearrange, group, and factor the terms separately. Thus, 


HX AMPLE lee actor nae) Oe te Dd ee Did 


Process. 
x2—y? +a? -b?+2ar—Qhy = a7 + aw + a? b?—-@hy— y? 
= (29+ 2az +a?) — (624+ 26 y+ y?) 
= (x +a)?— (b+ y)? 
= [(x+a)+ (y+ 5)J (e+ a)— (64+ y)) 
=(€ bay ab + ry) 


Explanation. Rearranging and grouping the terms, in order to 
form the difference of two perfect squares, we have the third expres- 
sion. Factoring the third expression gives the fourth expression. 
The square root of each term of the fourth expression is (x + a) 
and (y +b). Adding these results for the first factor, we have 
a+b+zx+y. Subtracting the second result from the first, we 
have a—b+4x-—y, for the second factor. 
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EXAMPLE 2 Factor 27y + 1 — 2? — y?. 

Process. 2x4y+1- 2?-—y?=1-—2?4+22ry-— 7? 
miles (27 ~ 22 y +4?) 
=1—(x—y)? Art 55. 
Sane =) C1 Gay] 
=(l+z-y](1-2+y}. 


EXAMPLE 3 Factor 4a2b?+4c?d?4 8abcd— (a? +b?—c?—d?)? 


Process. 4a?h?+ 4c?d?+ 8abcd — (a? + 6? — c? — d?)? 
= 4a7b? + 8abcd + 4c? d? — (a? + b? — c? — d?)? 
— (200 + '2'¢d)* — (a* +. b* —¢? — d?)? 
= [(2ab+2cd) + (a?4 b?—c?—d?) ][ (2ab4+ 2cd) — (a? + b?—c?-- d?)] 
= [2ab + 2cd + a? + b? —c? — d?) [2ab+ 2cd — a? — b? +c? + a?) 
= [(a#4+2ab+b?) —(c?—2cd+4+ d?)] [(c?+2cd + d*) —(a?—2ab+ b?) | 
= [(a +b)? ~ (c — d)2] [(e + dy? — (a — 0)?] 
= [(a+b) + (c—d)] [(a+b) — (c—d)] [(c44) + (a—b)] [(e+d) — (a-2)] 
=[a+b+c—d]{a+b—-—c+d][a—b4+c+d][b+c+d-—al]. 


Explanation Arranging and factoring the first three terms, we 
have the third expression. The square root of each term of the 
third expression is 2ab+2ecd and a? + b?—c?— d? Adding and 
subtracting these results, respectively, gives the fifth expression. 
Rearranging (2ab and 2cd suggest the proper arrangement) and 
grouping these terms, gives the sixth expression. Factoring the 
terms of the sixth expression, we have the seventh expression. 
Finally, factoring the terms of the seventh expression, we obtain 
the result. 


Exercise 51. 
Factor the following expressions: 
1. a—b?—C—2bc; a? +72?—V—-Qay; 16—a2—l*+2ab. 
2. 2522—b?—6bc—9e?; a? +2axr+a?—y?— Qy2-2% 
3. 422-12 ry4+ 9y?—81; x*—(7x4+12)?; 4a4—-14+627—9 2°. 
4. 1604-2? + 4-4; 9a?-6a41—2?-82ry— 1677. 


f 
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4 


5. a2 — y+ m—nt—2mx—Q2ny; a&+Uh-—e-a 
+202? —2ctd?; (a2"* — "+ A pe (u2™ + 52" — Caey: 


6. Weyer —oy tts 4c lH 4a te, 
qe (x? Shae y? pide a 4 yz? (a2” + Fee ar nag! — 4 q2”h2". 


8 422-12ax-—C—d?-2cd+9a*%;427°4+9¥ 
—~162—-—925@ —12xy— 40 dz; 42? -@ —2bc —/e. 


9. af —25 a+ 8a222? —9 + 30084 16 a4; y+ 6b 
— 9a? —10by-—14 2507; (a* — 40%" — 6)? — 36. 


10. 22"—9a24 y2™ — 2a*y™—6ab— b*, 

Diy eA oA eA A ae een ne 

12. 422 — 9 7? 4+ 16 2 — 36 mn? — 16 v2 + 36 ny. 
13. a2" + 2" — 2ab" — 2m — kam — 2 o™ 22”, 

14. 402+ 92? —16(y7? + 427) —4 (16 yz — 342). 
15, a? +-ab—9¢c? + 10°; at — a? —9— 2a? + ht oa, 


60. The method for factoring a trinomial consisting of two trino- 
mial factors depends upon the following axiom : 


5. If the same number be both added to and subtracted 
from another, the value of the latter will not be changed. 


EXAMPLE 1. Factor x! 4+ a? 2? + a’. 


Solution. Adding and subtracting a? x?, we have 24+ 2a?x?+a4 
—a*zxz?, Factoring the first three terms of this expression, we get, 
(x? + a*)? — a?x?. Here we have the difference of two equal even 
powers of two expressions, and it is equal to the product of the 
sum and difference of their square roots. Hence, the factors are 
a2+axzr4+ 2? and a? —arxr-+t 2. 
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Process. 


rt+q2z++at = 244+ a227? + a2zx2 + at — a2z 
Septet on 42 0 )--30l* 2 
= (a2 + a2)? — a2 x? 
= (27+a7+a x) (x*+a*—a x), or (a?+a 24.2?) (a2—-a +27). 


EXAMPLE 2. Factor 16 a4 — 17 a? b? + 63. 


Process. 16a*—17a?b?4+b4 = 16a4—17 a2b?2+ 9a2b?4+04—- 9a?l? 
= 16a*—8 a7b? + b* - 9a?b? 
= (4a? — b?)?— (Bab)? 
= (4a?+ 3ab -b?) (4a?-—3ab—0?) 
= (a+ b)(4a—b) (a— b)(4a—D). 
Explanation. Adding and subtracting 9 al? to the expression 
(to form a perfect square). arranging and factoring the terms, we 
have the fourth expression (the difference of two equal even powers). 
Factoring the fourth expression, we get the fifth expression. The 
factors of 4a°+3ab—0? area+b6b and 4a—6. The factors of 
4a?—3ab—bl? area—b and 4a+b. Hence, 


When a Trinomial is the Product of Two Trinomial Factors. 
Make the trinomial a perfect square by adding the requisite expres- 
sion. Also indicate the subtraction of the same expression. The 
resulting expression will be the difference of two squares. Take 
the sum of their square roots for one factor, and their difference for 
the other. 


Exercise 52. 
Factor the following expressions : 


1. 9at+3 a2b?+404; at+9a724+81, 16 744+ 4277774 o-. 


bo 


g8+ atytt ye; 8lat—28a%x?+ 1624; mi+ m2 n* + n*. 
3. 4axt+ 82%y2+ 973; a® + atb? +0; 8lat+ 36 a?4+ 16. 
4, 25a®—9a3b? + 160°; a®tauyty; 264+ cy + 7. 
16a®+8 ath? +908; 9at4+38.a7b4+4908; pF + pt +1. 


or 
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6. 49 at + 110 a2 b2? + 81 Ot; Dat + Ql a®y* + 25 
7.. m2" + m2" + 1. xt" +16 2" +-256. 


8. a®—3 ab+0?; at"—6 a2" b2"+b4"; 25 m4—44 men?-+16 nt. 


61. Frequently the terms of an expression can be grouped so as 


to show a common factor. Thus, 
EXAMPLE 1, Factor 2am+ 3bm—cm—4an—6bn+4+2 cn. 


Process. 2am+3bm—cm—4an—6bn+2cn 
= (Qam—4an)+ @bm —6dn) — (em —2en) 
=2a(m—2n)+3b(m—2n) —c(m—2n) 
=(m—2n)(2@a+3b—c). 

Explanation. Grouping the terms of the given expression in 
pairs ; taking the common factor 2a out of the first, 3 6 out of the 
second, and ¢ out of the third, we have the third expression. Divid- 
ing the third expression by m — 2 (the common factor), we have 
2a+3b—c. Hence, the factors arem—2nand2a+3b—-ce. 


EXAMPLE )2. Factor 12 a* —4a?b — 3a27 +0 <2. 
Process. 

12 a — 407d — 3ax?-+ b27 = (12 a® — 3a?) — (4076 — ba?) 
3044 07 a2) ota ae) 
= (4a? — xz?) Ba-— bd) 
= 2Qa+ 2) (Qa-—2) Ba-bd). 


Explanation. Grouping the terms in pairs; taking the factor 
3a out of the first, and b out of the second, we get the third expres- 
sion. Dividing this by 4a? — #2, we have 3a—b. The factors of 
4a?— x? are 2a+z and 2a—z. Hence, the factors of the poly- 
nomial are 2a+z2, 2a—2, and 3a— 0. 


EXAMPLE 3. Factor 2mn—2nzx4—my+ay+2n?—ny. 
Process. 2mn—2nx—my+xy+2n?—-ny 
= (Qmn—2ne+2n*) —(my—xzy+ny) 
=—2n(m—2+n)—y(n—2z+ n) 
=(m—x+n)2@n—y). 
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EXAMPLE 4, Factor —4a27+ 427+ 4ay+4y?—- 82y. 


Process. —4ax+4x7+4ayt4y?82y = 4[—aaz+2z?+ay+y?—22y] 
= 4[(2?—-2ayty?)—(ax—ay)| 
= 4[(u—y) (e-y)—a(a@—-y)] 
=4(@—-y) [(e#-y) —-4] 
= 4(x—y) [z—-y~a]. 

Exampue 5. Factor 2am?—2an?—2am—2an+2 a?—2a3+4a?n. 


Solution. Removing the common factor 2a, we have m? — n? 
—m—n+a—a?+2an. Arrange the terms of this expression into 
the groups m? — (n* — 2an-+ a*), and—(m+n-—a). The factors 
of the first group are m+n—a and m—n-+a. Hence, m?—n? 
—m—n+a—a’?+ 2an = m*— (n?—-2an+a’) — (m+n-a) 
—(n>n—a).(m—n 7a) —(n--n—a). Dividing this expres- 
sion by the common factor, m+mn—a, we have m—n+a-—1. 
Hence, the factors of the polynomial are 2a, m+n-—a, and 
m—n+a-—l. Therefore 2am?—2an?—2am—2an+t+2 a? 
a Oe an = 2 an 2) 1 Oe 1). 


PIOCeSS. e20M- 20h —2Q Mean t 2d 2 ot 4 as7 
n(n Il =n 6 — a 2an| 
ie | Cit ya ea) Cn tit 0.) | 
2 | (te ao 8) (tb ht a) (mn — 6): 
= 2a (m+ n—a)[w—n+a—1]. Hence, 


To Factor a Polynomial by Grouping its Terms. Group the 
terms of the polynomial so that each group shall contain the same 
compound factor. Factor each group and divide the result by the 
compound factor. The divisor and quotient will be the required 
factors. If the polynomial has a common simple factor, remove it 
first. 

Note. It is immaterial what terms are taken for the different groups so that 
each group contains a common factor. If the groups are suitably chosen the 


result will always be the same, although the order of the factors may be 
changed. Thus, in Example 3, by a different grouping of the terms, we have 


2mn—-—Qnx—-my+tuey+2n2—ny 
= (2mn —my)—(2ne—xy)+(2n2 —ny) 
=m(2n—y)—x(2n—y)+n(2n—-y) 
=(2n —y)(m—x+n). 
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Exercise 53. 
Factor the following : 


wtabtact+ be; ate+ acd —2abc — 2bd. 
am—bm—antbn; 4ax—ay—4biet+by; att+a®+a*+a. 
6Gax—3ba—bayt3by; pr+qr—ps—gqs. 
ax—2bx+2by+4cy—Acr—ay. 


2e—a?+4e—2; atat—abae—a?attl; me—2Qmy 
xt2any; 4ur—ax+4a— a 


i 
2. 
a 
4, 
5. 5a —50R—2a+2b; 62°+32ey—-—2ax—cay. 
6. 
—n 
7. 2@+maey—4ay—A4my*; 4a7+4a27+5a—5xa—8arz. 
8. 


3a*—3ac—abt+be; a®atabetactabytl*y-+ be. 
9, 5av+3axry—Sbuy—3 by; mntnp—mp—n. 
10. m?+np—mp—n?; 18 ~—2atyt 322— 27 vy 


1Lj2la— Der sac 206 — 146 — 30. a bay 
+6y7+32—6y; B-—2+a—1. 


62. Exampie l. Factor 2?+ y2+22—-22y+2xz2-—2Q2 yz. 

Solution. The expression consists of three squares and three 
double products. Hence, it is the square of a trinomial which has 2, 
y, and z for its terms. Since the sign of 2%zis+, and 2zyis—, 
x and z have like signs, while # and y have unlike signs. Hence, 
one of the two equal factors is « — y + 2. 


et a + 22 — Day tO eee eee 18) 
EXAMPLE 2. Factor x?—32?y4+ 32 y? — y?. 


Solution. It is seen at a glance that the given polynomial fulfils 
the laws stated in Art.29. Therefore, one of the three equal factors 
is t—ye ee 2? —322y+ 324% =a (et —y)®. Hence, 
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When a Polynomial is a Perfect Power of an Expression. 
By observing the exponents, cvellicients, and signs of the terms, find 
such expression, as raised to a given power, will produce the polyno- 
nial. This expression will be one of the equal factors. 

Exercise 54. 

Factor the following : 

tf ot 2a64+ 0+ 2acr26c + 2. 

2. a®@—2ab4+8—2act+2be+e. 


8. @+2+84+2ab—2ac—2bc; 16438274 2422 
rt eo he? — ha Ob a: 


4. a&—l5atz + 90 a8 a? — 2432° — 270 e223 + 405 act 
5. @—2ab+P+2acte&2ad—2be+@—2cd+2bd. 
6. 27 2 43 — 108 a2 a®y? — 6448 4+ 144 acy. 
i 


m—2 pa—2na+n*+p?—2 mn+2 mate?—2 mp+2 np. 


Miscellaneous Exercise 55. 
Factor the following : 


Note. If the expression has a common simple factor, it should be first 
removed. 


1. 10 22"—30 2*—40; 2*4+-27+1; 12274—362y—48. 


2. 2— 56a+ Rie qa? + Ss a+1; 6+a2— 27%. 

3, 3m®nt—3m'n; 16a%—2; a8—81; 605448244 7202 
Samm edocay 20 Fh aaa (8 (a + 2) 
+ 34 xy (a + iy" — m4 4/2 
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5. w@—2axu—4ut+a7+4a; 16—20°—-403—2a4; 5adta. 


6. a + 48 a8 — 05 a + 16 a + 63;: $8 ut” + 


(3 “uP? — tA zs a") “a2” — 6 a” 


7. m@—am—nm+an;a+ Ta—8;4e0A0—42 
— 2a +20; 490208" 4 7 (a8 + 8 2) a B™ 2 + 3 a2 2. 


= — ge: 78" — 128 An 13 
8. 204—5a—a*; « my ce E ate 
9 m@—v—-mp—np; ce —o4+ ct — 2; ab—ab Vo 


10. 380 — « — a; 8a" — Gai" 41; (a — vy) 
Se, (a2™ at b3”) (a a ye” — 25 q2™h3™ 


11. 6a?—x—77; 12274 108 « + 168; cg 
cK areeghemn ane seis a RCRA DS ANCE IE te Lm 0 Y. 


12. 1—zhye— 7he 07; 207+ Say —3y—4ant2ay. 


132° + @t yee + bays 24 (a+ 0) e— 2a 
ob ar 4 Slat 23 a2 ay? a, 


14. o?b4 08; +743 2y (e+y); 2+ ¢(a + b)2?" 
—ab(a—c)\(b+c); m+n?timt+n. 


15. a@—D— + —2(ad—be); 444242 ay+a2—-a?—7/?. 
16. 2?+(a+2b)a+ab4 07; v'"4 (a—b)a°"—2 a2—2ab. 
17. 250 (m—n)? + 2; 8(m+ n> + (2 m — n)8 


18. bc" a" — b"c"— ata" — bc" a"+ a*®; 49 pt— 15 2G? 
+ 121%; (m+ n)? + (n=) 


19. 4(m — n> — (m— vn); (m+n)? + m(m + 2). 
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20. a2—b(a—¢)x—ac(atb) (b+c); 64 m*+128 min? 
+ 8lnt; 252t+ 31 a?y? + 16 y. 


21. 6224+ 13 2277+ 6x7; 6224 — vy* — 12y°. 
22. 2™—(8be+ac+ aba + 3abc (b+ c). 
23. m+4mn?+ 8n2F+2 mn; (m+ 3n)?—9(m— py. 


24. 29" 4+ (at+b—c)a"— ac — be; («@t+y?-4 
—y—6; 25 at + 2427 y4 + 16 7% 


25. Yatyt§—3.22yP—6 2748; m?@—mn—b6n?+4mF12n. 


26. mi n3 (a b —2)8 — mi ns (xy +22)8; 81a2"—199a"b" 
Pe ee OL 99028 08 0.08 


27. 18a7— 24ay+ 8yr + 36a F 24y; 2m4+2mHn 
—12n?-—12am—3an; aia + 64 a?n® 


28. 22+ 3ay— 287+ 2y—42; 2y—6ay+4be 
+6ax—24—4by. 


29. mtn — mn? — mo n*? + mnt; m* — (m + a). 


30. 16a7—l6y—lbar—8a2y+ 20 ay; (a —d) 
(a? — c*) — (a — ¢) (a* — 0°). 


31. &@—c2t—acedi+a?; men? +512; 24m? n?—30mn3 


— 36nt;a02—3bxy—aryt3by-. 
32. m’@—mn—6n? + 16m — 32n; 42°+ 498 — 2 — ot 
33. 4m? — 473 — 3 n(n? — m7) + 2 m (n — m)2. 


34. 9m? + 9 atm; e?—16y+at+4y; @—2xuyyP 
—(x—2u“y)—6. Query. How many factors in the first part? 
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35. 64(4a+ y)?—49 (22 — 3 ys (m*— m*— 5 — 25. 


36. m®°+ mn + mni+ m2nt+ mtn? + mi ni; (a — y)* 
1 tia om ed er (ae 44 — 16 2 


37. (m2 +. 3 m)?—14 (m2+ 3m) +40; (mn — nn) 


—mn(mn —n — 3) — 
88. 2" — a —f ta ta; 8 — yt. 
89. 140248 — 35 a8 a2 + 14ata2; wb — 8. 
40. 1245 — 8 a8 y2 4+ 2lary; 6402 + 27 at 
Separate into four factors : 
Al. (w—2y)a®@—(y—2 «)y?; (22"4+ 62" +7)?—(a"+ 3)2. 


42. 4 a7 (8 + 18 a@ 07) — Oe Q? 4-9 D4 a )i32 = LO veneers 
—(m* + 4n% — p*)?; (at™ — 2 ab?" — bt")? — 4 at™ Btn, 


43, 2? + ay —8 26 yF — 8 79; 29™4 a6" 4 64 78" 4 64. 

44. m* — 2 (n? + p*) m? + (a? — p?). 

Separate into five factors : 

45. mi —m?n?+ 2m! n— mnt; 6m nun? + men — 6 m3 n8 
—min*; (a%™ + y2" — 20)? — (a2” — y2”" + 12) 

46. vi™+a4™—16 2"—16; 16 2'™—8122"—162'"+ 81. 

Separate into seven factors : 


AY. qiz™ As qi™ bt ny qi” b8” | pi2r 
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CHAPTER XII. 
HIGHEST COMMON FACTOR. 
63. THE product of any of the factors of a number is a 
factor of the given number. 


Thus, since 30 = 2 X 3 X 5, 6, 10, and 15 are factors of 30. 


The product of the common factors of two or more num- 
bers must be a factor of each. 


Dbtwesince a2) 2 Xd. Xu 7,.allde 66 = 2. Xx 3 Xs 9) ON OF 
6, isa factor of 42 and 66. 


The product of the highest powers of all the factors which 
are common to two or more numbers must be the greatest 
common factor of the given numbers. 


"Thus, since 24 = 2° < 3 and 36= 24 x 34,22 * 3, or 12, is the 
greatest common factor of 24 and 36. 


The Highest Common Factor (H.C. F.) of two or more 
algebraic expressions is the expression of highest degree 
which will divide each of them exactly. 


Phone is the H.C. of S'z%y*, 627 yaad 2*y* 2. 


Note 1. Two or more expressions are said to be prime to each other when 
they have no common factor. Thus, 5 a? and 96 are prime to each other. 


EXAMPLE 1. Find the H.C. F. of 24a 6% c®, 60 a3 b8 c? 7, 
48 a’ b?c3, and 36 a? b?c'z3. 
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Process. 24 a°h?c? = 22 X 3 X a? X08 eer 
G00" bee es xX OX a® & bore eae 

AS ae bser 123 x 3 1X. a® x 62 K cPs 
36 a2b2cixz? = 22 «x 32x eX! 62 Kee wear 


vee thest Cat =a exe eX OO -e nO xace 19 a7 04 Ge 


Explanation. Factoring each expression, it is seen that the only 
factors common to each are 22, 3, a?, 62, and c?. Hence, all of these 
expressions can be divided by any of these factors, or by their 
product, and by no other expression. 


EXAMPLE 2. Find the H.C.F. of 225 —2 77? 42°— 42 y*, and 
Aer 22242 42 y — 2 xy. 


Process. 22% = 24.497 =92 4 (@-by) (2 ye: 
40°—4aeyt= Meaty) @—y)@ry’); 
Bia aoe y 2 ey oe ee eee aan) Vc 


Paoy bie 1 oOo geek, (rey a ee eee tah Gene) 


Explanation. Factoring each expression it is seen that the only 
factors common to each are 2, x, x+y, and x—y. Hence, all of 
these expressions can be divided by any of these factors, or by their 
product, and by no other expression. 


Note 2. Ifthe expressions contain different powers of the same factor, the 
H. C. F. must contain the highest power of the factor which is common to all 
of the given expressions. 


EXAMPLE 3. Find the H.C.F. of 8a5 2? + 16 a423 4+ 8 a8 x4, 
2a°0?—4a°x—6a*, 6(a?+ az)*, and 24 (a?z + a.x*)8. 
Process. 
8a'a?+ 16 ata+8aiat= 28X a® x a? (a+2x)?; 
2a*x?—4a°e—6a® = 2, Xe ax (atx) (Ba—z); 
6 (a+. a 2)* St (02)? 
24 (a'x+a77)* seo Xt (a+ 2)8. 
The common factors are 2, a%, and a+ a. 


fone tC. i. — 2a? (aaa Hence; 


’ 
7 
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To Find the H.C. F. of Two or more Expressions that can 
be Factored by Inspection. Separate the expressions into their 
factors. Take the product of the conrmon factors, giving to each fac- 
tor the highest power which is common to all the given expressions, 


Exercise 56. 
Find the H.C.F. of: 


Poe and Lou Oe ry Sao y. and Da8ayo 
Toe ee Oia go ean Al lowed. 

Lee eee eye, and ou a ye 

20 Baty, Sadar ys, and 12 a2 a3 x. 


abatab's and a*b — 02 


OG Oe Ste 


a? y?— 2 and axy—bay+axz— bz. 
10. 3a4+82°+4 22 325+112z4+623, and 32*—162°—1222 


1l. 38a7%a2%y—3e@xy — 36 ay and 3 a? 2 — 48 aa 
— 3 a% a? + 48 a. 


12 ee ee Land 2 + 1s 2°" +2" — 30° and 
2" — 2" — 42; a2 + 27, 2? — 9, and 2274 52 —3. 


13. 22 — 27 y, 2 — xy, and 2*:— 27°. 

14, g§4 ay? + 74 and 22 —2a%7y+ 227 — x. 

15. 12 (a — b)4, 8 (a? — 0?)?, and 20 (at — 0+). 

16. 8uz(@— y)(w@ — 2) and 12 yz(y — a) (y — 2). 

17. 4a2—12%4+ 9, 402-9, and 4a*#bx — 6a?0. 
18. 2—27 98, w*@—6aryt+9y', and 227-—aw2y—15y* 
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19 toy (ea) and’ ae — lacy + bay 


20. maz?—ma, 222+18 «?— 204, and 4a%2°— 4 a@z. 
21. 24mn—6m+16 pn—4, 64n?—4, and 16”?—8n-+1. 
22. @+4e24+ 4, 2+ 8 and 4227+ 22—12. 

23. 1622 — 4382, 2? —6a%+4+9, and 5a?—132—6. 
24. m?—n?, mn—n?+mp—nyp, and m—men+mn— n°. 
25. 62° — 962, may —8my, and 15 p22 — 60 p. 
(26. a&"—11 23"*4+ 30, 2®"—132°9"+ 42) and x7°*4 23"— 42. 
27. a2" —125, 27” — 10 a" + 25, and 2.24" — 114" + 5. 
28. 8a28"— 125, 44a?" — 25, and 422" — 20 a + 25. 


64. If the expressions cannot readily be factored by inspection, 
we adopt a method analogous to that used in arithmetic for the great- 
est common divisor of two or more numbers. The method depends 
on two principles : 


1. A factor of any expression vs a factor of any multiple 
of that expression. 


Thus, 4 is contained in 16, 4 times; it is evident that it is con- 
tained in 5 times 16, or 80, 5 times 4, or 20 times. In general, 

Since a factor is a divisor, if a represent a factor of any expression, 
m, so that a is contained in m, 6 times, it is evident that it is con- 
tained in 7 m, r times b, or rb times. 


2. A common factor of any two expressions is a factor 
of their sum and their difference, and also the sum and the 
difference of any multiple of them. 
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Thus, 4 is contained: in 36, 9 times, and in 16, 4 times, Henee, it 
is contained in 36+ 16, 9+ 4, or 13 times, and in 36 — 16, 9— 4, or 
5 times. Again, 4 is contained in 5 times 36, 5 times 9, or 45 times; 
also, 4 is contained in 10 times 16, 10 times 4, or 40 times. Hence, 
it is contained in 180+ 160, 45+ 40, or 85 times, and in 180—160, 
45 — 40, or 5 times. In general, 

Let a be a factor of m and n, so that a is contained in m, b times, 
and -in 7 c.times. ‘Then (m+n) +a=6-+ c¢; also, (m—n) +a 
=b-—c. Again, since a is contained in m, b times, it is evident that 
it is contained in rm, r times 8, or rb times; also, since a@ is con- 
tained in n, c times, it is contained in sn,s times c, or sc times. 
Hence, rm +a=rb,andsn+az=se, Adding these equations, we 
have (rm+sn)+a=rb+sc; subtracting the second equation 
from the first, we have (rm—sn)+a=rb—sc. The last two 
equations may be written (rmtsn)+a=rb+sc. Therefore, 
rm-+sn contains the factor a. 


EXAMPLE 1. Find the H.C.F. of 423?—3 xz? — 2427 —9 and 
8 a8 — 2x72 — 532 — 39. 


Solution. The H.C.F. cannot be of higher degree than the first 
expression. If the first expression divides 8 x3—2 x? — 53% — 39, it is 
the H.C.F. By trial, we find a remainder, 422—52--21. The 
H.C.F. of the given expressions is also a divisor of 4 z? — 5 x — 21, 
because 4 x2 — 5 x — 21 is the‘difference between 8 x? —2272— 53x 
—39 and 2 times 423 — 32? — 24% —9 (Principle 2). Therefore, 
the H.C.F. cannot be of higher degree than 422 5a2—21. If 
422 — 5a — 21 exactly divides 423 — 3 a? — 24x — 9, it will be the 
H.C. F. By trial, we find a remainder, 222 —32—9, The 
H.C. F. of 422-52 — 21 and 423— 3 x? — 242 — 9 is also a divi- 
sor of 222 — 3.4 — 9, because 2 x? — 3% — 9 is the difference between 
443 —3 2? — 242% —9 and x + 1 times 4 2? — 5x — 21 (Principle 2). 
Therefore, the H.C. F. cannot be of higher degree than 2 7?—3x—9, 
If 222—32-—9 exactly divides 42%—52— 21, it will be the 
H.C.F. By trial, we find_a remainder, x—3. The H.C.F. of 
222-32 —9 and 422-52 — 21 isalso a divisor of z — 3, because 
xz — 3 is the difference between 422 — 52 — 21 and 2 times 2x%?—3z 
— 9 (Principle 2). Therefore, the H.C. F. cannot be of higher de- 
gree than x—3. If x—3 exactly divides 2%? — 32 — 9, it will be 

10 
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the H.C.F. By trial, we find that x— 3 is an exact divisor of 
222— 32—9. Therefore x — 3, or 3 — x is the H.C. F. 


Process. 4273—32?— 24% —9) 828 a) A hey ee 39(2 








2 times the divisor, 823 — 6a?— 482 —18 
First remainder, 48 Op od 
4¢?—52x— 21) 423 — 32?— 24a — 9 (2+ 1 

x times second divisor, 443 —54?—212¢ 

Second remainder, DT Oe tO 

20? 32—9)4a?-5x—21(2 
2 times third divisor, 4x?_ 6% —18 
Third remainder, L— 3 
x —3)222_34—9(2243 

2x times fourth divisor, 22? — 6x 

Fourth remainder, 3x2—9 

3 times fourth divisor, Symes) 





Therefore, the.H.C.f) = 7— 3. or — 2 

Note 1. The signs of all the terms of the remainder may be changed; for if 
an expression A is divisible by — B, it is divisible by + B. Hence, in the 
above example, the H. C.F. is x — 8, or 3 — =. 

EXAMPLE 2. Find the H.C.F. of 423 —a2?y —azy* —5y? and 
Tee Lay ated oe te ay 

Process. 
428—aty—ry?_ 5 ) 784+ 4a7y+ 427°— 3y3(7 
4 times first dividend, 282°+16 a? y+16z y?—12 43 
7 times first divisor, 282%— 7a?y— Txry?—35y8 


First remainder, 23.2? y+23 x y?+23 y? = 23 y(x?-+ry+y?) 
x+ay+y?) 4738— x? y— x uff -—5 y8( da—5y 

4 times second divisor, 4a3 442x244 427? 

Second remainder, —5x2y—5ay?—5 yz 

— 5 y times second divisor, —5a?y—5xy?—5y8 


Pherefore, the H.C. F.= 2? + ay 4 y?. 


Explanation. Arrange according to descending powers of x, take 
for the divisor the expression whose highest power has the smaller 
coefficient, and multiply the dividend by 4 (to avoid fractions). 
Since 4 is not a factor of 4 #3 — ay —xy?— 5 y’, the H.C.F, of the 


ae ———— 


Nx 
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given expressions is the H.C. F. of 428 — x? y — xy? — 5 y8 and 28 2 
+ 16z7y + 16zy? — 12 y® (Principle 2). Since 23 y (a? + xy + y?) 
is the difference between 4 times the dividend and 7 times the 
divisor, the H.C.F. of the given expressions is a divisor of it 
(Principle 2). Therefore, the H.C. F. cannot be of higher degree 
than 23 y (a?+ ay + y”) If the first remainder exactly divides the 
first divisor, it will be the H.C.F. Since 23 y is not a factor of 
the first divisor, it can be rejected. Therefore, x? + xy + y? is the 
ISELC AA ty 


This method is used only to determine the compound 
factor of the H.C. F. If the given expressions have 
simple factors, they must first be separated from them, 
and the H.C.F. of these must be reserved and multiplied 
into the compound factor obtained. Thus, 


EXAMPLE 3.. Find the H.C.F. of 542%y ++ 602745 — 18 23 74 
— 132 a*y? and 18 2°y? — 50 2% y® + 2 at y* — 12 xo 93. 


Solution. Removing the simple factors 62?y and 277%, and 
reserving their highest common factor, 2x*y, as forming a part of the 
H.C.F., we are to determine the compound factor of 9 24+ — 22 x? y? 
Sore 1044 —A and 99% 6 27 4777 9? 25 yt = B, If A 
exactly divides B, it is the H.C. F. of A and B. By trial, we find 
the remainder —y (6 x? — 23 27y — 3xy?+ 357°). The H.C.F. of 
A and Bis also a divisor of this remainder, because the remainder 
is the difference between B and 1 times A (Principle 2). Reject —y 
from this remainder, since it is not a common factor of A and B, and 
represent the result by D. The H.C.F. of D and 24 (a multiple 
of A) is the H.C.F. of A and B (Principle 2). This cannot be of 
higher degree than D ; and if D exactly divides 2 4, it is the H.C F. 
By trial, we find a remainder, 153 y? (82? —zy—5y?). The 
H.C.F. of D and 2A is also a divisor of this remainder. Reject 
153 y?, and represent the result by H. The H.C.F. of FE and D is 
the H.C.F. of D and 24 ; and if E exactly divides D, it is the 
H.C.F. By trial, we find that E is an exact divisor of D. There- 
fore, E is the H.C.F. of A and B. Hence, the H.C.F. of the given 
expressions is 22?y (82? — xy — dy’). 
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Process. 
9 7422 x? y?-3 zy2+10y4 = A ) Sat—6 x8 y+ > x74? —25y4=B ( l 
1 times the first divisor, 924 —22 ¢*y2—3 x YP 10 ys 





Ore 7t23.0°y7, 32 YP ooy- 
= —y(62°—2327y—37ry2+35y%) 





(3a+23y 
6x8—2312y—32y?+35y = D) 1824 — 4477y2— 6xy8+ 20y4= 2A 
3a times second divisor, 1874—69x8y— 9x?y?+105xy? 
Second remainder, 692%y— 35x7y27—1 ll xy®+ -20y4 


2 times second remainder, 138x3y— 70x?y?—-222xy34 4074 
23 y times second divisor, 138a3y—529x2y2— 69xy8+805y4 
Third remainder, 459x7y?—153.xcy3—765y4 
= 153 y? (822—xy—5y”) 
See — ey — byt EB) 608 2328 aL? 30 4° = D(2%—- 7y 
2x times third divisor, 643— 2x?y—10xy? 
Fourth remainder, —2Qlaty+ Tary?+35y3 
—7y times third divisor, —2la?y+ 7ay?+ 3598 
Therefore, H.C. F. = 2 2?y (3 2?— 2 y—5 y?). 


EXAMPLE 4. Find the H.C.F. of 90 25 y? — 200 x? y5 — 10 x3 y4 
and 144:a¢y — 64 244 — 16 2748 — 14498 y2, 


Removing the simple factors 10224? and 162 y, and reserving 
their highest common factor, 2xy, as forming part of the H.C.F., 
arranging according to descending powers of 2, we have 


Process. 923—«y?—20y°) 943_Qa%y— ay? 473 (1 


1 times the first divisor, 92% Ung? 

First remainder, ir -1) +16y8 = —y (9x2_16y?) 
9a?—16y?)9a®— zy —20 98 (x 

x times second divisor, 928 — 16 2y? 

Second remainder, 15 wy? — 20 y® = 5 y2(8Ba2—4 y) 


32—4y)9a2—16 y= Baet4y)\Bx—4y)(3x44y 
32+4y times third divisor, (82+4y)8xa—4y) 





. the H.C.F.=22y(3«a—4y). Hence, in general, 
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To Find the H.C.F. of Two Polynomials that cannot readily 
be Factored by Inspection. If the given expressions have simple 
factors, remove them and arrange the resulting expressions according 
to powers of a common letter. Take that expression which is of 
lower degree for the first divisor; or, if both are of the same degree, 
that whose first term has the smaller coefficient. If there is a re- 
mainder, divide the first divisor by it, and continue to divide the last 
divisor by the last remainder, until there is no remainder. The last 
divisor will be their highest common factor. The highest common 


factor of the simple factors multiplied by the last divisor will give 
the H.C.F. sought. 


Notes: 2. If the first term of the dividend or of any remainder is not ex- 
actly divisible by the first term of the divisor, that dividend or remainder must 
be multiplied by such an expression as will make the first term thus divisible. 


3. Observe that we may multiply or divide either of the polynomials, or any 
of the remainders which occur in the course of the work, by any factor which 


does not divide both of the polynomials, as such a factor can evidently form no 
part of the H. C.F. 


Exercise 57. 
Find the highest common factor of : 
1. 28+ 202132410 and 22+ 02-1004 8. 
2. a¢—2a%+1 and at—4234+ 622-4241. 
o—a?—5a—3 and a&—427—-11lax—6. 


w*#—9 22 + 292?—3927418 and 422—27 274+ 562—8383. 


. 2Y—10ry2+822y and 9x*—327y24+322y2—I ay. 


3 
4 
5. a —5aer+4a?ez and «*—az?+ 3a?2? — 3 a®z. 
6 
T. 2a°—1147—9 and 42° + 11 24 + 81. 

8 


18 274+ 32—6 and 182° + 96274 1042 + 32. 
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9. 15 m? n? — 20 m2 n? — 65 m?2n — 30 m? and 2Zamn3 


+20amn?—l6amn—I1l6 am. 


10. 36m°®+ 9m? — 27m*—18m and 27m on? — 9 men? 
— 18 mn? 

ll. 382° —3ey+rey—y and 4a7y —5xy?+ y*. 

12. mnz— 82mnzez—3 mn and mn? 2 + 28 mi n2a2 
— 9 mn. 

13. @540+22+3 and 2a*— 9 28+ 12 2 — 7. 

14. 162*9—4427y7y4+107 and 62'— 29 a y + 43 27 ¥ 
— 20 xy. 

15. 2mPn —10 m3 ny? + 18 meny?+ 224mny*+ 294 07° 
and 4 my — 20 m*n?y — 48 m ny + 112 vty. 

16. 2m"xt"— 2m"z8" — 4 ma?" + 4m"a” and 6m"2" 
— 18 mat” + 12 m"23" + 6 m" x2" — 6 mx". 


Query. How many factors in this result ? 


65. To Prove the Method for Finding the H.C.F. of any 
Two Algebraic Expressions. Let A and B represent the ex- 
pressions, the degree of A being either 


equal to or higher than that of B.  Di- B aoa 
vide A by B, and let the quotient be m HCC 

and the remainder D; divide B by D, MEW pity 8 
and let the quotient be » and the re- PEGs 
mainder EL ; divide D by #, and let the Dae 
quotient be r and the remainder zero ; PEN: 
that is, H is supposed to be exactly con- ze 


tained in D. 
We will first prove that EZ is a common factor of A and B. 
From the nature of subtraction, the minuend is equal to the sub- 
trahend and remainder. Hence, A=mB+ D, B=nD+ E, and 
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D=rE. Since the division has terminated, EF is a divisor of D. 
E is also a divisor of nD (Principle 1) and of nD+ #, or B 
(Principle 2). Hence, E is a divisor of mB (Principle 1), and of 
mB-+ D, or A (Principle 2). Therefore, E is acommon factor 
of A and Bb. 

We must now show that & is the highest common factor. 

Every divisor of A and B is also a divisor of mB (Principle 1), 
and of A —mB, or D (Principle 2). Therefore, every divisor of 
A and B is a divisor of nD (Principle 1), and of B—nD, or E 
(Principle 2). But no divisor of & can be of higher degree than E 
itself. Therefore, # is the highest common factor of A and JB. 


66. Let A, B, D, E, etc. represent any polynomials. Let m 
represent the H.C.F. of A and B, n the H.C.}. of m and D, aud p 
the H.C, F. of n and E, etc. Evidently m is the product of all the 
factors common to A and B; also, n is the product of all the factors 
common to mand D, and p is the product of all the factors common 
to n and EH, or p is the product of all the factors common to A, B, D, 
and E, etc., which is their H.C.F. Hence, in general, 


To Find the H.C.F. of Several Polynomials. Find the 
H.C. F. of two of them; then of this result and one of the remaining 
polynomials; and so on. The last result found will be the H.C. F. 
of the given polynomials. 


Exercise 58. 
Find the H:C. F. of: 


1. 102°4+ 10237? + 20aty, 12e7y4+ 4a8y +12 277 
+44, and 228+ 27. 

ws Mons 82 2 — 9, 2+tat+ea°+ 24+ Qatt 222, 
and 34 3a74+ 426+ #4 3 a4. 

3. mae + 2m™ar2+m™aext+2m", 2a4+ 6234+ 4 x, 
3083 +907+924 6, 32°-— 1223 —3 2? — 6a, and 32° 
+2+ 52+ 8 2%. 
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4) 208 — 5-2 36 9824, 342 + 2 oe? — 8 a — 128 and 
2 ao? — a? — 12 % — 9. 


5. 322" — 33 a2" + 96 2” — 84, 68 22" —-92 28" — 24 4" 
4+ 32 0%", 28" + Ilia — 6 — 627"- 50 a” + 20 28" — 60 a2" 
90 cb ge Ore td and; 38 2°? oo 
— 162 vi" — 372 28" + 424 a?" — 192 a” 

6. Ogata 4 oD oP = 1 eA ee + B80, — 340g 
— 24 72? 8 ot" 4 4? 4 Oo 4+ 20 and 2a%"+4+ 12 7°" 
— 94 2" — 60. | 

3 —2eyr—bery, d27A—by—3e7P ey 
+2, 928 —8er%y—202y, 32y— Taty —2y°4 323 
10 4 — ay — bay t+ 3at—Tey, and t—ay—2?y 


—xry—2y'. 


Miscellaneous Exercise 59. 


Note. When possible the student should separate the given expressions 
into their factors by inspection. 


Find the H.C.F. of: 

dee 72 AN Nery ery eae ty. 

2. a2 —y%, (xn + yf, 2 — ay, and 2a%#y—2ary. 

3. 2229—a2—1, cy—y, ty—cy, and 3229-2 —2, 


O@—G62rt5, 2%+5—-—B8¢7t2" +2 —I1le 
and 4227+ 30 — 722. 


e—182¢+45, 2a7—T24+3, 227-9, and 322—7r—6. 


es 
ee ae 


6. 6 a4"— 322"— 72"—a"—1 and 321" — 328" — 22" 
— 2g" —I. 
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ee ay, at + a de y', go — yf, gz? + ry + Toe 
w+ By—eyp Sy, and Py t+ ayt+ cy 

8. 2Qax+2a+4azg, 4+2274+224+1, 76414b2 
+ 7 ba? + 14627, 327-— SBm+n— 3)et —3m—N, 
aes (2 gt) et oe 

Oe een ae, (4 — 3 bay ic — aba — 6 aba 
and a2ba*’— 4a? 2? + 3 68 a 

TO 4a — 2" ie 9) and —2'2** 4197" — 2 93” 
+ 3a" — 6. ; 

11. (a + 6) (a —b), (a + 6) (6—a), and (0+ a)? (a —b)2 

12. 208®—10a0?+80b, 4e@7—5a04 8 &—b, 
9a4*—34a0°4+ 3 a2b2?—9a®d, and 3a°—3a2)b4+a0?—63 

13. 323°—3 mar" + 2 m%a"—2 m? and 322"+ 2m22" 
+ 8m? + 12m 22". 

14. (n—n)(@—y), (m—n) (y —z), and (n—m)(a—y). 


Lon date Sa 12-2 20 at 3 ay ty tt 22 
+127+4y4 8, 627+ 2+ 6234+ 8x44 24, and 274? 
+3ey+4e+4y74+ 12474 16. 


16. a?®+3 a2” 0"+ 34a" b2"+ 68" 5 a5" +555" 4q27G2" 
12 0° b®™ + 804", and a**— 62”: 


Wie me tin lhe tme—n and at— ne 
+ (m—1)a— na — m. 


18. 3n2a24+ 12 m?n2?4+3n22-—15 mn224+ 12 mene 
—1mn2v and mnvt+ 6m n?—2ret 6mne 
+2mnr2227— 6m? n?2—2n2z* — 6 mn 22. 
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19. 2t— m2 — m2? — mPa — 2m, 2— 6m? 4+ ma, 
w2—2m—ms2, 32—Tme2et+3ma2— 2 m3, and 2 
—8m+2mz. 


20, 122ty—2423 424+ 120748, (a2y—xy")*, wy (a?— y*)?, 
and 8a4y% — 2443 8 + 24 27 y* — 8 ya. 


21. &— 202d —al+ 203 a + a?d — a — B, 
a—3alh+ 203, a&—b8 38ac—3bce4 2ab— 204, 
at — b4, and 2+ac—be—2ab. 


22. a—(b+c, (atcPR?—B &—(at 6), and a? 
+2ad+8+2bdc+ 84 246. 


23. 28+ ¢38"— 56, a2®° +5 27"° +6 23", 28" —4 98" — 96° 
ee t+ 3g2®91+38e°+2, gt*—922"+ 20, and 322"4+ 8 2” 
Bi inte Dy 


24, a —207+32—6 and #4 — 2 —2?— 22. 

25. 4ay7—2y24+ 6a®y and 427y + 8a —4 ay, 
26. 3542+472+13¢+1 and 4224+4122—9 a27—9 #1. 
27. mneF+2mn?+mn+2m and 3n'—-127n2—3 n?—6n. 


28. 2m?7? + 166 m?y2— 96 my + 108 m and 6 mn?y 
— 144 mn? 7? — 78 mn? y?2 — 108 m n?. 


29. 224—62°+32%-32+1 and w’—83 264+ a®§—4.22+-12 a—4, 
30. 42°+ 3273+ 3629+8a and 8a°—24a44 2427?-—8. 


31. 2"—8yP™a2"—ar ym 4 2y™ and a"—4 a" ym+4y2", 
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CHAPTER XIII. 


LOWEST COMMON MULTIPLE. 


67. A Multiple of a number contains all the factors of 
the given number with highest powers. 


Thus, since 24 = 28 xX 3, 28 x 3 isa multiple of 24. 


A Common Multiple of two or more numbers contains all 
the factors of the given numbers with highest powers. 


Thus, since 12 = 22x 3 and 9 = 3% °22 X 3? is a common multi- 
ple of 12 and 9. 


The Lowest Common Multiple (.C. M.) of two or more 
aleebraic expressions is the expression of lowest degree 
which can be exactly divided by each of them. 


Thus,.6 a42°72 is the Le Co Mof-6 G42 47, 2, “and, a? y?. 

EXAMPLE 1.. Find the L.C. M. of 42a°zy*, 56a xty®, 63 ai z5y3, 
and 21.a* xy. 

Solution. Separating the expressions into their factors, we have 


a re eR OC UCR 
SO terry = oe le Oe, Ca Xa tees 
63 a? x5 8 32x Te OG OP ee ee 
2a ONS KOO are ay 


23 & 32 X 7 is the Jeast common multiple of the coefficierts 42, 56, 
63, and 21; a5 is the lowest power of a that can be evenly divided by 
each of the factors a5, a, a8, a*; x® is the lowest power of x that can 
be evenly divided by each of the factors 2, a4, x6, x8; 5 is the lowest 
power of y that can be evenly divided by each of the factors 4, y°, y°, 
w sHencestne ts,C.Mo— 29 x 3? <.7 KX aoe xara 4° = 504 aa? y?. 
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EXAMPLE 2. Find the L.C.M. of 62?—22, 92?—32, 6(4?+2y), 
8 (xy + y*)*?, and 12.4242 y2, 
Solution. Separating the given expressions into their factors, we 
have 
Do a at ee OX leas, 


8(ry + y’)? = 28 xy x+y), 

OG. (erry ja x3 xX « xX («+ y), 
G27 = 2g eg xX (2-1), 
Olid etfs ams 3 Xe <n): 


28 X 3 is the least common multiple of the coefficients; a? is the 
lowest power of a that can be evenly divided by a?; 2x® is the lowest 
power of x that can be evenly divided by each of the factors 2%, a, x, x. 
Similarly y, (2 + y), and (82 — 1), each affected with its highest ex- 
ponent, must be used as multipliers. 


Therefore, the L.C. M. = 2° 3X a? X a8 x y? XK (z+ 9)? X (82-1) 
= 24-024? y* (2-4)? (82 — 


EXAMPLE 3. Find the L.C.M. of 4 axz7y?4 llazy?—3a y?, 
m+ 6227+ 9u, 32% 48 + Ta2zy® — 6 ay, and 24a77—22aa+ 4a. 


Process. 
Aor ya lary 30 —. 0 y(t +3) x (42-1); 
pe Ga ee oi (ie rao) 5 
Berge ee — OLY = eye (od) ox (8x—2), 
24axz? — 22ax+4a= 2a x (42—1) (82 =2): 


the L.C.M.=2aey @+ 3)? (42 —1) (82-2). Hence, in 
general, 


To Find the L.C.M. of Two or more Expressions that can 
be Factored by Inspection. Separate the expressions into their 
factors. Take the product of the factors affecting each with its 
highest exponent. 


Note. The L. C.M. of two or more prime expressions is their product. 
Thus, the L.C.M. of 


at +ab+ 62, @&+ 03, and a2+ 02 is (a2 + ab + 0?) (a2 + 82) (a8 + 88), 
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Exercise 60. 


Find the L.C.M. of: 


1 
2 
3 
+ 
5. 
6 
7 
8 
9 


Le 
18. 
Ue 


. 48a? So auty®, and 63 472, 
. 24 mn*2*, 36 me n?2z2, and 48 n? 2 
. 18 a2b2c2, 9 a? bc*4, and 364 6% ct 


. 12 m*n*y?, 18 mny’*, and 24 m* x3. 


12az%y*, 2—y?, a?—2ey+y%, and 2+ 2xry4 y* 


. m* (a? — y*), n* (x — y), and a* — v4. 

. 2u(e@—y), 4ry (a — y*), and 62y? (4+ y). 

. va+a— 20, 2 —102+ 24 and 2? — ax — 30. 

. @+ 2a, v24+4¢74+4, 2274+324 2, and 227+5274 6. 


e+ ata? 4+ at and zt —az— a?a+ at 


. —32— 28, 24+ 2 —12, and 22 —107 4 21. 


15 (22@y — ‘x y*),-21 (a? — ry’), and 35(a7 ¥* + y°). 


ee eal andes? — 1. 


327+ 1124+ 6, 3274+ 824+ 4, and #4 574 6. 


. @+(atb)rt+ab, x’+(atc)rt+ac, and 27+(b6+c)r+ be. 


me—-my—nx+ny, (c—yy, and 3m?n—3mn?. 
w+ (a+ b)a+ab and 2+ (a—b)a—abd. 
m—1, a4+1, 2*4+1, and z+ 1. 


e+aeytaryt 3, 8—2y + ay? — 73, and 2 


+ ty — vy — yp. : 
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20. Gax+7atzt—3 a®z, 3 a2 274+ 14a%?¢ — 5a 
and 627+ 39aa+4 45 a2. . 
21. 24+50H 4, 24+ 22—8, and 24+ 72412. 


22. 1227 — 23ay + 10 y*%, 4a? — 9ry + Sy’, and 327 
mai DE TB SAE b 


23. a®#—40?, a®—2a7b+4ab2 —8 0b, and a?4+ 2a7b 
+4ab?+ 80. 


24. am+an+bm+obn andar+ay+br4+ by. 
25. 8ar—38xy+35y", 422—-x y—5 y*, and 2a%—5 xy—Ty’. 
26. 2+ y%, at — ay? +44, and 2° + 7, 


27. 602t+ 52 —5a% 60 a2 y+ 32 xy+A4y, and 
AN wy —2a*y—22xy. 


28. (a + 6)? — (¢+d)*, (a+c)?—(b4+ d)*, and (a + d)? 
— (b+ c)?. 


29. a@+ayt+y, 2—axyt+ y¥4, and 24+ 2774 7. 


30, 324+ °26 a + 35 a4, 627 + 38a — 28, and 272 
+ 27 a — 302. 


31. 122°"°+ 3a"— 42, 12 2°"4+ 30 22" + 12 a",. and 
322°" — 40 2” — 28. 


32. a(m—n), b(n —m), and —c(m—n). 

33. (a — b)(b — 0), (6 — a) (b — 0c), and (6 — a)(c— Dd). 
34. a(b—x)(x—c), b(e—x)(a—a), and c(a—z) (x—D). 
35. 2" — 20°" + 1 and af” + 40°"+ 627"+420"+4+1. 


Result. 1°" + 2 75" — yA” — 4 78" — 72" 4 Og" 4 1, 
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68. If the expressions cannot be factored by inspection, find their 
H.C. F., then proceed as before. Thus, 


EXAMPLE 1. Find the L.C.M. of 224+ 28 — 2022—72+4 24 
and 22% + 328+ 1327 ~72 + 15. 

Solution. The H.C.F. of the expressions (Art. 64) is x?+22—3. 
Dividing each expression (for the other factor) by z? + 2 x — 3, we 
have 227 —37 — § and 227—2'— 5, Hence, 

2 ee ed, (22 D3) (2.2? 3 7-8); 

om en ae lO ea (eee & 3) (202 — oe — 5). 

Ber be tn, Mi i(r2 2 4 3) (20? 3 — 8) (2 227 ad). 


ExaMPLE 2. Find the L.C.M. of 23— 822+ 192 + 12, 23— 62? 
+ lle — 6, and z*?— 927 + 262 — 24. 

Solution. The H.C.F. of the expressions (Art. 66) is # — 3. 
Dividing each of the expressions by x—3, and factoring the quotients, 
we have 

2 —822+192%—12 = (x—38) (2?—52+4) =.(2 -3) @—1) (z—4), 

26a? 1le—'-6= (2-3) @?—32+2) = @—3) (2-1) 2), 

23—9 x24 262-24 = (x -3) (x?—62+48) = (x—3) (4-2) (x—4). 

Therefore, the L.C. M. = (x—3) (x—1) (wx—2) (4-4) 

= x4 — 10 23+ 35-4? — 50%+24... Hence, 


To Find the L.C.M. of Two or more Polynomials that can- 
not readily be Factored by Inspection. Find the H.C.F. of the 
given polynomials, and divide each polynomial by it. Then find the 
L.C. M..ot théfr quotients, and multiply it by the H.C. F. 


Exercise 6l. 
Find the L.C. M. of : 
1. 2+ 02?—82—6 and 2e°— 5a? 274 2. 
2. 2+ 3227—27 —3 and 24+ 42741474 6. 


3. a?+2x2—3, 2 4+322—7—3, and 2214224 7-6. 
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4, xt — mx — m2? — ma — 2m? and 3z22—Tm2? 
+ 3 mx — 2m’. | 

5. 1508 + 10m y tA yes 6274? — 3x y* and 12g 
+ 38 27y? + 16 27* — 10». 


6. 22 —9 22+ 26a — 24, 22 — 102% 4+ 312 — 30, and 
x? —112?+ 382 — 40. 

7. g@t—ae—4e?+ 16x — 24, x? — 522+ 8x —4, and 
g2—2a—8. 

8 2+ 227—-10274+ 8, 2+22¢—8, x4-—32+4 2, and 
xv? — 1. 


9, 622 +152?—624+9 and 922+627—51 24 36. 


10. 22°— 8¢' +1222 —8 224+ 22, 32°—622+4 32, 
and 2 —3a7+ 3a—-—1. 


11. a§ +522 +52?-5e-—6, 2+62?4+ 1la4 6, 
and #2@+ 4a7+ 7 —6. 


12. 202 + 72774+8274+ 3, 222-277-4243, 27° 
+ 38e44+ 2272+ 32? +2274 3, and a+27+ 1. 


69. To Prove the Method for finding the L.C.M. of any 
Two or more Algebraic Expressions. Let A, B, D, E, ete. 
represent the expressions, / represent their H.C. F., and WM represent 
their L.C.M. Also, let a, b, d, e, etc. represent the respective quo- 
tients when A, B, D, etc. are divided by #. Then, 


A=aF, B=bF, D=dF, E=€eF, ete. (1) 


F is the product of all the factors common to A, B, D, etc. The 
quotients a, b, d, e, etc. have no common factor. Hence, their 
L.C.M..is abd...., etc. and the L.C.M. of a F, bF, d F, etc., or 
their equals A, B, D, etc., isabd.... Ff. Therefore, M=abdde F, 
etc. ’ 
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70. Let A, B, D, E, etc. represent any polynomials. Let N 
represent the L.C.M. of A and B, P the L.C.M. of N and D, and 
R the L.C. M. of P and EF, etc. Evidently R is the expression of 
lowest degree which can be divided by P and E exactly; also, P is 
the expression of lowest degree which is exactly divisible by N and 
D, and N is the expression of lowest degree which is exactly divisible 
by A and B. Therefore, #& is the expression of lowest degree which 
is exactly divisible by A, B, D, and E, etc. Hence, 


To Find the L.0.M. of Several Polynomials. Find the 
L.C. M. of two of them; then of this result and one of the remaining 
expressions; and so on. 


71. Let A and B represent any two expressions. Let F’ repre- 
sent their H.C.F., and M represent their L.C.M. Also, let a and 
be the respective quotients when A and B are divided by F. Then 
A=aF, B=)F, and M=abdF. Multiplying the first equations 
together (Axiom 3, Art.47), we have A X B=aF XbF=F XabF. 
Therefore, substituting for ab F its value M, AB= FM. Hence, 
in general, 


The Product of any Two Expressions is Equal to the 
Product of their H.C.F. and L.C. M. 


Miscellaneous Exercise 62. 


Find the L.C.M. of: 


1 a&—2c2b4+2aP—B8 a +2 a2b—alh — 2 DB’, 
aa + ab—al?— 3 and a@— 2a2b—al?t+ 20% 


9. a4®— 10272" + 9, o™ +10 78" + 20 22" — 10 2" — 21, 
and a4" + 4 48" — 22 72" —42"+ 21. 


m 


3. 8" —4aimy™ + Oar y?™ — 10 y®™ and 23" +.2 27"y 
—3a2"y™ + 20 48”. 
11 
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4. 2°4+3¢'44 24307? +243, 222+622-—22-—6, 
et Q2ett+ w+ 2e4+242, and 20°4+ 3 224+ 2 22+ 3 2? 
+2a+ 3. 


5. wy—bu,xy—ay,y—3byt+2Rh wy-2h, 
ry—2bx—ay+2ab, and zy—be—ay+abd. 


6. a5™ + at" 6" + a8" b2™ + a2” 08" + a” O*™ + D°™, and 
qe” Mise ai” b™ ae qe” p2™ res a2” be” 4 a” pt™ Stn bo” 


Te Ae ee a? ee Ase et ao ONG 
Te 2 a™ yan ok 4 ae m gn noe 8 a? m 


8. 22°" + (2a— 36) 2" — (287+ 3ab)2" + 308 and 
227" —(3b—20¢)x"—3be. 

DPD IAN NOI eye 2 re Ar ath ei oe 
—44%412, and @—32* — 2022 + 6027+ 64% —192. 

10. a?"—(a—b)a"—ab, 2?"—(b—c)x"—be, 22"—x*"b6 
— 76"0? + 08, and 22" —(c —a)a2" — ae. 

Find the H.C. F. and L.C.M. of: 

ll. 832—-—Taeytbcy—y, yt 3xy— 3e—y, 
and 3484+ 5a®y+ ay? — x. 

12. 62°+ 1lbdaty—403 2-10 a?ay and 9a3y— 27 auy 
— Garry + 18 aby. 

13. 6 28" 4+ 2°9"—5 a™®—2 and 629° 4 5 22"— 3 a" —2. 

14. @—ab+ a+ ad4+ 02 at + a be + BF, a® + 03 

ye — 6°, and (a2 — pa. 


15. 227+ (6 a—106)a—30 a6 and 3a?—(9a415b) a 
+ 45 ab. \ 
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16. 2°°— 92°" + 26 2"— 24 and 23*—1222"*+ 472" 6, 
17. (2+0*)¢ + (02+) @ and (2 — b%)c + (8 — c)a. 


18. (2a7—3m*)y + (2m—3%*)a and (2 m2 + 37)a 
+ (22? + 3 m?*) y. 


Loe a pee ae 2 a8™ and 28" — Faq" a3" 
+ a2™ a — 2 a8". 


20. @—3eyt+ 3cy—2y, B- wvy—xy— 24%, 
a+ uy t+ y*, and w+ 227? + 7. ; 


21. 2024+ #?—1, 2527'+52°—az—-1, and 252'—102?+1. 


D 2. a3” — yP a gon yn pre ae yee (. yh oe Via we and yan 
+ oy + yt”, 


Find the L.C. M. of: 


23. a —Ta® — 70? 4+ 4824 42 and 24-9234 9x2 
+ 41 x — 42. 


24, 22+427+6274+9, 2+a2—2274+12, and 2?—x2—12. 
25. 42®—427!—292?—21 and 42°4+ 242144127421. 
26. 2a¢—11a?+32°+102 and 3a*—142°—6a7+52. 


27. 2 —G6aer?+1la—6, 2—a—14274 24 and 
e+a¢—17274+ 15. 


98. 3¢44+-5924+5974+524+2 and 32!—27?4+2?—27—2. 
29. 9at+1823—2?-—9274+4 and 6714+1722—102+8. 
30. 2m? 4+ m?—m+3 and 2m? + 5 m— mm — 6. 
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CHAPTER XIV. 


ALGEBRAIC FRACTIONS. 


aa 
mtn- 





72. Tue expression (a + 6) + (m+n) may be written 
It is read the same in each case. 

The second form is called a Fraction; the dividend is the 
Numerator, the divisor is the Denominator, and the two taken 
together are called the Terms of the fraction. a, b, m, and n may 
represent any numbers whatever. Hence, 


An Algebraic Fraction is an indicated operation in divi- 
sion. 


A Mixed Expression is one composed of entire and frac- 


tional parts ; as, n 
[te Ba 
bp 


Note. The dividing line has the force of a symbol of aggregation, and the 
sign before it is the sign of the fraction and belongs to its algebraic value. 


73. Multiplying or dividing the divisor and the dividend by the 
same number does not change the quotient. For, if we multiply the 
dividend by any number, as m, the quotient will be increased m 
times ; if we multiply the divisor by m, the quotient will be dimin- 
ished as many times. A similar method of reasoning may be applied 
to the dividend and divisor. 


A fraction is in its lowest terms when the numerator and 
denominator have no common factor. 


Tazbe " 
EXAMPLE 1. Reduce 55~3;7z to its lowest terms. 
28 a® be 


ae a oe 
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Solution. The H.C.F. of the numerator and the denominator 
Ta*be x 1 
‘\ 7 tho a Waohor hg 
is 7a7be. ane we have WN sca ot 
we have yas Since the terms are prime to each other the fraction 
ac 





Rejecting the H.C. F., 


is in its lowest form. 


6a2+ ax— 152? 


het Ou Geb to its lowest terms. 


EXAMPLE 2. Reduce 


6a? +ax—15z2 (3a+4+52) Qa—32) 
Tes en ats Cart 6% = 15270 (a4 52) (5a 32) 








2a—3% 
5G oa 
Explanation. Dividing the terms of the fraction by their H.C. F., 
we have ee . This result is in its lowest terms, since the 
a—3u 


numerator and denominator have no common factor. 


ait ay t+ ry? — yt 





EXAMPLE 3. Reduce to its lowest terms. 


Te ray eye aye (Pay) CP yer ey?) 
Payer ye (Ay Maly py) 
_@ryY)@-yY)+ry@t+y’) 
6 Ty) @-¥) —sy@?+y¥) 
_@+y) (2-y try) 
C2 9): [aay eo) 
_ wer aey—y¥ 
Wetter 





Process. 








When the factors of the numerator and denominator cannot be 
readily found by inspection, their H.C.F. may be found by the 
method of Art. 64, and the fraction then reduced to its lowest terms. 
Thus, 


4a%4+ 12a?b —ab? — 1503 


6a? 413 a2b — dae = 15 68 to its lowest 





EXAMPLE 4. Reduce 
terms. 
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Solution. 6a?+ 13a2b—4a b2- 1503) 4a8+12 a2b— ab®—15 03 (2 


3 times the numerator, 12a8+36a?b—3.ab?—45 b8 
2 times the denominator, 12.a3+26 a?b-—8ab?2—30b8 
First remainder, 10a7b+5ab?—15 68 


= 5b(2a*+ab—30?). 
2a? +ab—30?)6 a3 + 13.a2b — 4ab2 — 15 03(3a+5b 
6a? + 3a2b—9ab? 
10 a#b + 5 ab? — 15 68 
10 a26 4+ 5ab? — 1568 





.. the H.C. F. of the numerator and denominator is 2a?+ab—3 b?. 
Dividing each term of the fraction by 2 a? + ab — 362, we have 


4a? + 12 a2b —ab2— 1563 9a+5b 


6a? + 130% —4al®— 150? Ba+5b Hence, 





To Reduce a Fraction to its Lowest Terms. Divide both 
terms by their H.C. F. 
Exercise 63. 
Reduce to lowest terms: - 


WbazyP 6mey 427-97 














y LD eI eer tO 

9 72 monta2" mn? (28 — 98)? 20+ 32+1 

OE ee at MULE) Cod eel a al colar gt ate Pa 
3 6m*%—11m—10- ZUG ee eee ae 
peo mre — 19 a AO tor a ape ap ea 
A 3m? + 23m — 36 3m*+ 9min+ 6 mn? 
4m? + 33m—27?) m+ mn— 22min 

F 3m+3mne  2—(at b)atab 
a8 — 4 2) Pea eae 

P GatnyYy— 2 eee 8 ry — 





matne—a’ gam Py— vy +7 


, 
a 
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a—(y+m?e ac—ad—be+bd 





re 














a+ nyt mx’ a® — $8 
9 a+ (a+ bhx+adb_ 27a + a4 
"e@t(atedetac 1a—b6a+ 20 
9 a—(b+c? (a+2)?—(b+ cP 
“ (a — bP? — ce’ (b+ 2)*— (a+ 0)? 
10 m—min—mrnt+n> aa™— batt 
"mt — mn — mn? + mn? aba — 323 © 
il Tee er LO 15 2+ 359+ 38a47 
ee 2923 oe 4207 97k + 63 oF — 12 2? — 28 a 
12 a—a®?b—abP—20  24¢4— 220245 





a+ 30a2b4+ 3a02?+ 2088’ 48044 1622-157 


4 £816 x2 y+ 29x y?— 22 v8 


74. Exampis. Reduce aes to a mixed 
expression. y 
Process. 
e548 
24 —3y)42%— 16a27y+ 29 x y? — 22-y8 ( 242 — Bayt Ty2+ Ree Ju, 
22—3Y 
478 7 ORY 
—10x7y + 29747 
Palsy oage 


14x y? — 22 78 
14x y? — 21 x8 
a ye . 

Explanation. Dividing the numerator by the denominator, we 
have 2a*—5a2y+ 7y? for a quotient, and a remainder of — 73. As 
— y® is not exactly divisible by 2x — 3y, we indicate the division and 
add the result to 222-—-5ay+7y% Hence, 


To Reduce a Fraction to an Entire or Mixed Expression. 
Divide the numerator by the denominator. 
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Exercise 64. 


Reduce to an entire or mixed expression: 


1 + 2 a 9 ot 4 























1. sais 
1 — 32’ 2a7—x2—3 

9 e—227 b6a2—138a*?+6a—6 
i ap 3a°—2a+ 4 : 

2 A Ga — 3 07 oD ee — 12 218 
" jp aan ay) : z+a—12 

4 B@-—2eyY+y 24+i(m+n+lertmnta 
Pe et ener eae c+en 

P 6a —5ar%+ Te — 5. ey oe a eaad = Fae 


Patl ‘ x” — y" 


75. Every expression may be considered as a fraction whose 
\ I y 


: a a®*b-— c? 
denominator is unity. Thus, a= 7 0 = 0 


22 — y? — 5 


EXAMPLE. Reduce z+ y — to fractional form. 





ee 
Fh ee we eer jared 
Process. 0 eee nae 
ery x Gry) = y= 
. vl 1X (#—-y) x-y 
tiene 8) gD 








zy Bay 

Explanation. Writing the entire part in the form of a fraction 
whose denominator is 1, and multiplying both terms of it by # — y, 
we have the third expression. Since the sum or difference of the 
quotients of two or more expressions divided by a common divisor, 
is the same as the quotient of the sum or difference of the expressions 
divided by the same divisor, we have the fourth expression. Uniting 
like terms, we have the result. Hence, 


OO a ae 


To Reduce a Mixed Expression to the Form of a Fraction. 
Multiply the entire part by the denominator ; to the product annex 
the numerator; unite like terms and under the result write the 
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denominator. ° 


Notes: 1. In the above example, since the sign before the dividing line 
indicates subtraction, we must subtract the numerator, «2 — y2-—5, from 


(4+ y)(%@— y). 


2. If the sign of the fraction is —, and the numerator is a polynomial, it 
will be found convenient to enclose it in a symbol of aggregation before annex- 


ing it to the product. 


Exercise 65. 


Reduce to fractional forms: 


On 


2 4 2 4 


atz’ m—n G0 








a—-xot+ 


Ye, a + y° 














2 | ob Saye 
me — mn + —__. : Cea uy a 
J mty w@+taryty 
v2 a2 Rirsiy 
a, OL Ti, m 
mn + ———,; m2 + m?+ m+ 1 — ——_. 
Mm m— 1 
Fee jp Be 
2—1 m®> — n? m y 
pee ie ae a ; matty) += 
at £1? main sae 
9 yp m + 4 22 fe 5 
Mm? & 
Re 8 
SS moa3 + mia); a2 a : . 
m2 — ik ve y" qt + ae 
2 4 4 
re 2 (3m © ot (me nye Leen rent 
m+tn— eh ee 
(m + 1)? (m —n)? 
etm +. a” 


gam — 7" yf” ab ye” — 





ge + i + ap 


ge” a 3 gam y" A 3 any” rere, yp" 
gn aa y" 





gem 4+. 2 gy” ty? + ym — 
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76. It may be shown by multiplication (Art. 22) that : 


(+c) (+0) = «ab; ~- (—a)(—b) (0s 
(+a) (+0) (+c) = abe; (—a)(—b)(—c) =e Gy 
(+a) (+0)(+c)(+d) = abed; (—a)(—b)(—c)(—d) = abcd, etc. Hence, 


In an indicated product of any number of factors, all the signs of 
any even number of factors may be changed without changing the value 
of the product. Thus, 


@—y) Y-) = Y9—-*) @—N;3 
(w—2) (ey) (y—2) = (@— wv) (@—y) @—y), changing the 
signs of the first and third factors. 


Note. In order to multiply a product containing several factors by a given 
expression the student must be careful to multiply only one factor of that 
product by the expression. Thus, in order to multiply both terms of the 
(a + b)(e+ da) 
. (m+n) (2+ y) 
m+nor«e+y by a@ 


fraction by a, we must multiply either @+ 6 or ¢+d and 





77. It is often convenient to change the order and the signs of 
the terms of the numerator or denominator, or both. Thus, 

Change the order and the signs of the terms of the numerator and 
denominator of the following fractions : 


; Dray aie m—n 
VI “(¢-®)G@—m). 





Solutions: 1. Multiplying both terms of the fraction by —1, we 


have 
bs TiO) ee eb 


yD Gt) le a 








2. Multiplying the factor x — m and the terms of the numerator 
by —1, we have 
mn (m=n)K—1 fem 


(c—b)(x—m)~ (c—b)[(@—m) X—1] (c—b)(m—a) 





Multiplying the factor c — 6 and the numerator of this fraction by 
—1, and since adding a negative quotient is the same as subtracting 
a positive quotient, we have 
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nn in eee) iT Ua COED 
(c—b)(m—2)~ [(¢c—b) X—-1](m—-2z)”— (06—) (m—-2) 





Change to equivalent fractions having the letters arranged alpha- 
betically, and the first letter of each factor in the numerator and the 
denominator, positive: 


4 %—-m aN (Ga) (c —a) 
-G=a@ (a=) G-s) | * @—OC-DG—-m) 


Solutions: 3. Multiplying the numerator and the factor y — z 
by —1, we have 








xz —m a m— x 
(b—aj(a—e)(y—2z) (6-4) (We) @—Y) 
Multiplying the numerator and the factor 6 — a of this result by 
— 1, we have 
m—* Mm —% 


(6-4) (@—c)(@—y)  (@—b)(@ =e) Gy) 


4. Multiplying the factors c —a and n—m, b—a and c —b by 
— 1, respectively, we have 











(Di a) (c= a.) 4 (ab) (a= Cc) 
(d-22) (60) (nm) (da) (bc) Gin 0) 
ee (a — b) (a—c) as (a — b) (a—c) 
SHH (d—a)(b—c)(m—n) — (a—d) (b—c) (m—n) 
(6 — a) (ec — a) (Gest) (a — e) 


Therefore, (d—a) (e—b) (n—™m) = tir (a— d) (b— c) (m —n) 
Exercise 66. 


Change each of the following fractions to four equivalent ones 
with respect to the signs of letters : 


m—n a—b m  m+tn—a 
a — by teen nie a — 6 +i t+ 
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Change the following fractions to equivalent ones having m and n 
positive in both terms : 


m—-a atm—z at+b—n 
b—n’ b—-m—-y ua-b+m 











LP Poe x£— mM (a — m)(b — m) 


y—n’? — (y—m)(z—n)’ © (e—m)(x—n)(y—m) 





Change the following fractions to equivalent ones having the let- 
ters of the terms arranged alphabetically and the first letter of each 
factor in the denominator positive : 


2%—-8—y au d3—-e+a 
PMG = aN %—b)(b + a)’ (y — x) (m — n) (a — 6) 








F (e—m)ba 
" gymn (ce — 5) (6 — a) (e—a)’ 


(y — &) yx 
cha(b—a)(@—y){c—a) (y—2)(n—m)’ 





78. Fractions having a common denominator are similar. 


S, 

2 aa n perk 

Dis, -——= “anda aaroesi liar 
woe 00 ab 


5 n2 


EXAMPLE 1. Reduce and 7 to similar fractions 


Hb, 
i eRe 
having the lowest common denominator. 


Solution. Evidently the lowest common denominator is 20 m2n8z5, 
the L.C.M. of 5m?, mn’, and 42°. Dividing 20 m?n82> by the 
denominator of each fraction, and multiplying both terms of each 
fraction by the quotient each by each, we have 
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2u 24 X Ante | 8 nb xh. 
5m? 5m? X 4n825~ 20 m2 nFxd’ 
Pome he Ue 20 Mea na COM 2 () 
mn mn X 20mx>~ 20m? ni ad’ 
hn? . 5 n®. & 5m? n3 25 m? nd 





4x5 425 X 5 mn? 20m?n8a- 


ea e+3 Ti 40 
EXAMPLE 2. Reduce AOSV Y Vee ETL and amy EAE 


to similar fractions with lowest common denominator. 


Solution. The lowest common denominator is (x — 3) (a — 5) 
(x +1) (#@+ 3), the L.C.M. of the denominators. Dividing the 
L.C.M. by the denominator of each fraction, and multiplying both 
terms of each fraction by the quotient each by each, we have 








eed eas @—1l) xX @ED Gee) (@ 3) w= 1t 
z2—82+15 _ (t—3) («—5) X (w@+1) (@+3) ~~ (+1) (e—5) (@?-9)’ 

+3 | @43)X(@—-B)(@48)_ 4.8)" (@—3) 
@—4a—5 ~ (@~5) (@+1) X (@—8) (@+3) ~ (+1) @—5) 9)’ 

%—5 (5) X @=5) (@—3) °° = 5)? @ = 38) 








e+ 4¢+3  (a+3)(@+1) X (@—5) (a@—3) (+1) (a@—5) (2-9) 
Hence, in general, 


To Reduce Fractions to Equivalent Fractions having the 
Lowest Common Denominator (L.C.D.). Find the L.C.M. of 
the denominators. Then multiply both terms of each fraction by 
the quotient of the L.C. M. divided by the denominator of that 
fraction. 


Notes: 1. When the denominators have no common factors, the multiplier 
for both terms of each fraction will be the product of the denominators of all 
the other fractions. 

2. In all operations with fractions it is better to separate the denominators 
into their factors at once; and sometimes it is also convenient to factor the 
numerators. 

3. It will be observed that the terms of each fraction are multiplied by an 
expression which is obtained by dividing the L. C.D. by its own denominator. 
It is not necessary to state how the multiplier is obtained in every expression. 
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Exercise 67. 
Reduce to similar fractions with L.C. D.: 


a m «2 abe 1 Dewey 
Sel hin Uae Tier Mt QuoNee Cie 














9 Tent ay 1G ETT . aa-—-n nN 
PaO 2 PO eae en 83 o 

3 mt2n 2m—3n 53m —1 

ee oye 2 6n ° 10mn- 

4 1 ee x—2 

Eli po] lope ti Oe eee) 

5 m—-n mt2n m2 1 2 A 
“mtn m—n’ m—n?’ a td a—d’ &t+ B 

6 C7) 4-2 ae Le a 

Bae Bo ee 

7 BY m—n 
“mexe—-mytna—ny 22—-—Qry 

9 mM n a 

“mta’ m+ oe m—met a 

9 x y m 

: a — ay + oy? a+ ay + yp’ at 4 gig + yA” 

vi 2—y a2 4 42 y x8 + op 
P+ ay t P By ay aay 

eet Cet 


atm ad ajo”? yam “i pr yam ay yp" 
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a b x 


ae (a+ a?—b? (64 22 —a? 2?—(a4 5) 


1B a b c 
' (¢—a)(6—c)’ (a—¢)(¢—b)’ (¢—a) (ec — 0) 
: a {3 ax —l ¥ = & 
SALI (c—a)(b—c) — [(c—a) X —1](b—e) ~ (a—c)(b—c)’ He. 











14 3a 4a 9&@ mM n y 
" 38-a’ a—3’ (a—3)? l—-m m—l? 1-2 
15 1 2 3 + 
(2-2) (8—2)’ (e-1)(2—x)’ (w—2)(1—2)’ (w@—1) (2-2) 
1 1 





Suggestion. (@—2)(—2) = @= 2) (@ — 3) = etc. 

















16 m 2 a 
 (m—2x)(w#—n)’ (@—m)(a—2)’ (&—a)(n—2) 
17 elie 2+ 2 
" (=2)@-2)@—5)’ @-D@—aB-v 6a) 
18 z—3 be, g+a4 2 
f— 22? gt ew—6’ 9—6at a’ 2—ae—6 
19 es 2 gem + 1 gem — 1 
oe a ores ae er eis et ae oer | eee 


ac m 
79. Examrte 1. Find the sum of aia) and i: 
Solution. Multiplying the terms of the first fraction by dn, 
of the second by bn, of the third by bd, and adding the results 
(Arts. 32, 14), we have 


ac m adn ben bdm _adn+ben+bdm 
hivtd Mente id nt ban bdn bdn 
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a 
EXAMPLE 2. Subtract — from z 


Solution. Multiplying the terms of the first fraction by n, of the 
second by b, and subtracting (Art. 19), we have 


a man bm  an—bin 
ban odbn ea bn 
Od = oe shia 
EXAMPLES. sroubtract =>. ron 
2a 32 


Solution. Reducing to similar fractions with L.C. D., we have 


32-260 2a=3b , 6Gat—2400 | 647-9002 


OA Da 7 6ax + 6axz 
_ 6ar—4ab— Gaz— 9dz) 
6ax 
b(4a —92) 
¥ 6ax 


2 ee a7 3x7 — 
. EXAMPLE 4. Find the sum of a + eee and b— Ot ge 


Solution. Uniting the entire parts, and reducing to similar 
fractions, we have 


m mn mn 
(22—my)n—(3“%—ny)m 
mn 
Qn—3m)2z 

mn 


=a b + 
=at+b+ 


Note 1. If the sign of a fraction is —, care must be taken to change the 
sign of each term in the numerator before combining it with the others. In 
such case the beginner should enclose the numerator in parentheses, as shown 
in the above work. 


: : 2x2—6 e+ 2 1 
EXAMPLE 5. Simplify e+3e+2 — ——_  — \e tia ‘ 


Eee 
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2x—6 xr+2% z+l1 
eee. ot 8 3 2? — 7 — G6 





Process. 
2G to) a ied xr+1 
~(@+1)@+2) @+H1)@-3) («+2)(@-—3) 
3 2(4—3) X(@—3) (a +2) X (4+2) (x+1)X(#+1 
~ @F1)@F2)X(@—3) (@F1)(w—B)K (@ +2) @F2)@—3)X(@F]) 
aS AC ee 3 aed Cag on 9 ean 13 —182 
@+l)@+2)@-3) ~@+H@+HE-3) 














Notes: 2. In finding the value of an expression like — (a# + 2)2, the be- 
ginner should first express the product in a parentheses and then remove the 
parentheses as above. 

3. Sometimes it is better not to reduce all the fractions to the L. C. D. at 
once. Thus, 


























E 6 4 6 4 1 
XAMPLE 6. ED ee asa oh 
roe ts eee od ae 
i poor pi eAee ye ee hy nie 
Be iSkin Sid Aik Uy Ate oe 9) ea 
— (u—2y)(w+2y)  (e+2y)\(e—2y) (e—-y)\(at+y) (+Y)\@-y) =z 
is So 8x 6 
~ g2 4 yf, gt = 4?" e 
ee aay) 8 x (x2 — 4 y”) a 
> 497) G27) (ay) (497) x 
30 xz y? — 6.28 6 


“@-TA@-Y~ "2 
_ 302y2 — 62%) x 6 (a? 4 yf) (2? — 7} 
~ (2 447) @?— ya" a (a? — 44%) GY) 
ES 24 y4 

© ad aa) (a8 — Y?) 





Hence, in general, 


To Add or Subtract Fractions. Reduce to similar fractions 


with L.C. D.; add or subtract the numerators, and divide the result 
by their L. C. D. 
12 
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Exercise 68. 
Simplify : 
2a—5 38a—11 b+e¢ a+e a—b 
Sho el ee ae 











Qea+5 243 27 2 3f-x# awy+y7 


AG 2a Ge seer ey fe 


seh Ag isn ded mtn, at+6 Ame ia 
3 Wi ake ms ( nN ti a ) ( 2 “a Aa ‘ 


ai bo neo. aye AED as) dite 
4, aie tong fe ar 7 ee ee : 
n an 3” No Ne. sf i Ts = 
5a —b TO+30. | 2a ip ete 
; 26 6b ; 





























b 3D 


6, (m+ *) + (3m—")— (4m 4 “). 
n n n 


@—be ac—l®? ab—ce 2a?—B $22 e—a? 


be ac 0 ne a? b2 C2 














CO 
a 
> 
+ 

=| 
rs 
| 
a 
bo 
| 
(Se) 
+ 
3S 
als 
ae 








9 3 ah 5 8 rf 2 
ox Sy.” bun e109 Fm) 
b re of Ly By eee 
10. ieee ve c 6 a ab be can 
a b abe 
if 1 gtlaee— 2 3 5 


Sae=o 24° pase 2 m(m—1) 7 Amine), 


13. 


14. 


15. 


16. 


jabs 


18. 


Lo: 


20. 


23. 


ohh SL 8 
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2Zam—3bn 2Zam+s3bn-_ qf. iho 
; smn(m—n) 3mn(m-+n)’ w—4e+4 24¢7—6" 
etayty wv—ayty 1 1 2 
+ 5 see 
e+ y Ly eee) eM ta eee Ee 
t mts Sete Bee Os | ess 
m+3'm—4. m?—m—12’? m 2m—1 4m?2—1 
m n 2mn — 1 (a+22) 
m+n'm—n'm—e a—2e @—82° 
x 1 ie 1 is iL 
ay—y “2—y y? m—(nt+aPr et—(m+ ny 
43 a%y+y* a—ryty? 22 aty 
a — oP a—y 7 ty atarytay?ty 
ee a+3 g+ 2 


PRIA eee cv gee TS ae RM va gC Nay ign Py mg 
1 mn ne — 1% 
HOE TE m2—mn + n2- 


iD it x x 


nae mn Bb (m+ at (m—a? 


1 if 


lcs’, sg Se 
a+ 4e@ 7°24 9x 


24 x 83+22% 3—2% 


9S Bae Fiat 3—Ie SHO 


ee b+e ee a 
@—d)e—a)' C—-a@—)!@—HO—~) 
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2A a+sy wer By | ory 
— Awty)(yt2y) © (ety) (@+3y) 4(@+2y) (@+3y)" 
be ae ab 
25... -————_ +. > 4+ SS ; 
(=a) (@—) "(@—b) 0-0) ' C—O —a) 
26 DIZa =) 1 1x 12 (8241) 
"11 (6024+ 2-1) ' 622+7a2—3° 11(4a?+82+3) 
Pee g aytoxp +4 48 3 — 4p 
tp Bop! wy? PoaytpP P+eyty 
98 22+ 14 1—«2 
"B+ a2*—49¢—49 2—6x—T7 
29 ate Cot.) ee ee 
| v—(atbje+ab 2 —(atejatac (bre) ate 
b 
30. = 


(EONS = oe OE) Oma 
Suggestion. In finding the L.C. D. it is better to arrange the 
letters alphabetically. Thus, 


b a 4 b ax-—l x 
(a—b)(a—c) © (—a)(—c) — (ab) (a—c) * [(b—a) X —1] (Bc) ~ “** 





w+2e+4 2044 «2a A2(a*Aaz) 3a 





St Eo! 0 aa ee a2 — a L—C 

u 16 1 Laiiees! 
* (n—2)\@+2)' @—m)(e@+m) 2e+1' Ie—1 
Aa 2 Ei a2 


ma: 714 eae wae 64: 


2 2 


a b2 C 
Pama) (a — 0) ee) (ce a). o abe 
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80. ExampLe 1. Find the product of ; and * 


Solution. Let =e, and c= =y. Multiplying both members 


of the first equation ‘. b and both members of the second by d (Art. 
47, Axiom 3), we have a=bz,ande=dy. Multiplying these two 
equations together, we have ac=bdzy. Dividing both members 
of this equation by bd (Art. 47, Axiom 4), gives 


ac 


a Cc 
ha ty: But ty=_XZ 


Cc ac 





Therefore, ; Xa ade Hence, in general, 


To Multiply a Fraction by a Fraction. Multiply the numera- 
tors together for the numerator of the product, and the denominators 
together for the denominator of the product. 


Notes: 1. Similarly, we may demonstrate the method when more than two 
fractions are multiplied together; also, for fractions whose terms are negative, 
integral, or fractional. 


2. Since an entire or mixed expression may be expressed in fractional form, 
the method above is applicable to all cases. Thus, 


EXAMPLE 2. Find the product of 


and 


ae? 
mrxX-= 


a am nN meee m ” am ar 
GG (t Ge GH), 


1 
bureal, beard lee 


—16x24+15 #?-—624—7 
227+ 34401? 92?~17r4+-21’ 


42 —] 
422— 2027+ 25 
Process. 
4z7—16244 15 x*— 62" —7 4y7— 1] 





Feige t 1 ~2e2— 17 ep ol ~ Aah 000 + OD 
(22-3) (22-5). (e@—7)(@+1) — Q@a+1)(2—-1) 





~ @e+)@+D * @2—3)(@—7) * @e—5) Gz -5) 


(20 —3) @z—5)(@# —7)(@#+1)(22+1I)@2—-1) 22-1 








= Qz +1) @ 41) @z — 3) (@ —7) @2z—5) @z—5) 22-5 
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Explanation. Factoring the numerators and denominators of the 
fractions, multiplying the numerators together for the numerator of 
the product, and the denominators together for the denominator of 
the product, we have the third expression. Reducing the third ex- 
pression to its lowest terms, gives the result. 


Notes: 3. Observe the importance of factoring the terms of the fractions 
first. Also, indicate the multiplication of the numerators and denominators, 
and divide both terms of the fraction by their H.C. F. before performing the 
multiplication. 


4, If the factors are mixed expressions, sometimes it is better to change 
them to fractional forms before performing the multiplication. Thus, 











ab a0 \- a2 b2 a2 be? 
(era) (bee ey er ape neiny = eee 
E si) lind the prodgene c= eee de ee 
XAMPLE 3. Find the product o Aah Oh Soe ee 
Process. 
ae ote Ae Oe oad aoe eee) 
408 “W2a+18 428 6(2a +3) 
_“2(2243) X22(2a—3) 2-3 
2p Ag? <6 (224.3) 1227) 


Exercise 69. 








Simplify : 
Geteeo” Le Oe ee Voe a” 
LX aX ab 42 Ne Sad? yy 
8a 8a 8ad 3c" 7x 20 °c? & 
ey. ha Se 2 hae ars 
4Acd  2bd 9be” B5ady-# Ya-sy 4 
a+1 «+2 a—1. Bo? 105 
se ea * 21 ee 5 2a2—4 ¢ 
4 g@t+3e+2 e47¢2+12 m*—n? m2 n 


4 9e+20% @4 bat’ m—min * +n 


ALGEBRAIC FRACTIONS. 183 


xi — y6 x+y ety 
e+ lap + i eC—ayp pe B—x~ 


am m a m+mn m nN 
6. Ale Gal gn oe ate ; 
atm Lavm Mm + n Mh “16 nt 























. Fea Meee. peg ine) A eh 
"ni + n? mn(m-+n)’ See Oe id One ae Oe 
9 m> — n® ¥ m> + n3 1 — 
“ m2—mn+ n3 ger deugp Gis vee Ey 


im Tae a eee: 
* G ai + 1) G a 4 ae 1) . Suggestion. 


G+) TG) ]- G+) Ges 


a b c 2 2¢ 
ae Gs-a-a-a) . G-a): 


(a+ b2—¢ a (a — bP — 


me PLav—ac -(a@tcy—h ab be 


Sd ee y ee 6 . ITN pipes) 
qo" Oan = 63 qe" +3 aa —A0 ae "t4art+3 


yt wan (a2 72™)2 
genyzm oe (a2"— yrm 24 (a2 y2™)2 ‘ 


81. Exampre 1. Find the quotient of 5 divided by 5 














Solution. Let x represent the quotient. Then . a ‘ = 
Since the quotient multiplied by the divisor gives the dividend, 
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eyed : 
we have x X 7 = ne Multiplying both members of the equation 


d art Thy eso he ob 
by o: we have Lae wie a OL = Re 
Therefore, nets = ee ee Fence, 3 
erefore, 75 GE XM = hee ence, in general, 


To Divide a Fraction by a Fraction. Invert the divisor, and 
proceed as in multiplication. 


Notes: 1. Since an entire or mixed expression may be written in fractional 
form, the above method is applicable to all cases. Thus, 
C2) eC OO C a 
—_ _ x i, . 2 


rs = Cate eX 
is rad we er ae I OS TTR inte | 


2. It is usually better to change mixed expressions to fractional form before 
performing the division. Thus, 


(«— EO. ie ab es Gentes DAI ea ae Re fein 
EB) aA i) gb Via Pr Be Bec aer fay, 














x? — J4a—15 x*— 124 —45 


EXAMPLE 2. Divide AUERay ee ws pita [2 8e ge f 


Process. 


pies Aa 1 eta 2 a0 od) Ce Dye (lo) ere) 
w—4¢—45 ° #?—62—-27 ~ (e—9)(x+5) * (4-9) (x43) 
© (0-15) (@+-1)5 9 (@eS9) 
~ @-9) @+5) ~ @=18) 
(2-18) (2-1) (oO) a al 
~ (@—9) (@+5) (a@—-15)~ 245° 











EI ae OL ea Lee wl 
EXAMPLE 3. Divide eae by fica a 
Process. 
he 1 (= 1 if x8 a. ye 3 72 —_ ay 4. y? 
ees |, ~ , +3) aa 
ed Ua ee i) xY xY? 
_@4+4) @—azyt+y?) ay? 
= x YP? xe— ay t+ y? 
ce 
— —*=--4] 
y y 
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Exercise 70. 











Divide : 
Oe | Te 8.04 02 4 at bf 8 
1 Y Coa ee rie aes y L 
+ Be OY ae? 4a yr 2 tye ea 
9 2a% a3 y axty? 3m 2m 
6 03 ct 2 ha et d2 om. 2n— Zz f= le 
3 6 (a b — 0?) 208 ev — ¥° (x — y)* 








“a (a + bp Y @ (a2 — 0%)’ x + op Y@e+y 


lee ae he ed SIO Unt eg eh Ree 


























i: m+ 8) m2 Lae w—ayty* 
P Zat+ e+ 15, 227+ 1142+ 5 
4Aa*—9Q y 4a*—1 
as ae CW Nae Ne cami ati MY Ca ee LL 
. ia eee va ah ee Ni by nm 
jae aOR St tae iret ge 
U—-YyY “U+ry a Meme TS ls cla Th iss 
9 w+ (ateu+ac a? — a 
PASTE RIS 7) a oy et LE a? — p2 
9 aw+h+2ab—e i -epeere 
-@=@=F 4200 9 bfe—a. 
dae 1 (pC 
Saleh hes i, 8 RE 
10. « a by # By O90 2 Dew by. peer 6° 
u i b mi— 7 gt 7 a+ 1 
ee ee in YP a? a® —1 ga — 1° 
12 og $ — oF gt 4 at 
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Exercise 71. 


Perform the operations indicated in the following and reduce the 
results to their simplest forms : 





to POR OS x2+ 10a” + 24 
2+ 3a—4° 28 — 82? z2*— 1424+ 48 





EOE Crs ot Se oe) ee LO er aoe 


Process. ee 78 __ 8 72 z?— 142+ 48 


= |G G= te) |X ee 

SG 4) G1) (aes) (0) (G33) 
Oiled (lO) (x + 4) (2+ 6) 

= (4x +6 |< e559 


a GO) 8) ee a 
BA) eG) Cie 6) rs) a a 














a—b a+b 








© Fe St Ale ee lt w—bh a+b ae 
say Ree | ea ele Ti 


a2 207) 
2 @ y yp 1 w 
: Cea) Cee 


a? — a2 — 20 a—x—-2 22-36 #41 
“gt — 25 et 2e2—S8°e—6a' @4+52 

















py y web ese ey ey 
a@b+ab (a + yy* ety ~- ab | 


6 er O.. ae 4; a+b a-—b 
eh ad by) cepa te) 


max a*—a be+be_ c—x me 


— ————= 


mote CO — 2 Cara aa ny 














10. 


iM. 


12. 


13. 


14. 


15. 


16. 


Le 


18. 


ALGEBRAIC FRACTIONS. 187 


ey ay) aye 
a+ y vay WO 9 ay + 24? 


et+a—2 a+5a4+4 +(Gt x 2+) 


z?—x¢— 20) u2— 2 2 a — 15 x 

















hi 











(a8 easly . at +b 


ae 
1s —=0 


col 
. 


4 Oh - P) Fl 
aa—bs as—b3 





ax—a*  x_a*\ bath 9arb? 10ar-1y"t2 
b2— BO PP) aeta®’ Say 21b"t8 ye 
we 64m7%n?— a2 (4 — 2)?  - at — 4 


ot foe: aaa *“Smnta (@+2p 





NTR SOMETN Ioe oe a reh 2 a*b 
m,n ° qrtt Br +2 our B Agr td ymto” 


Soe Bo i y 


(= gm gt _ ; (= +n a — 2) 
Sees hers Pay a sera | ae As ere Dall perqcern ay 
y y y x y y 

Li 1 : : 
(x — a > (« — 5) , by inspection. 


a= ab : ; 
= €é saree by inspection. 








1 1 1 ’ ; 
Wo 4 eee as ot == 
E a 3 (« ) | (x >) , by inspection. 


Pam eter a? Of Cee eee: 
Pees, Ra a a) afte gn 3 a™ b" ¢? . 


Ran ieee). 5 Cay ore 2 5 |: 


mtn | T(c+a) ° ¢ 21402 7 4(m?—n? 
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82. A Complex Fraction is one having a fraction in its 
numerator or denominator, or both ; as, 


COG oe 
— — — a- 
m, 8 
sary } e 
nN m 
to 
7 
a 
DAnAt Le. 
EXAMPLE 1. Reduce - to its simplest form. 
c 
d 


Solution. A complex fraction may be regarded as representing 
the quotient .of the numerator divided by the denominator. Hence, 


QPOmmra 
II 


EXAMPLE 2. Reduce to its simplest form. 





Solution. Since the divisor is m, we have 











b 
Ei eae ( *) ac—b\ m ac—b) 1. ac—b 
—“=(a-—-)+m= os x-= 
m c 1 c m cm 
1 
1 m m . . 
EXAMPLE 3. Reduce eet and T to their simplest forms. 
n on n 
Process. J] Oe Sy eae 
n mm 
1 n 
= = = = eee 
n 1 


Hence, in general, 


S[H[Sle SieysS SlSle 
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To Simplify a Complex Fraction. Divide the numerator by 
the denominator. 


m2+n2 m2 — n2 

m2—n2  m?2-+ n2 

re ee er ee 
m—-n mtn 





EXAMPLE 4. Simplify 
































Process. 
mtn? me—n? (m+ n*)*? — (m2 — n?)? 4m? n? 
m2—n?  m2+n2  — (m?—n?) (m2? +n?) (m?— Nn?) (m? +n?) 
mtn m—n  (m+n)?—(m—n)*" 4mn 
m-n m+n (m—n) (m+n) (m—n) (m+n) 
oe 4 m?n? (m—1) (m+n) mn 
(m3 == n?) (m2 + n) 4mn ms n4 
a a 
Exampie 5. Simplify ZY 274, 
y a 
z—-y «ty 


Solution. Mult:plying both terms by (x—y) («+ y), the L.C.D. 
of their denominators, we have 





HH Hs 
laa see [@-DEFY) _s@+y—2@—y)_ ay 


“ = y(aty)+ta(x—y) x+y? 
(et eia) (ey +0) y y) + y 











Notes: 1. In many examples it is advisable to multiply both terms of the 
fraction by the L. C. D. of its denominators at once. 

2. If the terms of the complex fraction are complicated, the beginner is 
advised to simplify each separately. 


mn cb. mp 
EXAMPLE 6. Simplify a? +(m+n)crm “. = - t(m+p)e+mp 





a+ (n+ phxt+tnp 
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Process. 
mn m p mn mp. 
z2+(m+n)xtmn  22+(m+p)x+mp _ (a@+m)(e+n) (+m) (#-+p) 
fk ees it Dee 
w+ (n+p)c+np (c+h) @+p) 
mn (a+p) —mp (“+n) . 
_“@tm) (etn) (tp) ma (n—p) («-+n) (7+) 
= n—P (+m) (@tn) (@tp) * n——p 
(@+n) (@+p) 
mx 
a +m ; 
EXAMPLE 7. Simplify — — 7 
Leet ae si 
x2 —] 
1l+2— 





Solution. Begin with the complex fraction ————>z—4.. Thus, 
































l+2— 
ag? 1 et al x x? sais 
1l+a— a ne Niger era Similarly 
z x 
1 + 2? (1+ 27) 1+ 2) 1+ 2? 
i gece = z3+ "2+ 1] , and 1 — ee x 
i] x 
— gS + e+ 17 
on ne x 
Therefore, Tre = - 
wy - x8 + g2 4 ] 
2 2 
1 aig my a] 
Co 
z 
= — (72+ 27+ 1). 


Notes: 3. A fraction of the form in Example 7 is called a Continued 
Fraction. 

4. To simplify a continued fraction, the student should always begin with 
the last complex fraction in the denominator. 
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Exercise 72. 


Reduce to their simplest forms: 


sy 

















1 7 
ee Lem Naat ey 
l a O Mm. C. m1 

NT Ae m> mn 
= ——1 — —42 
£ St svc 5 w+ = aM 
iy att Sa el aa wl 
9 ey TUS es ER TO ee 
; eee: byely ore Tse i 
eee ho on 


etl w—1l 2#—17%27+ 72 
ee eet le eee eet 
mae | ap SLR 
@ Ak ee weal 20 TS 80 

















= AEG RY 
tes Disies Od rei (a P) 




















4 L+ wb. 4ab | 
“ab—a®’ nee ee 
i+ a6 2ab 
1 1 ih 
a, eae ale ae 
5 mn mp VP, a neha © Li) Se 
Sg Cp) > ee ee ee ey) 
mn 
1 1 1 
f let? ey” a — J 
eu ry = a i 
2 abo ae @ 
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: i xz—2 1 
. v ’ x 2 
a eo era 7 geal 
caripes 22 32 
Ligh sats | Quy y 
8 me as a (@ + y)? 2x 
=F ’ ) D 
a ae PY ee 
TBI ne Bee (x — y) x 





1 Nv 


9, 
10. 
ee an 
fl i l+tmn » L—mn + (2-2) 


(m—n)n (m —n)m 
1l+mn l—mn 


83. Exampue. Find the third power of = . 


Solution. Since an exponent shows how many times an expres- 
sion 1s taken as a factor, we have 


a™\38 qm qm qm (a™)8 qm 
br = jn pn x pe = (Up = pan ' Hence, 





To Find any Power of a Fraction. Raise both terms of the 
fraction to the required power. 
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> 


Exercise 73. 


Expand, by inspection, the following: 


(> - azh \b 2 a? b\5 3a b2\4 
Soe). Cy) a 


























é . a2 b8 4 a — m2\5 9\4 8\ 573 
ee? ); ey I-(3) « ) J: 
3 (eae ff (ety) aay fe (ey)? 
~ \3 mE nt ys (2 — y)? n(e - yf) 
ve keene ean ean). eT: Gan aa 
m+n (2a +306 
5 eo (a—b)2 2 o 2 ¢3— oy” 3 Lr my ye F mn 
ate) |e \atetey” Ly ‘) : 
3 
at] 
ms 
pes ae DENG a\ 5 eb _ 
f cm ’ y x 1 : 
me 
ni X 5s 


qm 


84. Exampiel. Find the rth root of = 


Solution. Since the rth power is found by taking the numerator 
and denominator r times as a factor, the rth root is found by taking 
the rth root of each of its terms. The operation is indicated by 


dividing the exponent of each term by r. Thus, 
13 
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Illustration. 49 pis — 3525 ps5 — 358° Hence, 


To Find any Root of a Fraction. Take the required root of 
each of its terms. 


* x? at a8? 
EXAMPLE 2. Find the square root of 73 —2—azx+ Tt ets 


Arranging according to powers of a, we have 








OO ae Se 
Process. oN ee ae oo ee 
att gf + @ 
at 
First term of the root squared, wr 
First ind & a S. 2 os 
irst remainder Se ee om 
: Cates unre: 
First trial divisor, a? 
First complete divisor, a? + 8 
a. x (A? aaeire 
~ times first complete divisor, oon he 
£ eer 
2 
Second remainder, 0x De 
, ies eigen 5 
Second trial divisor, la ee 
<r Bae 
Second complete divisor, a? + oe ee 
t. ai x 
— z times second complete divisor, — ax — 2 te 
a 
I a2 at 
Note. If we take — Oy for the square root of q we shall arrive at the 


az q2z -» 
result —-= ——+-., 
2 ay a 


—_ 
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Exercise 74. 


Find the values of the following expressions : 


sett ae Wa men \/ 216 a8 el qlo™ \1 
Bites: ia 343 2 ? \ 943 [5 } - 
m0 5 BPA ANS « 64 m? n® 29 \4 
400 , p10 , 125 a®$2 i 


3 (seam) Wey es 


943 ORs 10 jee 22P 


ee al al 
<a) {LG OEP 


Find the square roots-of : 














oe Zt pele ts ania 4 * 

Do eS eg a Nom LS ts ee Oe 
Tae 4 a 
a2 2a 2b b lby 67% 184 9 
6 a3 + pt. 
b b ee x x x x 


Miscellaneous Exercise 75. 


Reduce to lowest terms: 


b(b—anz)+a(tatbz) 2—9e+7e+9%—8 





5 (b—aaet+(atbae?’ af+78—9at-Tr+8 
9 21 a? y? — 35 422 —12222 4+ 202yH 


18 2 2— 21 wy — 20yH24 354 yz 


40 a? yt — 32 By 2t— 5b pet fee 
"AnPBb— 36a! —Fyzt 458 x 
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—627-37%4210 a4"°41009"4 35 27"+ 50 a4 24 


ee Ney CREP si ge" + 9 72" + 26 a" 4+ 24 





Find the values of: 





Da ees pe 
Dakooes Fn When =4, y= h 2= 1; 5 
ab 
when Sag: 


e+ y—2+ Quy 





























Me ee tale: 
6. aa eNO ah when #=4, y=, 2=1. 
i nr ede tas £L a 
Unt GET wale eee Chia ee eee) mate 
_ a (b— a) 
when i (Oana 
9 Cin LEP ie, Berd ge 
~ \Figd = balaeet ee kta Ob es a een eed ae 
a pi 2 2 
o \/ Alias ESE ie when @ = 8-31, 
10 a® — 53 a2 + O24 (24 
© 2ab+zbe+2cd+2ad ° /(a—c) (b+e)+6(—c—b) (a—20) 
when-a = 3,0: list =" bo g=40): 
1 a#+act+ bl? (4ab+4+02 4 d)2 C 
(a@—act+P V/4ab—P—2d wttbotctd 
when a= (4) 0 = jet slg". 
Divide : 
m3 m y? y 
12. a” by > +5 by ae 
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1 Be -a* - mt xm 
ee ers ee oe eae 
13. m ae by m eA ws b es 
1 i; 1 iL 1 
GrtsU +6 
ral 9 een 
15. a — b? —¢ CODY EI) 


ey AL Se Wat 1 1 
16. B+ 5-3( 5-2) +4 (e472) by oh, 


a + (a b2)% — (a2 b)s bay as 























yf: : 
[ at+b as + 08 
Factor : 
m n* Le eat Oo fF ee eas 
AST RR el ah Pee cel ra 
Te me me © rage OS aa 0 e ae 
ns 4 ; atb Ss Fear gh” 
19. 1-(“* 7) > (a@+y)r+ (S) ee awe) ~ ae 
Simphfy : 
222—1 
20. 83a—{y+ [22—(y—2z}p+hH+ Ey 








a—le2— 1 627t38 ast 
SURE Saws Gor er 
4 URES 3 Apr) 














Babe a b C 


ae betac—ad | ] 
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23 : ee ee 
‘ G@=b)(a— er G—a)(b—e) | (= aye oy 
xv + 
od (a — le a (2 2m is 2 am y") y ui Mars 
| 4 (a cs ye es ips 1 y (xyz+a+2) 
y = mL af i 
aes 


Oe (to— 20) f 16¢—(2a—36)?  4a?—(3b—4c} 
(2a+3b)?—-162° (3b4+4c2—402 " (2a+4cP—9 22° 


m2 m me m2 us mn 
“ait (5 We ) (= - ; ) a5 (-1) aes. -1) 


25. 




















b 
L coe 1 ree 142 
ce eta a2 ata b ee 
“if WET e eerie gab meee ee b sr aoa a) 
Q@ @+e2:@. te “ a 
ee) 
99 a—b—c b—c—a c—a—b 











1 a GP Sialig oy OE ay eb c—actab- 
x 1 x 1 
x 


BUM 
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3a + 2°\* 9 33 — @ : 3 
Gd mall 1 pee, ACE, L = ily 
ie a (a8 — ax)? de ae: 
3—a—b+e Dearne 2 ae ctr 
is ate eees > a8” ab-3 Te 
any" am yee ee 
om sigs eee eee 2m 4 4/2? nt ye an 3 bs - a art ee: 
a2: Ra i NW ape scare deat 
1 bee gay. jek elon Pees 1 cas bate 8 
Ee ys ee am tpn be oF 
33 L0ry—3 7 --10a— Sy La 8 y 3 








157? +102y7?+30y+20ry © 43y+4+30ay © y+2- 
47? 2 xv S73 Ag?+ Quay 
8 aay) + Ge) Geer) 


OE ee We ee, (4+ ia) ( :) 

pe a LS ON oy NS 
(See ee 
(@—yP+ ay 


ai—y a+ay a—asy? — at§—Qa8 y+? 
ee eee oe mix Seis pe |< 
a*—2ayty2  a—y ae + 7 a*#—ay+y? 














pee 1 
oo a eRe 


RIS 015, 


37. 


38. 








40). 


41. 


42. 
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(a + 64 ¢) Gg+) eS 








abe 
(a+b)? | Age 1 
Aub. dab 7 J, (a+b) ab ][(a—b Pad] 
(a+b—3a?b—3 ab} (a—b)>+3ab(a—b) 


(b — 0)? («— ap (ae 
(ala), @=bOo+o  G=o eo) 


(G4 102?—13ay—3y? 222 +a72+ ae 














a—y? U0 a*?#—Bary—y? 2a*+ay—y? 


LY sf 8 OBEY 





2%—Yy 
CAO oe) Oe Oa Giz = 
(Gelb ee ie b+¢e—-a a EATS 


1 1 1 
ia — Dat) | b= ab=—o, abe 














2atn atb+n mt+n—a 
am+ab—bm—a* ~~ ab+bm—am—b? = _m?—bm—am+ab 








1 1 1 


a(a—b)(a—e) a b(b—a) (b—0) 2 c(e—a) (e—b) 





Queries. Why does changing the sign of one factor of either term 
of a fraction change the sign of that term? Will it change the sign 
of the fraction? Why? When the denominators have no common 
factors why multiply both terms by the product of the denominators 
of all the other fractions? Why does the process of reducing to 
forms having a common denominator not change the value of a frac- 


tion ? 


How prove the methods for addition, subtraction, multiplica- 


tion, and division of fractions ? 
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CHAPTER XV. 


FRACTIONAL EQUATIONS. 


6a eae. 13% lassi 


85. Exampte 1. Solve 45 AG ayy aa eas 30 


1 
105 _ 





aa 


Solution. Multiplying each member by 210 (the L.C.M. of 
15, 21, 30, and 105), transposing and uniting like terms, we have 

105 — 30 2? ne : 
ere Multiplying each member of this equa- 
tion by a—1, transposing and uniting like terms, we have 25a = 100. 
nO pea 


Proof. Substituting 4 for z in the given equation, we have 


Cea Fe ee Sex es Oe a 1b Me | 
Ti ag LTA CRSSD Lye es CSE ee 





ee cea Ss : ; 7 
or, — 3955 = — aZy. Which is an identity. Hence, 


To Clear an Equation of Fractions. Multiply each member 
by the L.C. M. of the denominators. 











EXAMPLE 2. Solve he z as xe : = oe . 

24 Let 
Process. Multiply by 5, 22+ 14 — Teese ot = 1. 
Transpose and unite, 7 — : 2h. 
Clear of fractions, — (234m —=9) = = 252 +4°5. 
Transpose and unite, Zoe 4. 4 T= 
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Note. In solving a fractional equation, where some of the denominators 
are simple and some are compound expressions, it is better to multiply each 
member of the equation by an expression which will remove the simple denom- 
inators first, then transpose (if necessary) and unite like terms. Similarly 
remove the compound denominators of the resulting equation. 


Exercise 76. 


Solve the following equations : 





12, 1 29 5e-t 7-3r 102-3 3-52 








LP Toe <0 24° Oe Ae eae ane one 
2 2 5 2 é a= Bi 5 ; eg 
;) san Re Me iba hele Cerny A 
1) 5a—25 5 5 2a—15 10 1 
3 2e+5 , 8e-7_ 362415 , 104 


Ue veep 3G; 14 * 


47+3 VE 208, 8 A LG) Bat 2a Lee 

















Gd tis ps1 eR EO ee eee 
183 22 Te LO sence e 101 — 642 
Beate aS hp Orin) a ena Se 
, Wet10 e+ 30_ 205 16e—14 
y A9% . e RLGS eae AO ee Bir tb 
ise ese) A(a+8) 8e4+37 Te—29 
yeep mG LS Ae 
9 22+ 84 132 no, 1 a 
Qo 172 30 36 
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86. Frequently it is better to unite some of the terms before 
clearing the equation of fractions. Thus, | 








ae 
te “SS oli Sin 2 aa 
EXAMPLE 1. Solve NE A SEG tose 
fe 
‘ pls sod 162442 _ 
Process. ranspose, ST — 54] Soe p bm 
i 
9 —— ‘ 
a ae 3 4 162+4:2 (5 
Unite like terms, al + owe 
Free from fractions, 4+4¢ 2—27+1627+20.27+4.2 = 1547+252+10. 
; 10a 
Transpose and unite, 3 = 18. 
es Linea a, 
1 Zael 








- — ——_ = 0). 
e-2 «£+2 o3,-4 


Process. Multiply by z?7—4, (#+ 2) —-(@— 2) -(#+1)=0. 
PLO PLY ee es Oe a et 


EXAMPLE 2. Solve 


Notes: 1. Ifa fraction is preceded by the — sign, in clearing the equation of 
fractions, care must be taken to change the sign of each term of the numerator. 
In such ease it is convenient to enclose the numerator in parentheses before 
clearing the equation of fractions. 


2. The student should be careful to observe that he can make but two 
classes of changes upou an equation without destroying the equality : 

I. Such as do not affect the value of the members. 

Il. Such as affect both members equally. 


Thus, in the above process, the first operation affects both members equally; 
and the second, that of uniting like terms, does not affect the value of the 
members. 


4 2 Ve 24 
Eo ctl 2a 2. 


4 5 2 a4 
Solution. Transposing, Crees, . ape 








EXAMPLE 3. Solve 
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Simplifying each member separately, we have 


3. ic ee Reeth, 5 a 
2(@+3) 2@+4+1)? > +3 2(@4+1) 








Clearing of fractions, we have 2(2#+1)=a2+3. .. g2=1. 














¥ 2 4 eee (|) IS 
EXAMPLE 4. SOL Gain ten ee HT 


Solution. Reduce the fractions to mixed expressions, 


Gere el ee l= (Ut sash alte 


1 1 1 1 
aa & bane = ao) 
member separately to common denominators and adding, we get 

1 1 
~ (¢—5) @ — 6) *@—8) @—9)' 
fractions, we have. —(%@—8) (@—9) = — @ = 5)4{7——" 6) 4 simphity- 














or Reducing the terms in each 








Clearing this equation of 








ing, transposing, and uniting like terms, -6%=— 42. .°. r=7. 
(2.8493) ¢ : 
EXAMPLE 5. Solve evi oe rete 
P Pete nso" Welotniecdl expe 
rocess. Reduce “>>>, to a mixed expression, 
1 
“e+ 1] ies: +- 39 Spal; 
r 1 unit ; 
ranspose and unite, “4059. ee 
Clear of fractions, oe = —2¢.—'): 
Therefore, crak 
E B'S] o92£—64 2zx—11l 44-55 2x6 
ie CO Go 14 - 7 eee 


Process. Reduce the fractions to mixed expressions, 


1 Lae 1 1 
a7 (hee elgg Mm oni Si 9” 








B+ 
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Simplify each member separately, 
7 “J 7 
(— 18) (@- 6)” @—14)(@—7) 
Divide by 7 and clear of fractions, 
boob oA — a — 19 2+ 78, 
Therefore, @ = 10. 


Exercise 77. 


Solve the following equations : 





if Ea ea zh 


i ey ES Bea pean 
on +l za—2 62+1 2a—4 2a—1 

















ee i en per. '7 G16 neh 

5 et2 _2e+7 6 ar pests 

“ep 5 § 83 215’ T—b2 9 22-1 8H 1— 
4 6z+8 20438 _ e241 +rtl 
"Oe+1 iil ee ee kv Ce eae 

F a—Tt » 22—15 1 _¢. 5) 20 Fides! 
‘ph .2@-60 2a14) Y loc Ite 12 


jaMSSUE 2 Soe BO 
4—24% ° 8(1—2) 2-2 22-22% 





6a—74 ee 1+ 162 on 123 —8a 
"13-122 24 12 : 


z—1 Py ti © xr— 2 
Leer beer .b £88 














) ea ee 10% —8 a8 
z—2 xz— 7 c— 1 6: 


a 7 


set) 


206 ELEMENTS OF ALGEBRA. 


ee a+] Meter 1)" 











a—2° £2£+2 (2 + 2)? 

30+ 62 604 82a 48 
= “e+ 1 a E+ 3 mie Pa: 

6a+ 044 52-178 | 28@—-1 541.2% 
oid Arai ik. BO gm A ae 
13 24%—3 Aa 10 ten ee ea acDe eL) 











Bie A .-06 do yee ome Sa ee 


87. A Literal Equation is one in which some known 
number is represented by a letter; as, 





ae x m 
EXAMPLE 1. Solve — + = ; 
m n-— mM mtn 


Process. Clear of fractions, «(n?—m?)+a(m?+mn) = m?(n—m). 


Unite like terms, (n?--mn)x% = m?(n—m),” 


_ me (n—m =m) 
~ n(n +m) 
EXAMPLE 2.- Solve (%—m) (4—n) —(@—n) (a@—a) | = 2 (2m) Gn—a). 


Process. Simplify, transpose, and unite, 


Divide by n(n +m), 





38a¢%—38mxn>=>—-2m?+2am—mn+an. 
Factor, . 3(&@—m) x= (a—m)(2m+n). 
2m+n 
Divide by 3 (a — m), = a F 
a?—3bx 6452 —-—5a? 
EXAMPLE 3. Solve OE ON ae aes i, © oe 
beet 4 os 
ea 4 


Process. Clear of fractions, simplify, transpose, and unite, 
20° 3002 = 4q2b? —40 a2: 

Factor, a (4a— 3b) x= 2a? (2b? — 5). 

_ 2a(2 b? -- 5) 


Divide by a (4a — 3), 4a 


OT  ———— 
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axz—b Maas a—b 
ux+b batu” (ax+b) (bata) 





EXAMPLE 4. Solve 


Solution. Reducing the terms of the first member to mixed ex- 

: 26 2a a—b 
pressions, we have (1 aa et (1 tea) a (ax+b) (bat+u)- 
Uniting like terms and reducing the fractions to a common 








denominator, adding and factoring their numerators, we have 
2(a+b)(a—b)zx a—b 


(ax +b) (62 +a) = (az+b)(bx+a)’ eee: of fractions, 


ys (a i b) (a === b) x=a—b. Therefore, “eL= 2 (a +b) * 





Notes: 1. Example 4 may be solved by clearing the equation of fractions. 
The solution is presented as an expeditious method. 


2. If the student cannot readily discover a special artifice, he should clear 
the equation of fractions at once. 


3. Known terms are called absolute terms. Thus, in the equation m2 
+nxz+a—0, @ is called the absolute term. 


+06 a b 


a 
EXAMPLE 5. Solve — -- =5 (), 
x£—-c' 2£2-—-a «x—b 





Process. Clear of fractions, 
(a--b) (2a) (@—6) —ale— 6) (e—¢) —b (x =a) (#—c) = 0. 
Simplify, transpose, and factor, 
a(de-be— 02—07)— ab Qe -— a2-b). 
ab(2ce—a—b) 
7 ae+bo—a2— be 
mow (ae b= Oke) 
* = 2+ b2—c(atb) 





Divide by a¢. b¢— a* — b+, 








or 


Exercise 78. 


Solve the following equations: 





1. 2Zaxt+tm=d5a—ne; - 


2. 10bmaz—6Gban=2am—5bdnz; 
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mn A nea b 
De A ee eT. 2A ee 
oD 4? bn as oe 
(ew RT ly) a 
0 b 
Bee i <2 +2=0; («—a)(a—b) = (x7—a—b). 
a(Pa + x) | Md = th AS 3( x 
i rae et aay at) =a(g-1)- 


7. (@tny—(e—nP—n(3x—n)(2a+n) = x(n+1)4+8. 


3 ab—a 4¢%—ac. To a ee ey 








/ ony Neen) RAM 2 pee) AEN EN Oe re 








i sil 4 


m2— n* 


Miscellaneous Exercise 79. 


Solve the equations : 











a2 a + 3) 8 6 Dvagel 
6o— Ox. Feememees- 4a 





6. 


10. 


it 


12. 


13. 


14. 


16. 
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i 1 1 igi 
Gb=ay oe — 2) wie 2) ; 
aa a 
(2%—«) (x4 =) = te(3—2)-4 (a—4z) (2a4+52) 
LZ 105 + 102 
Trae a 3a+9 ae 
8 a («+ 5) x(x — 53) 
2 pees ae ee ae 3 9 ees Ee gay, So 4 E 
(2 +3) 10 Ee (32 5 
BG t+e 2qxn a TE er ah 
ety nent eee a a bh ae ab: 
pee En ae pele] a b 
ee ey es = —. 
xz—l x+l 3 ip ae! a: 
Beier eh Coie Ba 
x z—-5 w+1l «4-4 
30.2 RR oe rl 0%7 — 18 
ean 6 Te mR eS 
L—t xr—-a—t! eh TAM eed 
e—-a—-l ax-a-—-2 we-—-b-1l 2zx-—bd-?2 
30a—bz iC OAM Te 
5a ie 3” 2m : 
ag a hon go 
4 im (a a ee (b 2 a) 
So 4 
L—-nNp L£—-Mp L—MN 
Pom Si aes yh 
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oes | 
ee (~—18) 5 ogre in 


g eRe ile! Do 








18. 3b(@@—a) bP ba few) 














5 & 156 6a 
mru—-n ma+tn 
e@—3dxrx d*#+2cx x x 
2. DeEp pes Tuna ; m n 
N i 
m,& , m(e—m) setm) me 


20. 2. 


m | 2(¢+tm) m(e—m) me—a? — 


Queries. Upon what principle is an equation cleared of fractions? 
How is it done? Why change the signs of the terms of the numera- 
tor of a fraction, preceded by a minus sign, when clearing of fractions ? 
Upon what principle (give four different explanations) may the signs 
of all the terms of an equation be changed ? 


Exercise 80. 


1. The second digit of a number exceeds the first by 3 ; 
and if the number, increased by 36, be divided by the 
sum of its digits, the quotient is 10. Find the number. 


Solution. Let x= the digit in tens’ place. 


Then x 4-3 = the digit in units’ place, 
and 2x +3 =the sum of the digits. 
Therefore, 10x 4+ 2+ 3, or 112+ 3 =the number. 
11z7+3+26 
Hence, —~——_-=— = 10. .\@=1. 11lz+3=14, the number. 


2z2+3 


PROBLEMS. AS 


2. The first digit of a number is three times the second ; 
and if the number, increased by 3, be divided by the differ- 
ence of the digits, the quotient is 17. Find the number. 


3. The first digit of a number exceeds the second by 4; 
and if the number be divided by the sum of its digits, the 
quotient is 7. Find the number. 


4, The second digit of a number exceeds the first by 3; 
and if the number, diminished by 9, be divided by the 
sum of its digits, the quotient is 3. Find the number. 


5. A can do a piece of work in 7 days, and B can do it 
in 5 days. How long will it take A and B together to do 
the work ¢ 


Solution. Let x = the number of days it will take A and B to- 


gether. 
1 ; 
Then z= the part they do in one day ; 
1 : 
but 7 = the part A can do in one day, 
IE : 
and 5: the part B can do in one day. 
Lael : 
Therefore, yihe the part A and B can do in one day. 
Lg aie dl 
Hence, paats5 Therefore, x = 244. 


6. A can do a piece of work in 24 days, B in 3 days, 
and C in 5 days. In what time will thee do it, all work- 
ing together ? 


7. A can do a piece of work in a@ days, B in 6 days, » 
C in c days. In what time will they do it, all working 
together ? 
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8. A and B together can do a piece of work in 12 days, 
A and C in 15 days, B and C in 20 days. In what time 
can they do it, all working together ? 


9. A and B together can do a piece of work in @ days, 
A and C in 0 days, B and C in e days. In what time can 
they do it, all working together? In what time can each 
do it alone ? 


10. A tank can be emptied by three pipes in 80 min- 
utes, 200 minutes, and 5 hours, respectively. In what 
time will it be emptied if all three are running together ? 


11. A sets out and travels at the rate of 9 miles in 5 
hours. Six hours afterwards, B sets out from the same 
place and travels in the same direction, at the rate of 11 
miles in 6 hours. In how many hours will he overtake A ? 


Solution. Let z = the number of hours B travels. 


Then x +6= the number of hours A travels; 
EO 3 = the number of miles per hour A travels, 
and t= the number of miles per hour B travels. 
Then, 11 x = the number of miles B travels, 
and . 2 (x + 6) = the number of miles A travels. 
Hence, ita = 3(x+6). Therefore, x = 324. 


12. A man walked to the top of a mountain at the rate 
of 2 miles an hour, and down the same way at the rate of 
34 miles an hour, and is out 13 hours. How far is it to 
the top of the mountain ? 


13. A person has a@ hours at his disposal. How far 
may he ride in a coach which travels 6 miles an hour, so 
as to return home in time, if he can walk at the rate of ¢ 
miles an hour ? 


PROBLEMS. 21S 


14, In going a certain distance, a train travelling 55 
miles an hour takes 3 hours less than one travelling 45 
miles an hour. Find the distance. 


15. The distance between London and Edinburgh is 
360 miles. One traveller starts from London and travels 
at the rate of 5 miles an hour; another starts at the same 
time from Edinburgh, and travels at the rate of 7 miles an 
hour. How far from London will they meet ? 


16. The distance between A and Bis 154 miles. One 
traveller starts from A and travels at the rate of 3 miles 
in 2 hours; another starts at the same time from B, and 
travels at the rate of 5 miles in 4 hours. How long and 
how far did each travel before they met ? 


17. The distance between A and B is a miles. One 
traveller starts from A and travels at the rate of m miles 
in 2 hours; another starts at the same time from B, and 
travels at the rate of 6 miles in ¢ hours. How long and 
how far did each travel before they met? 


18. If it takes m pieces of one kind of money to make 
a dollar, and n pieces of another kind to make a dollar, 
how many pieces of each kind will it take to make one 
dollar containing ¢ pieces ? 


19. The denominator of a certain fraction exceeds the 
numerator by 6; and if 8 be added to the denominator, 
the value of the fraction is }. Find the fraction. 

20. A can do a piece of work in 2m days, B and A 
together in 7 days, and A and C in m + 5 days. In what 


tinte will they do it, all working together ? 
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21. In a composition of a certain number of pounds of 
gunpowder the nitre was 10 pounds more than 2 of the 
whole, the sulphur was 44 pounds less than 4 of the whole, 
and the charcoal 2 pounds less than + of the nitre. Find 
the number of pounds in the gunpowder. 


22. A broker invests 2 of a certain sum in 5 % bonds, 
and the remainder in 6 bonds; his annual income is 
$180. Find the amount in each kind of bond, and the 
sum. 


23. A broker invests —th of a certain sum in a % bonds, 


and the remainder in c% bonds; his annual income is 0 
dollars. Find the amount in each kind of bond, and the 
sum invested. 


24. At the same time that the west-bound train going 
at the rate of 33 miles an hour passed A, the east-bound 
train going at the rate of 21 miles an hour passed B; they 
collided 18 miles beyond the midway station from A. 
How far is A from B ? 


25. A person setting out on a journey drove at the rate 
of a miles an hour to the nearest railway station, distant b 
miles from his home. On arriving at the station he found 
that the train had left ¢ hours before. At what rate should 
he have driven in order to reach the station just in time 
for the train ? 


26. A merchant drew every year, upon the money he 
had in business, the sum of @ dollars for expenses. His 
profits each year were the zth part of what remained after 
this deduction, but at the end 3 years he found his money 
exhausted. How many dollars had he in the beginning ? 
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CHAPTER XVI. 


SIMULTANEOUS SIMPLE EQUATIONS. 


88. Simultaneous Equations are such as are satisfied by 
the same values of the unknown numbers. 


Thus, 32-+y=9 and 5x—2y=4 are satisfied only by x= 2 
and y= 3. 


Elimination is the process of combining simultaneous 
equations so as to cause one or more of the unknown 
numbers to disappear. 


This process enables us to form an equation containing but one 
unknown number. The equation thus formed can be solved as 
shown in the preceding chapter. 


Note. ‘There are only three methods of elimination most commonly used. 


Elimination by Addition or Subtraction. 


3¢—-5y=138 (1) 


89. Exampie 1. Solve the equations : j 
2047 y = 81 (2) 


Note 1. The abbreviations (1), (2), (3), ete., read ‘‘equation one,’’ ‘ equa- 
tion two,” etc., are used for convenience to distinguish one equation from 
another. 


Solution. To eliminate x we must make its coefficients equal. in 
both equations. Multiplying the members of (1) by 2, and those 
of (2) by 3, we have 

{oe 10y= 26 (3) 
6x4+21y=243 (4) 
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Subtracting the members of (3) from the corresponding members 
of (4), we have 31y=217. .*. y=. Substituting this value of y 
in (1), we obtain 32—35=13. .. x= 16. 


Verification. Substituting 16 for x, and 7 for y in (1) and (2), 


ve have Fi el ele mere ita 
32-4+49=81 (2), 

Notes: 2. In this solution we eliminate x by subtraction. But suppose we 
wish to eliminate y instead of « Multiply (1) by 7, and (2) by 5, then add 
the resulting equations, and we have 81a = 496. .*. c—16. This value of x 
substituted in (1) gives y = 7. 


3. When one of the unknown numbers has been found, we may use any one 
of the equations to complete the solution, but it is more convenient to use the 
ane in which the number is less involved. 


4, It is usually convenient to eliminate the unknown number which has the 
smaller coefficients in, the two equations. If the coefficients are prime to each 
other, take each one as the multiplier of the other equation. If they are not 
prime, find their L. C. M., divide their L. C. M. by the coefficient in each equa- 
tion, and the quotient will be the smallest multiplier for that equation. 


EXAMPLE 2. Solve the equations : ; Ee ie (1) 
55a — 33d y = 22 (2) 


Solution. Multiplying the members of (1) by 11 (the quotient 
of 165 divided by 15), and those of (2) by 3, we have 

{ 165 x + 847 y = 1012 (3) 

109 2a 008) =e (4) 


Subtract the members of (4) fro the corresponding members of 


(3); 946y= 946. .°. y=1. Substitute this value of y in (1), 
dog f= 92. .. eed: 


Proof. Substituting 1 for z, and 1 for y in (1) and (2), we have 


ee ae (1) 
55 —33=22 (2) 


Hence, both equations are satisfied for z= 1 and y= 1. 


77 x — 12y = 289 (1) 


EXAMPLE 3. Solve the equations: ; 
55a + 27 y = 491 (2) 


a oe 


Process. 
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Multiply (2) by 4, 
Add (8) and (4), 


Substitute this value of x in (2), 


Multiply (1) by 9, 693 2 — 108 y = 2601 
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(3) 

220 x + 108 y = 1964 (4) 
9132 == A000 es feteu dies! Os 
275+ 27y= 491. 2. y= 8. 


Proof. Substitute 5 for x, and 8 for y in (1) and (2), and we 


| (279 = 279 
lave 
1491 = 491 


(1), 
(2), 


identities. 


Let the student supply the method from the solutions. 


Exercise 81. 


Solve the following simultaneous simple equations : 


| 


bo 


oo 


ot 


| 
| 


| 


7. | 


3a+4y = 10. 


Au+- y= 9: 
8a — y= 34 
e+ 8y = 53. 


10xr+ 9y = 290. 
122 —11y = 130. 


LY —'3 & = 139. 
20 -oy= 91, 
ED es I ee ected 
10¢43y= 11. 
9x2—4y=— 4, 
lb%a+8y=—3. 


2 a = 15) 
4y+7x= 38. 


Beat Gece 
fy + a= 20. 


9 aes 
TD Yim LOD =» 9, 


— 
18 
-- 


eS) 
COIS DOI 
I 
2 


—— 
bOI 8 
+ 





* Clear of fractions first. 
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Elimination by Substitution. 


90. Exampie. Solve the equations: ; oh 2 a 7m - a 


Bgasy (3), Since the equations 
9) 

are simultaneous, z means the same thing in both, the substitution 

of this value of x in (1), will not destroy the equality. Hence, 


Solution. From (2), z= 





4 (4 +3y = 22. Clearing of fractions, transposing, and 
uniting like terms, 43 y = 86. .°. y=2. Substitute this value of 
Je Cae 

Let the student supply the method. 


Exercise 82. 


Solve by substitution : 


, jyt2e=18. alte tye 

let 3yH=14 (dat dy=7. 
ite A Yea Aa 7 je Tease 
Sti hs Yue sll ba +:6y =—61. 
eas. Spee tlt 
Le ee Pe ees 

a: 8. 4 
a toa 
Se ages Sa 


ey — 21 ie eoo, 9 a 
a, oY eae +Y 


ee, YS oe eae 
[+ = go =O 
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u ie ieee iB ify Cee 
" (8y¥+9xr=41 4Ay=152—7. 
1 
Ey Gy 2, 
12 eae and verify. 


1 1 
ae 3 iS) 9: 


Elimination by Comparison. 


91. This method depends upon the following axiom : 


6. Things equal to the same thing are equal to each 
other. 
62—5y=1 (1) 
(GH Me mcertat * (2) 
Be +4y, 
is 


EXAMPLE. Solve the equation : ; 


Solution. From(1), «= ce (3). From (2),.2' = 


Since these equations are simultaneous, 2 means the same thing 





af 
in both, ee ees Bact Solving for y, we have y= 4. Sub- 
Lit ee LE 
stituting this value in (3), z= a oF. 


Let the student supply the method. 


Exercise 83. 


Solve by comparison : 





5a +6y =—8. 4 CMe = 
38a24+4y=—5. ~(8a—21y= 74. 
4 ee eae P eae 
4u+8y= 20. leet ty =8. 
Sor aes 1a — Te =A. 
UT eee yas. » A D2ger 05 2 = .22. 
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Tes Se (21s Se 
e=3y — 23 1 5 
9 (a ee (2 + Ft a0 
"l3y442=17. 

ON eee Bes kyo 
anes ILy = 48. (= + f= 42. 

12 

30 2—.77 y= — 2.95. oeey st 

a eos Pig d6e Ue ag a 


92. Each of the equations should be reduced to its simplest form, 
if necessary, before applying either method of elimination. 


Notes: 1. An expeditious method, for the solution of particular examples, 
is that of first adding the given equations, or subtracting one from the other. 


2. Usually, in solving examples of two unknown numbers, it is expedient 
to find the value of the second by substitution; but this is by no means 
always so. 


EXAMPLE. Solve: 





Qy+4x—212 102 y —52¢— 18 

( yt A gg (1) 

—37} 9—9x—-y 10x2+.25y—10.5 

Dictate tek Rg SE Ras AU aa 
[12 44 Aan 9 33 (2) 
Process. From (1), 127y + 59x = 1928 (3) 
From (2), 59 y + 127 x = 1792 (4) 
Adding (3) and (4), 186 y + 186 2 = 3720 © (5) 
Dividing (5) by 186, y+ en e0 (6) 
Subtracting (4) from (3), 68y— 68x= 126 (7) 
Dividing (7) by 68, i hme (8) 
Adding (6) and (8), Qy = 20. tee 


1 
Subtracting (8) from (6), Sa 18... 
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Exercise 84. 
Solve: 


Hehehe Sea ace ee =A LU 
‘U2yg+20-= 32 +1. '34y—02¢= 01. 


(y+1)(@+2)—Yy+2)@+1I=—-1L 



































Urea 
3(y+3)—4(@4+4)=-— 8. 
30+ 125y¥= a — 6. Kt aaa An 
W3e—by = 28— 2by, 9 2 tae iy. = 32, 
(4a43y AEB Tracy oar a saa 
6. LO mae 24 ny 5 
9e¢+5y—8 “e+y Ty +)6 
L 12 ie rigs WER, 1) 
(eee ee eee (pie tee ae 8 
Poiana he yee Uiane (i 
2 OY = BOs 8a—4=9y. 
[or %—3 
9 ear “i = 0. 
3y—10@—1), «-y iy 
6 a fate a () 
(A een Doe ee) 
Ph a Bea 
10. 4 5 1 15 
c= ce 3y 12 Yee ee 
3 2 20 eee 
ies 2c 3 i ee 4° 
“)a yta 8y-22 7 [ age: 28 
3 5 4 Gaal 33 


13. 


14. 


Sarg 


18. 


19: 


21. 


22. 
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4+$y-—1D. 
2, 






































G2 NOM sae ey eae ea) — ae 
18 36 3 6 
Ty=122. 
_2y-— «2 (a Od) 
x+43 4-—y fou ie 
fe Dy: —v=——y. 
scor eats gee Sar as eres 
— 2. 
(pole pipet aol IE a ay one ae 
J 11) 25 25 
plete tbh De 
BR Pea WT 
Peart by +42 
fy Sia ees t 
ee ae Gere RON p am by as ier 
6 Aes gs Low a eae 
ee ee Gerd it 
4 Sa ae 20. 4 ae as 
2e2+4 “4+4+4y4+12 - rage Al 
Sy ane 8 ; Oem 


x+7y)-1=3(20—6y +1). 
y 
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Suggestion. Multiply the members of the first equation by 2, 
transpose, and unite like terms ; then clear the resulting equation of 
fractions. Multiply the second equation by 3, transpose, and unite 
like terms; etc. 


(eee gies. ft 
eae © SG bea Stier tags 
Bee hae spe oa, 

62+ 9 el 7) al ee 
a4, 4 4 4y—6 2 

Teor EN). ome = 4 9—4¢ 
is Sea mee 
164+ 602% 16x%y—107 
$e — > = —.—__. 
On oy — | o+2y 
ad. 2 9/5. 2 By 
A) AE (yao fr Ss llc tac ene 


3x—2y+1 


Suggestion. Multiply the members of the first equation by 
5+2 y, transpose, and unite like terms ; then clear of fractions ; ete. 

















a+ y 5 

mma iss et DSS Le 
27 yt2@4+3 4y—524+6— 
ig | ei bs LE 

6y—5at+4 38yt2e24+1 

y—x2=1. ( 5(y+3) =3(a@—2)+4 2. 
ae {yet y-a_s 29. < SS 

o— 1 Faas | ly+3 2a-2 
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$y +7 =#2y— 62+ 0) 
30. ty 
re 
3x 
6 y2 — 24 2? + 130 
i 62+ sy4+1~— : ig = en 
= eo Le Jey — 110 
Ps Tae bs 
ee Lo Dye 
32. mele 
Bety, Ly Rear a Cle 
Mane 
Card MGC 
a1 f “2+ 20y=.1. uli? 3 
1lz+30y=—.9. “}atytl | 
L —7=0. 
y¥—xz—I1 
If 1 4) — = 
yp 2e ae 5G — tee — eOytals ee we 
95 171 5) 
se-10y—8 aor Paley 


93. Fractional simultaneous equations in which the unknown 
numbers occur in the denominators as simple or like expressions, are 
readily solved without previously clearing of fractions. Thus, 


inert 
oe teem LL) (1) 
Sea 
EXAMPLE 1. Solve: 
20 6 9% 
Se (2) 
Solution. 
5 Ate LOS es. 
Dividing the members of (2) by 2, we have = — — a 1 (3). Mul- 
i 
tiplying the members of (3) by 7, — — 7 =7 (4). Adding the 
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members of (1) and the corresponding members of (4), we have 
85 5 War : 
z 7 1t. Dividing by 17, zal. «+ e=5. Substituting this 


3 
value of x in (1), gives he ee oY, 


Note. If we cleared these equations of fractions they would give the pro- 
duct xy, and thus become quite complex. In the solution of this particular 
class of examples it is always easier to eliminate one of the unknown numbers 
without clearing of fractions. 





( 3 5 
2y To Se oT a (1) 
EXAMPLE 2. Solve: 4 
L obese (2) 
‘ 20 136 
Process. Multiply (1) by 4, i + wee ot (3) 
a 20 208 
Subtract (3) from (2), or CoE we (4) 
; : 8 208 1 
Simplify (4), Shp oh an 300 
Substitute in (2 es 312 8 ” — 304 Bee 
MERTON S10 2) = ew re : Y= TG" 


Exercise 85. 


Solve 
Zee 
[i+ )= 10 ary ae 
ok ee See Che, 
43 ti) yee 3 
Bs Oy po 
ae : Ly ‘are 2 
(me ale a a 
9 J9Y 7 aa 422 ee 
Jeet e os 5 
Sy eee i 46 ee 


15 
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ee! 


oo 21018 
+ | 
oes Soh 
eo GNU Saale 


AS 





CO 


To) 
= 


PASS pie 
| | 
I| | 


Oise oo18 


| | 


Ne) > AIS 
re ~ 
__ 


or) 
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C—O ay eee 








ee 5 7 1 1 ri 
+e z= 6. ¢ qaate — ° 

18. = Nase : rite ee eae), EAs 
io 4auy ioe 


19. Suggestion. Reduce the first member of the second equa- 
tion to mixed expressions. Etc. 








Q4 3 9 12 25 

Sees Ge [ty = 86 
20. : ahs ea vale 1 tA 

: y Nba [20H tO 

ROARED Ef] v la ae 


94. In solving literal simultaneous equations, either of the pre- 
ceding methods of elimination may be applied, usually the method 
by addition or subtraction is to be preferred. 


Note. Numbers occupying like relations in the same problem, are generally 
represented by the same letter distinguished by different swbscript figures ; as, 
@ ; Ag; dg; etc.; read aone;, atwo; athree; ete. 

They may also be represented by different accents; as, a’; a"; a'"; etc.;° 
read a prime; a second; a third, etc. 


Merny =a (1) 


EXAMPLE 1. Solve: i 
Mmr+nyy=a, (2) 


Process. Multiply (1) by m,, M,mx + mMmny = m,a (3) 


Multiply (2) by m, mmez+mnyy =ma (4) 
Subtract (4) from (3), mMny—Mny = m,a— may, 
or factoring, (mn — mn) y = m,a— may. 


~ am, — ile 


Dividing by m,n — mn = 
Peat ly m,n — mn, 





Multiply (1) by n,, Mr + nny =n, 4a (5) 
Multiply (2) by n, Mynx + nny = Nay (6) 

Subtract (6) from (5), Mit —Mnr—n,a— na, 

or factoring, (mn, — Mn) x= n,a ~ nay, 
ee 1 

phere am N, — MN 
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fe 7 

Wee tea 5 eo ) 
EXAMPLE 2. Solve: < 

eee Ses 2 

e2iab: % a? \b2 So 


Process. Free (2) from fractions, transpose, and factor, 




















(a—b)*z—(a+b)?y¥ =0 (3) 
Simplify (1), (a—b)x+(at+b)y = 2a(a+b)(a—b) (4) 
Multiply (4) by a—b, (a—b)?x+(a?—b?) y = 2a(a+b) (a—b)? (5) 
Subtract (3) from (5), 2a(at+b)y = 2a(a+b) (a—d)?. 
Divide by 2a(a+d), y¥=—(a—b)2. 
4 
Substitute in (1), eat bi @,* OO (OD) 
(Vila n—m(m+n) (b-y) 
| n(at+z an m(b-— = ey 
EXAMPLE 3. Solve: + ‘ ' ) i O-9) 
a Fr m n 4 
rocess. rom GE n(a+ a) +- m(b—Y) =—=m+t_n (3) 
, n? n i fe 
Multiply (8) by me PPS PR EE a (m+n) (A) 
Hee m a m3 — n3 
Subtract (4) from (2), ER TORE PETES 
; ee i 
Simplifying, Atay 1 -y=b —— 
} 1 m ue 
Substitute CP SHY 1 or 2 emai (2), 
agloae 5 a 1 
ata” aaa 
(a—yon 
eee (1) 
EXAMPLE 4. Solve: < 
tte tk alee 
ety—-1l 7 @) 


a a 
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Process. 
From (2), 


Divide (8) by a — 1, 


From (1), 


Divide (4) by 6 — 1, 


Add (5) and (6), 


Subtract (5) from (6), 


Solve : 
ek a 
ie 
bitay=n. 
2. fae ont 
Oe EY aut. 
Mrsar 
3. 
bitay=ce. 
ws =<. 
and ab 
on . 
4 by (ty 7 
3Y 4 
5. 1 
2 bo 
| m n 
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eo eee (3) 
(6—1)- + (6—1)y=6+41 (4) 
1 
n—y= (5) 
e+y=p4 (6) 
— 2(ab—1) 
Ce CRO ECD Y 
ae ab—1 
= (a—1)(—1) 
_  2(a—d) 
Ate CeaT) (he 
a—b 


1-1) G1) 
Exercise 86. 


| 


axtby= at 
ts ee eet 











rL— Dy = 9g. 
eee 
8. 
aa ai | 
ee 
g Im 2 
re) ae 
er em 
( y iene} 
10 atboia—b «a+b 
‘ y a. ih 
Gg 0 b a—bdb 
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ul Ce 13 1 ine 

Dec lO eae le+ty=e. 
by—rn=ce(m—Z2“), 

es 4 Tay ae pike: 
her =e(142) Mo= NY. 

m2 + n? 

1 eRe ale ity Tae 
(m — n)y = (m 4+ n)zo. 

Ore ae Ree ina 
bed a eel hae 
on 7) jae 
bex=cy— 2b. 

18. Beye 3 
py AO) PF ge 

2 3 
+ =m tn. Gea Si, 

19 ea AE Ne ae 
ae <= m+ nt Pade ek Ra. 
joe lmy n2@ 


My 
o1 fas sym ete 
(0 —Dat (at Dy=2(@-P). 
1 (m—y)=n(a+y—™m). 
mee 
a a etyt+t1l m+l1 
aa er b 94 Jy—a@t+1 m—-1- 
b b wtyt 1 ont 
a+z a. Ky—a-l) 1Sa 


22. 








23. 








y—x+2(m—n) =0. 


40. (a + n) (y + m) —(y — mM) (@ — n) = 2 (m — n)*. 


ti a= 
a 
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95. Simultaneous equations with three or more unknown num- 
bers are solved by eliminating one of the unknown numbers from the 
given equations ; then a second from the resulting equations ; and so 
on, until finally there is but one equation with one unknown number. 


Thus, 
ea ceeeiea 0 tn 23 (1) 
| y+3z=—- 2 (2) 
EXAMPLE 1. Solve: ~ 4%+2=13 (3) 
[3+ 3v=— 20 (4) 
Process. Multiply (2) by 2, Ly + 62——— 4 (5) 
Subtract (5) from (1), —52z+2v0=— 19 (6) 
Multiply (4) by 12, 4x2 + 36v = — 240 (7) 
Subtract (7) from (3), z2—36v= 253 (8) 
Multiply (8) by 5, 5 z— 180» = 1265 (9) 
Add (9) and (6), a (8,0 1 LDAG.. ce WU eae te 
Substitute in (4), 5 —%=—20. .. ¢=3. 
Substitute in (3), 12+2=13. ies) Nie 
Substitute in (2), y+3=—-2. y= 5. 
Proof. Substituting —7 for v, 3 for z, —5 for y, and 1 for z in 
(23-231 (1); 
(1), @); (8), and (4), we have 4 ~, : ser z ak identities. 


Note. 
necessary to have as many 
numbers. 


EXAMPLE 2. Solve: 


| —20=— 20 (4), 


When the values of several unknown numbers are to be found, it is 


simultaneous equations as there are unknown 


( 


an 


1 
92 ' 4y 324 ey 
1 1 
es ya (2) 
1 1 4 
a + a (3) 
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: 1 i 2 1 
Process. Multiply (1) by 2, 7+ fy B27 8 (4) 
5 2 1 
Subtract (2) from (4), Gye 3S (5) 
L 2 4 
Subtract (2) from (3), ny fas Sate (6) 
Es bad 
Multiply (5) by 6, cae 3 (7) 
“tie Eat Wi 
Add (6) and (7), we eee 
: ; py al i 
Substitute in (2), Roa ert foe ae wane 
5 2 1 
Substitute im (5), a See oN eee 
fparit  ak 
a Be a (1) 
EXAMELE BaSolyes ts 5g 
Vas Sb (2) 
baat 
ig y = ZS == (6, (3) 
Process. 
2 VOEE 
Add (1), (2), and (8), ae 7 +5 =a+ b+e (4) 
be, 1 1 1 a+tbh+e 
Divide (4) by 2, hh y aes 5) (5) 
1 a+b—c 2 
Subtract (3) from (5), one. pee 
1” a+c—bd . 
Subtract (2) from (5), ‘a 7 i Ye eee 
1 6b+c—a 2 
Subtract (1) from (5), 7= ‘ 9 2 ee 
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Exercise 87. 


Solve : 
20—- yt z= 9. Ce 
| {andy tem 1d a2 Bae 
38a+4y—22= 7. 


(42—3y+22= 40. 














EP aed e+e+5= 17. 
9e+8y—32= 97. 
ee ea 
Leemeue ree ow ebon are 
Ist +oy— 2= 8. Mie) be TL 
mst f Ro RUM aah EMR MU MISE ae Ree 
| ge nee 
{22-194 ie AUS peace, 
a 2m yt Ae), 
Qa tby+3¢= 28. Meee es ome L 
etytez= 5 | é : j 
5 | By Bart Tem TS Tee yt ot 
meat we OL 
Gide ea BY 8 
i. {5123526 (Ae ae 
20.32— 23.14% = 21. Fae)” nee 
(crt by+cz=3. 12 <5 -5t l= 
| aries 1) See 
az+ by —cz= Wet: ies 
22+ lyt+.32=— 14. (batay=ab. 
8. {Beha = 32. 13.<4¢crx+az=ae. 
y— 82+ .92z= 18, CUee 0. 2-—=0 c. 
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ie: oe en 
20 a 2 ee. 
14, J 30—a+ 2y 4 22=19. 














as oh ati 
| 2 7 : 
ibe oe ar a 
Ly Ym Se 
ETA aa 
ya De 


15. Suggestion. Reduce fractions to mixed expressions. Etc. 











xe+-2y=—9. 
They OP ibe men Ake atvtes oie 
| 7e+v=65. zy 
(20+ 52=8. 1 eee 
ze Y 
p+ y= 1. i roe 
in {yte=d ese 
eae hess 3) 
(4y+3a+2 SS id ea as 
| hip 15 % oe 
19 9y+5xr—2z Leh) Oa age 
a 12 , 4 7 6 
5a+32 2yt+3u—z * SYAZL+T 
— 41m et | +e . 


Queries. Upon what principle is elimination by addition and 
subtraction performed ? What substitution? What comparison ? 
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Miscellaneous Exercise 88. 











Solve . 
pa ead oe (4e+y=11. 
I y=te A aoe Cay * Tas ges 
2—y= I. iE AMT 
2. 2¢+$y=—164 = 8a —By ad, 
ane 
eA ae Sele aa ne y 
a(a—y)+b(@+y)=1. Estrgs e 
GG PE y —b y ay 
ar = 0 Zo ae oe 
Bal b a hae 4 
eases ee pe ee BaF. 
Ca b ee 
a+ 2y=2—32-4%. (eras 
5 2 d8yt+2e0=3 42-5». 9.24 bis 
POV iaeS Be Ors Oa. hig en? 
lv=25—42-—16y— 642. Ls, 


pean Otero) (4m—n)2mn. 
LO 2 amn? 

m1 
m+n 





+(m+n+a)naz = n?y+(m+2n)mn. 


DUE ee Ai aia 22. 








|4a— Unto e 100. fee Were: 
LES Ae a 2y)— 19. wey 
15”@= 242-1074 41. omens ; 
12 {y= te 162+ 1 a eae 
18 y—(7z2—13) = 142. 
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(etyteto=al4 (ytetou= 5. 
|\2a+38y+424+50= 54. id wag eat Hlic—= NR 
14 Ney 
“\4a—dy—724+90=10. jetyto= 6. 
B3a+4y+ 22—3v=11. latyt2e=12. 
(aut by=2m, ML+NY + pz=M. 
15.< av+ 62 =2%. is {memny— pean 
by tee = Op. WE'D Y + UZ 
3a—2y lly—10,  4¢—3y4+5 , 45—% 
18. s aay 8 vi of r 5 
47 — 2. bow a+ (lyst ot 
45 -—>_ = SaEsneaat 
3 18 
LVN i ti 
(jae lide pw Eee 
| o = 23 —2(2+ 2y) Ame 
; Uebre le rk 
19. du=§y— 30-4. PANS Peasant 
| y = 2.25+ .75u—5v | : 
Mace Shes | 
rn eee ae ~$ = -. 
: lee tar eeay te 
30 niet Sane a { wtyte = at+b-+e. 
DOR Bist th) ce Hime) “Lata = b+y = cte. 


— eres ~ c mK 
gg Lie , 2(5—1ly) _17.5+5y 3125-3600 _ 





Ben 11 1) ae ee 
Boy 2 y 

1 1 Z x 

+ 1 4 y 
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eee 
i ei y 
30. 84. 












































| 
26. g q r+ 2 
| 
aa f* — 140 
ns a Kyte 
x 
ak ors (vy 9 
we aty 3° 
Ty Mtn st if He ; 
<7 m ol - oe 
a m—n-+ eae Wace 5 
m—N ve Des 
Cc CR ae 
Soha I eae 
46 Yy g Sar 
LS ea Paar ne 
ax+bytcz=0. Uae) 
29 LA cena lala Ly delet 
l@etByt+ z= 0. 
3: be dl eae 
(Pater rasa = 92-41, 
ot 2(3% — 2y) 52—y 
34. Pa See Eee eee ee Gare) (SE ES, 
Ode ee a Se at fl : 2x2—32 
fi " n? _ _n(m+n) 
| an eA : m+ mn + n2} 
35. 2 NAR re in ne 
mtn’ m+mnt nr 
y—2=2n', 
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CHAPTER XVII. 


PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS. 


96. ‘THe solutions of the following problems lead to simultaneous 
simple equations of two or more unknown numbers. In the solution 
of such problems the conditions must be sufficient to give just as many 
equations as there are unknown numbers to be determined. 


Exercise 89. 


1. If 5 be added to both numerator and denominator 
of a fraction, its value is #; and if 3 be subtracted from 
both numerator’and denominator, its value is 4. Find the 
fraction. 








Suggestion. Let 2 = the numerator, 
and y = the denominator. 
PE aDS is 
By the conditions, Apo a 
ae 
b GPF Soy 


Solving these equations, x= 7, y= 11. 
Therefore, the fraction is 75 


2. A certain fraction becomes equal to 3 when 9 is 
added to its numerator, and equal to 2 when 2 is sub- 
tracted from its denominator. Find the fraction. 


3. Find two fractions with numerators 5 and 3, respec- 


tively, whose sum is 39, and if their denominators are 
9 


interchanged their sum is 2. 
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4. A certain fraction becomes equal to 3 when the 


denominator is increased by 3, and equal to } when the 
numerator 1s diminished by 38. Find the Fotibn, 


5. A fraction which is equal to 3 is increased to +3 when 
a certain number is added to both its numerator ana de- 
2) 


nominator, and is } when 3 more than the same number 
is subtracted from each. Find the fraction. 


6. If a be added to the numerator of a certain fraction, 
its value is a; and 1f a be added to its denominator, its 
value is $(a — 1). Find the fraction. 


7. Find two numbers, such that two times the greater 
added to one fifth the less is 36; three times the greater 
subtracted from eight times the less, and the remainder 
divided by 9, the quotient is 73. 


8. Find two numbers, such that if the first be increased 
by a, it will be m times the second, and if the second be 
increased by 6, it will be 2 times the first. 


9. Find two numbers, such that if to $ of the sum you 
add 18, the result will be 21; and if aay 2 their differ- 
ence you subtract #, the remainder is 3.65. 


10. A farmer sold to one person 25 bushels of corn and 
52 bushels of oats for $33.30; to another person 42 bush- 
els of corn, and 37 bushels of oats for $35.80. Find the 
number of dollars per bushel received for each. 


11. A farmer sold @ bushels of corn and 6 bushels of 
oats for m dollars; also at the same time, c¢ bushels of corn 
and d bushels of oats for m dollars. Find the number of 
dollars per bushel received. Apply the result to 10. 
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12. A grocer bought a certain number of eggs, part at 
2 for 3 cents and the rest at 5 for 8 cents, paying $7.50 
for the whole. He sold them at 233 cents a dozen, and 
made $2 by the transaction. How many of each kind did 
he buy ? 


13. A grocer bought a certain number of eggs, part at 
the rate of a eggs for m cents and the rest at the rate of b 
egos for m cents, and paid ¢ dollars for the whole. He 
sold them at d cents a dozen, and made p dollars by the 
transaction. How many of each kind did he buy? Apply 
the result to 12. 


14. A number is expressed by three digits. The sum of 
the digits is 8; the sum of the first and second exceeds 
the third by 4; and if 99 be added to the number, the 
digit in the units’ and hundreds’ place will be inter- 
changed. Find the numbers. 


Suggestion. Let z = the digit in units’ place, 
and y = the digit in tens’ place, 
also x = the digit in hundreds’ place. 
Hence, 1002+ 10y+2= the number, 
and 1002+ 10y + 2= the number with the digit in units’ 


and hundreds’ place interchanged. 
By the conditions, 
E+y+z2=8, 
J L+y—4=2, é 
1002+ 10y+2+99=1002+ 10y+z. 
Solving these equations, z= 2, y=5, x=1. 
Therefore, the number is 152. 


Note 1. In verifying, the results should be tested directly by the conditions 
of the problem. 'Thus, in the above, the sum of 2, 5, and 1 is, as one condition 
requires, 8. The sum of 1 and 5 exceeds 2 by 4, The sum of 152 and 99 is 251 
as required. 
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15. A number is expressed by three digits. The middle 
digit is twice the left hand digit, and one less than the 
right hand digit. If 297 be added to the number, the 
order of the digits will be reversed. Find the number. 


16. A number is expressed by three digits. The sum 
of the digits is 18; the number is equal to 99 times the 
sum of the first and third digits, and if 693 be subtracted 
from the number, the digit in the units’ and hundreds’ 
place will be interchanged. Find the number. 


17. The sum of the three digits of a number is 7; the 
number is equal to a times the sum of the first and third 
digits, and if m be subtracted from the number, the digit 
in the units’ and hundreds’ place will be interchanged. 
Find the number. 


18. If a certain number be divided by the sum of its 
two digits the quotient is 3, and the remainder 3; if the 
digits be interchanged, and the resulting number be di- 
vided by the sum of the digits, the quotient is 7, and the 
remainder 9. Find the number. 


19. If a certain number be divided by the sum of its 
two digits the quotient is a, and the remainder 0; if the 
digits be interchanged, and the resulting number be di- 
vided by the sum of the digits, the quotient is c, and the 
remainder m. Find the number. 


20. The sum of the three digits of a number is 16. If 
the number be divided by the sum of its hundreds’ and 
units’ digits the quotient is 77 and the remainder 6; and 
if it be divided by the number expressed by its two right- 
hand digits, the quotient is 16 and the remainder 5. Find 


the number. 
16 
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21. The sum of the three digits of a number is 9. If 
the number be divided by the difference of its hundreds’ 
and units’ digits, the quotient is 157, and the remainder 1; 
and if it be divided by the number expressed by its two 
right-hand digits, the quotient is 21. Find the number. 


22. A, B, and C can together do a piece of work in 12 
days; A and B can together do it in 20 days; B and C 
can together do it in 15 days. Find the time in which 
each can do the work. 


Suggestion Let x = the number of days in which A can do it, 


and y = the number of days in which B can do it, 
also z = the number of days in which C can do it. 
re 1 Tole [ie ee el ‘bagaken sa 
Lhe equations are Aan ff Fes pee J = 90? and ine JR 
from which z= 60 and y=z= 30. 


23. A and B can do a piece of work together in 48 
days; A and C in 30 days; Band C in 262 days. How 
many days will it take each, and how many altogether, to 
do it ? 


24. A and B can do a piece of work together in a days; 
but if A had worked m times as fast, and B m times as 
fast, they would have finished it in ¢ days. How many 
days will it take each to do it? 


25. A drawer will hold 24 arithmetics and 20 algebras; 
6 arithmetics and 14 algebras will fill half of it. How 
many of each will it hold? 


26. A purse holds 19 crowns and 6 guineas; 4 crowns 
and 5 guineas fill 4% of it. How many will it hold of 
each ? 
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27. A purse holds ¢ crowns and a@ guineas; c crowns 


and a, guineas will fill ~ th of it. How many will it hold 
of each ? 


28. A and B together could have completed a piece of 
work in 15 days, but after laboring together 6 days, A was 
left to finish it alone, which he did in 30 days. In how 
many days could each have performed the work alone ? 


29. Two persons, A and B, could finish a piece of work 
in m days; they worked together a days when B was 
called off and A finished it in 2 days. In how many days 
could each do it ? 


30. A can row 8 miles in 40 minutes down stream, and 
14 miles in 1 hour and 45 minutes against the stream. 
Find the number of miles per hour that the stream flows, 
also that A rows in still water. 


Suggestion. Let x =the number of miles per hour that A can 
row in still water, 


and y =the number of miles per hour that the 
stream flows. 

Then, z+y=the number of miles per hour that A can 
row down the stream, 

and xz — y = the number of miles per hour that he can 


row up the stream. 
Since the distance divided by the rate will give the time, by the 
conditions, 








8 2 
z+ty 3’ 
| 14 = 48 
e—y 9 * 


31. A can row m miles in / hours down stream, and 7, 
miles in hf; hours against the stream. Find the number of 
miles per hour that the stream flows, also that A rows in 
still water. Apply the result to problem 30. 
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32. A boatman sculls down a stream, which runs at the 
rate of 5 miles an hour, for a certain distance in 3 hours, 
and finds that it takes him 13 hours to return. Find the 
distance sculled down stream, and his rate of rowing in 
still water. 


33. A man who can row at the rate of 15 miles an hour 
down stream, finds that it takes 5 times as long to come 
up the stream as to go down. Find the number of miles 
per hour that the stream flows. 


04, A waterman rows 30 miles and back in 12 hours; 
and he. finds that he can row 3 miles against the stream 
in the same time as 5 miles with it. Find the number of 
hours in going and coming respectively ; also, the number 
of miles per hour of the stream. 


35. A waterman can row down stream a distance of m 
miles and back again in / hours; and he finds that he can 
row 6 miles against the stream in the same time he rows 
a miles with it. Find the number of hours in going and 
coming, respectively ; also the number of miles per hour 
of the stream, and his rate of rowing in still water. 


36. Five pounds of sugar and 3 pounds of tea cost 
$2.05, but if the price of sugar was to rise 40 %, and the 
price of tea 20 % they would cost $2.82. Find the num- 
ber of cents in the cost of a pound of each. 


37. If ? pounds of sugar and d, pounds of tea cost m 
dollars, and the price of sugar was to rise a%, and the 
price of tea b %, they would cost ~ dollars. Find the num- 
ber of cents in the cost of a pound of each. 
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38. The amount of a sum of money, at simple interest, 
for 11 months is $1055; and for 17 months it is $1085. 
Find the sum and the rate per cent of interest. 


39. The amount of a sum of money, at simple interest, 
for m months is a dollars ; and for 7 months it is 0 dollars. 
Find the sum and the rate of interest. 


40. A grocer mixes three kinds of coffee. He can sell 
a mixture containing 2 pounds of the first kind, 9 pounds 
of the second, and 5 pounds of the third, at 18 cents per 
pound; or one composed of 6 pounds of the first, 6 pounds 
of the second, and 9 pounds of the third, at 19 cents per 
pound; or one composed of 5 pounds of the first kind, 2 
pounds of the second, and 18 pounds of the third, at 22 
cents per pound. Find the number of cents in the cost of 
a pound of each kind. 


41. The fore-wheel of a carriage makes 6 revolutions 
more than the hind-wheel in going 120 yards; if the cir- 
cumference of the fore-wheel be increased by 4 of its pres- 
ent size, and the circumference of the hind-wheel by + of 
its present size, the 6 will be changed to 4. Find the 
number of yards in the circumference of each wheel. 


42. The fore-wheel of a carriage makes a revolutions 
more than the hind-wheel in going 0 feet. If the circum- 


ference of the fore-wheel be increased by ~th of itself, and 
that of the hind-wheel by = th of itself, the hind-wheel 


will make ¢ revolutions more than the fore-wheel. Find 
the circumference of each wheel. 
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43. A grocer has two kinds of coffee. He sells a pounds 
of the first kind, and 6 pounds of the second, for m dollars; 
or, a pounds of the first kind, and }, pounds of the second, 
for m, dollars. Find the number of dollars in the price of 
a pound of each kind. 


44, A jeweller has two silver cups, and for the two a 
single cover worth 90 cents. If he puts the cover upon 
the first cup it will be worth 14 times as much as the 
other ; if he puts it upon the second cup it will be worth 
1,4, times as much as the first. How many dollars in the 
value of each cup ? 


45. A jeweller has two silver cups, and for the two a 
single cover worth a dollars. If he puts the cover upon 
the first: cup, it will be worth m times as much as the 
other; if he puts it upon the second cup it will be worth 
nm times as much as the first. How many dollars in the 
value of each cup ? 


46. A broker invests $5000 in 3’s, $4000 in 4’s, and 
has an income from both investments of $315.50. If his 
investment had been $1000 more in the 3’s, and less in 
the 4’s, his income would have been $5.50 greater. Find 
the market value of each class of bonds. 


Note 2. 3’s means bonds which bear 3% interest. The “quoted” price of 
a bond is its market value. Thus, a bond quoted at 1154 means that a $100 
bond can be bought for $115.50 in the market. 


47. A broker invests m dollars in a’s, n dollars in ¢s, 
and has an income from both investments of 0 dollars. If 
his investment had been d@ dollars less in the a’s, and more 
in the ¢’s, his income would have been » dollars less. Find 
the price paid for each kind of bonds. 
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48. A and B do a piece of work together in 30 days, 
for which they are to receive $160. But A is idle 8 days 
and B is idle 4 days, in consequence of which the work 
occupies 54 days more than it would otherwise have done. 
Find the number of dollars received by each. 


49. A and B do a piece of work together in m days, for 
which they are to receive ¢ dollars. But A is idle a days 
and B is idle b days, in consequence of which the work 
occupies 2 days more than it would otherwise have done. 
Find the number of dollars received by each. 


50. The amount of a sum of money, at simple interest, 
for 5 years is $600; and for 8 years it is $660. Find the 
number of dollars in the sum, and the rate of interest. 


51. The amount of a sum of money, at simple interest, 
for a years is m dollars; and for b years it is 1 dollars. 
Find the number of dollars in the sum, and the rate of 
interest. 


52. If a grocer sells a box of tea at 30 cts. a pound, he 
will make $1, but if he sells it at 22 cts. a pound, he will 
lose $3. Find the number of pounds in the box, and the 
number of cents in the cost of a pound. 


53. The smaller of two numbers divided by the larger 
is .21, with a remainder .04162. The greater divided by 
the smaller is 4, with .742 for a remainder. Find the 
numbers. 


54. The smaller of two numbers divided by the larger 
is a, with a remainder m. The greater divided by the 
smaller is 0, with c for a remainder. Find the numbers. 
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CHAPTER XVIII. 


EXPONENTS. 


97. AN Exponent is a figure or term written at the right 
of and above a number or term (Art. 21). 

Thus, in the expressions 52, a*, 6", and (a+6)8; 2, c, ~, and 3 
are exponents. F 

Zero Exponents. When the dividend and divisor are 


equal the quotient is 1. 
3? at ae 
Thus, 33 = te fa 


‘ oF 2-2 apis ye Oo eaters 0 
But (Art. 30), 99 = 3 as ad OG pg = 43 am eat GUC, 


Therefore, it follows that a2 = 1. Hence, in general, 
I. Any expression with zero for an exponent is 1. 
The Reciprocal of a number is wuity divided by that 


number. 





1 
Thus, the reciprocal of n is —; of n + m is ; 
n n+m 


Negative Integral Exponents. 


OX 8h aS eels 


‘or 1 
Divide by a3, q3= ag 


a” <q ieee al ie; 


1 
me a ne : 
Divide by a”, OO Hence, in general, 
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Il. A negative integral exponent indicates the reciprocal 
of the expression with a corresponding positive exponent. 


The expression a”, where n is any positive integer, represents the 
product of n equal factors, each equal toa. It has been shown that : 


Art. 21, hehe emt ta we? 
Art. 30, a™ — a" = a™—", where m is greater than n. 
1 
Art. 30, a™ + a= ——,,, where m is léss than n. 
a 
Art. 27, (a™)" = a™”, whatever the value of m. 
_ Thus, 
ALT as dw, EEC. Clare eg en Teg (EET Oe “on 8, 
Take n factors of a’, a’, a%,.... a”, and suppose each of the n ex- 


ponents equal to m, then it follows that 
(a™)* = asin Hence, can 
be positive or negative, iitegral or fractional. 


1 
By 1 be a =e at ° 
: a” 
Multiply by a”, Cae ae oe 


q™ 
If m is greater than n, Art. 30, aa Ue. 


Therefore, Ge eC te ar. 
. am 1 
If m is less than n, VE ae ee Sead 
ano) a 
; 1 
byl te Com: 
Therefore, a-" X am = a™—" for all possible integral 
values of m and n. 
98. By Art. 27, (ab) = a” x 6. 
Therefore, ath" = (ab)™ 


Sintilarly rae OF KX ce XS p" = (ab 6 ep)”. 
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If n is a negative integer, 
1 


Ce taco Gye = (ab)-” 


Similarly, 
OX Da Ce aE ea Dee OD Gs P) i eCeaee 
general, 


I. The product of two or more factors, each affected with 
the same exponent, is the same as their product affected with 
the exponent. 


By, Il., Art. 97, G2 ees? Oma 
Also, OM i \ (ab o1)* (5) ‘ 
a\" 
Therefore, a® — n= (5): 
Sunilarly, GMO ae . Hence, in general, 


Il. The quotient of any two factors, each affected with: 
the same exponent, is the same as their quotient affected with 
the exponent. 


Illustrations: J. 2?) x03" — (27%. 3)7= (6)2 = 36 223 x3" x 46 

= (2% 3X 4)8 = (24)? = 13824 ; 2-2" x 3-2" x 4-2" = (2K BX 4)-2” 
I 

= [(24)}-" = (676)-" = es (B)-2X @-2XG-2= (EX EXD? 


=.(4)-?2= : g — 16. 
(@) 





a2 





These examples are said to be simplified, that is, they are expressed 
in their simplest forms. 
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Exercise 90. 
Simplify : 


1. (n2P x (n®P x (n)?; x (2)? x GY = GP 

2. eee Kaa . Cee (LO a )e OL a8), 

3. (gay x ($079; (wy "X(e)"; (@t x @ HE 

4, (xy x (ex), Gy" x Gr" Ay"; (@2BP x (ab, 
5. (20) x (272 my; (a b- 16-28 + (a1 b-2 4 my. 
6. (atraby "+ (22a-aSy")-™; (at yh) 8+ (why tye 
Fa hl taxes uty Ga ne) i 

8. (a-2b)-2 x (a b-8)-2; (BE + a)-8 + (a6 — 08D) 8 
9) (by x GO x GP; (a? bat ty x (a — PP") eh. 
10. (a~#)- 5 x (w8)-® x (a7 8) 5 & (a38)-8 x (BBY 8 
11. (art) x (2-8 x (ae) x ("; a + (2 


a 


12. a? x Qa)y*+ (5) : Pacem se () x-(F a)? 
13. (a- t/a)? X (22 o/a-8)-8; (an)? ye (Gn)?™ x 2”, 
1A CA het TY X (28S TT Beta ot x (4")7*. 
1D. aK (25" t8)" Xf 2" x Asoteys (16) 0. 

LOO eee bolle y)" |"; CC imeomeae 3)”. 


UPAe BOG N\ (oe 2 
ae b- nohn4 + (Sp) 3 b-} a 


1 


es 
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99. Positive Fractional Exponents. If m and 7 are both 
positive integers, 


Mn 
Le) 


Take the nth root of both members, a* = 4/a™. 


Therefore, a means the nth root of the mth power of a, or the 
mth power of the nth root of a. Hence, 


The numerator, in a fractional exponent, denotes a power, 
and the denominator a root. 


The denominator of the exponent corresponds to the index of the 
root. Thus, (81)# = 4/(81) = (4/81) eB) Se 2 


In av = a”, m is the index of the power, and n is the index of 
the root ; also a, m, and nm may be any numbers. The expression 
may be raised to the power indicated by the numerator of the expo- 
nent and then extract the root of the result indicated by the denomi- 
nator; or, extract the root first and then raise the result to the power 
indicated by the numerator of the exponent. Thus, 


(—8)# = 4/(—8)? = 4/64 = 4; or, (—8)3 = (4/—8)? = (— 2)? = 4. 


ue m 
an is read ‘*a@ exponent ss ee 


” 


Notes: 1. a—” is read “‘a exponent —17; 
m 


mM ‘ ; 
a is read “a exponent ——.” These are abbreviated forms for “a with an 
n 


” 


exponent —7;” etc. 


m 
, A ; an “af 
2. It is manifestly incorrect to read a” ‘the — th power of a.” ‘There is 
‘ ; nu 
no such thing as a fractional power. 


3. We must be careful to notice the difference between the signification of a 
fraction used as an exponent, and its common signification. Thus, + used as 
an exponent signifies that a number is resolved into five equal factors, and the 
product of four of them taken. 








m mxXe mec 
100. By Art. is arn = qnxe—aQne; 
ie 
& 
m me n 
also, ava"*e= ae. Hence, 
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I. Multiplying or dividing the terms of a fractional ex- 
ponent by the same number will not change the value of the 
expressron, 








7 n 1 n 1 
aE 
But qn n= V an, 
2 mp 
i n 
and an A/a. 
a mM) n ~— 3 
Therefore, qnn — 9/ s/a. Hence, in general, 


II. Zhe mnth root of a number is equal to the mth root 
of the nth root of that number. 


Tllustrations. 


6 c2 


3c 8 S 
93 = 91; 8 = bs; b2° = h8¢; 4/64 = V V64 = °/8 = 2. 


101. Negative Fractional Exponents. If m and ~ are 
both positive . integers, 


_myn 
an sss Wg hr 
i 
By L, Art. 97, Ge a as 
Take the nth root of both members, 
Bae 1 
Gy > Hence) 
qn 


Any expression affected with a negative fractional expo- 
nent is equal to the reciprocal of the expression with a cor- 
responding positive exponent. 


oe Na LY ees u! 
Notes: 1. From therelationa ™=—{, an=~——,. Hence, the method of 


Art. 30 is true for fractional exponents. 


2. Any factor of the dividend may be removed to the divisor (or from the 
numerator to the denominator of a fraction), or any factor of the divisor to 
the dividend, by changing the sign of its exponent. 
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Illustrati ee patie) ate dN gx Lee ee var" 
ustrations. 2- B= (2) 2 = oa gah saat, 
[G) 3 x Gy) xia Ge x Gt" Xe es 
a if 1 1 2x 3 3 1 
1 a8 : 
xX @ x 4 we hs 26 =e (q-1 = nn 
—n _* aes : ee Jn i 
cecma if By eS hi en can Oh 
ae 
102. (q" pn)" = ab. 


Take the nth root of both members, 
OO au) 
Similarly,* an x be c@X ....p™=(abe... py. Hence, 
The product of two or more factors each affected with the 


same root index, is the same as their product affected with the 
root index. 


In the same manner we can prove that 
1 a 
ee a ~*~ 

a" > 6b" = [= )”. 
b 


Notes: *1. If we suppose that there are m factors of a, 6, c, .... p, and that 
each factor is equal to a, then it follows that 


(cn) a CaS 


zl m 
By Art. 99, (am) =a", 
a bs 
Therefore, (an) = an, 
1 
2. Similarly, (aa =a. Hence, 


The nth power of the uth root of a number is equal to that number. 
Illustrations. (4)? x (2)' x 8!=(4 x 3 8)? = 4/$4 = 4; 


(amex (2 X (p*)e = Combepeae= v/a" bmp; (ir)t + Ge 


1 1 m\ 1 
a 4/x= =e! a a = qn 
=Gh + DI=VH=3; ms = (i) 3 ve 
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1 b\ne 

103. (qn x a‘) = qmetnd. 

a b aa 
Take the ncth root, OMe a (ne) 

1 mm} 

By Art. 99, (amet nd)? — qnte 

m 6 eat Bs 
Therefore, an Xac=an'ec, 

ite 4d es se, ie setae 8 

Similarly, a™ X ae X aX ++--av=an cs «. Hence, 


I. The product of several expressions consisting of the 
same factor, affected with any exponent, is the factor with 
an exponent equal to the sum of the exponents of the factors. 


m b m b m 6 
By Arts. 101, 21, an+ae=a" Xa e=a e¢, Hence, 
Il. Zhe quotient of two expressions consisting of the same 
factor, affected with any exponent, is the factor with an 
exponent equal to that of the dividend minus that of the 
divisor. 


Ilustrations: ‘I. 5? x 574 x 5 = 5i7tt* = sh 44/195; 
tx 29 X ot ath, 

Il, 2? +9? = 9? 4= 93 = W/a; (a+b)? + (a+b)? = (a + b)3-2 
= (a+b) ™. 


Exercise 91. 
Simplify : 
‘Tes 3 
1. 167% x 1672; 257% x 252; 224 x at atx Vo. 
n nm 50 _2 _2 _m ; 
De Osea ee ee 7 OS ta ear 8200 34/2. 


a m 2 


1 no 
Bl Ue ee atc eas Ot ae (a®)3 = (a3, 


) 


4. (—2)-t + (— 32)-4; at + ab; (@-2)-3 = (xy)-3. 
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5. at + ot4, g@ Fa 8; (a — bd) + (att 022. 
6. 3 = 3"; (@— b+ (a—d); (wl yi) + (ya)h, 
a 70 CV NG a a= era (iN oat 
Je Gey x (= 7) ; (= aau-t ) . 3) 
17n 
8. (a — 2 x)? xX (a — 22)? x (2a—a)? x (a—22)2, 
9. atta"; (a — Vb)" (Va — Vb) *. 


te ee 4 al SP A yd 
LO ie a8 OCF a) Oe ey ae dea: 


1 m+2n 


1 
seh ges a") \nnp (4\on ae \ mn 
ut (arg) "+ arpa): GG)" G): 


ve ONE DD an2z\ & 
12, (a +b)" x (a + B=; =) oe 


6 n3 











1B. abies. 2" OO US ae ex Dae aaa 














a2 — b2 
Cag Coe ev Ca psy tho 
14. xe go te Oe Srecas. (w ya) : ine 
104. [C22]? (2s me. 


Take the n qth root of the first and last members, 


( mrt ee mp rp tp 
q=ang bsacuq,... 


Similarly, 


The principles of this chapter are true, whatever the values of 
G, D, 6, -«.. Mm, n, p, and q3 that is, a, b,c, .... m,n, p, and gq can be 
positive or negative, integral or fractional. 
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Illustrations. (22 x 3! x 47 8)2= 93*3 x 3)*9 y 4-3*2 = 92 
x 9% x 33 xX 4-1= 4/2 x V/3 ; este ale ie {L( aa Blais 


_[(- 2m a q n aa p 2m n wom 
= [x= 5 =) = X= ——x-— —-x- é: 
= m14g alaala lp == te m + qu n=q?~—+-a=a. 


105. Negative and Fractional Root Indices. 





ay ee Age ent 1 1 
Ce Ot a 
ee the 
Be 
bs nal eee ae ce | 1 
Similarly, “/a™=a"=a*=—= Hence, 


a he ae 
7 
pve 


A negative root index, erther integral or fractional, indi- 
cates the reciprocal of the expression with a corresponding 
positive index. 

Note. Since it is impossible to extract a fractional or negative root, or raise 


an expression to a fractional or negative power, in order to perform the opera- 
tion indicated by such indices some preliminary transformations must be made. 








Illustrations. nfo? ==—=5 Fi : = 


= aes q E I 














= (22 a?)? = 8 a?; A At eat ea /27 == = 1 = 7oas 
V2 3h 8 
mel ] 1 the Se ees a 1 
= 35 243” va m ~~ mn fam 
c ae 
VA 


Exercise 92. 


. eet). =e 
1. 2/97. W16; 4/32 m-%; V/3% g-3: et 


2, A&B: [(B%)2 (a3 (6-3) (a- 55-1); ae re 
17 
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a n—2 
3. (Tarat2ym-1s, V/3 ath m ; (wl x alma, 
LO Naas 9m? \-3 256 
4, ——. . peewee 2, ‘ 18 =f: 
= 3 
a2 b)3 abt \5 5 are 
5, CERIO oe . r— QA »,—b1\—8 73 ON= ay : 
a® 6-4 (4 4) ; (x UE Apa Grad ala 125 
eg 
6. V27 0-3; (4 a #)—2; (ab7! u-2)h (a-10-2 o-4)— 3, 
7 Tey 3 NL 3 ues + Ws geda n—1 2 md vs 
|; st y Tey ae 5 2m dn cab? 


1 ee mel? ‘ 1 \a2—38 
Ps a +n m—n git =: ; b (ae 2) ; 
8. yaa eam (x oy ) an a the ane 


Ste 








Queries. What does a negative exponent indicate? A fractional 
exponent ? A negative fractional root index? Any expression with 
0 for its exponent =? Why? What is the product of a8 and a3? 
Prove it. 


Miscellaneous Exercise 93. 


Express with fractional exponents and negative power 
indices : 
ie ee ee De Bq life Tame a a 
Va-?, Wan, Var; VWa8; (Wa), Vabo-? 


ms 


2. Wabed; Vary; arb’; Vays BV ab Baby 





Express with radical signs and negative integral root 
indices : 

™m 

ay] ape pt = er a 

B.0a-t, atbtc-t; 4ab-#; Tatta *; 


x 


pleo 
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Express with radical signs and fractional root indices : 


1 m 
n n 
2 1 SENS eres heel. m 
A ak: (4028: at b3 ct: a™b"-: a™b": 
pat yeaa at OF cts abs ab"; ny. 


Express with fractional exponents and fractional power 
indices : 


ues De gs n(Werek | Pk 
5. Vab bh; V/ 2° “: 3V(8a-%)- 8; Va *; Wa; A/5. 


Express in the form of integral expressions : 














; 2 3 by 
6 3.a2b 5 ms a gt G3 a 
. ay 5) ; See yw 37> Le eR 
Gu 0G Sane Ay pl V yh Jy-4 as b—s 


Express with literal factors transposed from the numera- 
tors to the denominators: 
_3n 
2a2e wtyt 50-26 * 
oO ht, ares, 28 


Oa ; 22 Cs 


(i 





1 
n 
: Vay} axle 


Simplify and express with positive exponents: 
1 








2 a! 3) 2 Ae n 1 UL paay 4 See 
8. V a? V/8 a: Via V2 a bev Gao Ve 3 
9 Dates dat Pee pease 
s Vai : Rize m? = 
16 x*\—-14 
10. a3 x 2a73; ( —~5 * a0 x at X a7. 
Y 











te Nee 
11. “W/4a-t: (3 3) 3. Va-2b x Va b-8 








—iVe4 
5. et 8 See m~ 2 t/ —2 
12. atbtc? X a— tb 2c 2; ( ; a fe 
4 a? 
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19. 


20. 


mle 


22. 


23. 
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==> 
=9 

152 4 2 7a ee a Pe Ce 

. asbsce X a 3b 2c 8; vai 7 (a $y). 


2h 





ry Sees | a 
; V2 \/« ". (a+ y) x nt X n-12 xX Vn. 





4p m™ — 
~z 1 save hal al ==) 
x 8/——1\-= 0) eel (20, -3 
v/(m vm) *; a" ee ee ee Vv a—”, 
m\m 





1 lees 
Z d === ne—1f 1 
. (m-* Vay-® x V (an? Vm); Veae es 


Resi ee Oren ek 
A wtk pak = (4h n) onum “nN 
5 a > Balms n-5- 


Wat ye x (a ty); a e-y2+Verm 





= © ve Eyl 
A(a® + y)*? xX mF VU (@ DE a~% 





Dus ae ; a Aa at/ | b-4 
esis A 0 
Bava oee Tae The) oa 2-3\ (m+n)? (m— ny 
By es 10 5c cj ome eC ee ee 
m m 1 m—n 





e 


(m2 Bie n2)2 (m2 — neyo q-3™ 4 Z-2"\-8 
(m — n)2 \ dae Ot 
Bd Cpa 1 Bh! An+1 
rea X Gs |aApeT > |RTT 


( 9" 38x st) —27 
3 ( 


Se 2 ye gin)" (5m 5 gin im 


en 
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Multiply : 
o4. ats —altb +1 by a2 8s sel 


m mt t m ag et t 
Dh. an aE a2" bts + b2s by a™ — q2n bts + b2s, 


Diet 3m 8t 


8m __3t ae Eee meee ree id ae! af 
26. Ga b s—@rth s+ nhs— a n bs by ab sty n Bs, 
Divide : 

a0 ie ye) £ ae eee £ 
27. am +a bs + b by a” + a bts 4 2 
QQ. gene—l) —- pa by pl + ie ee 
PAU Pie ge a, Ty ie by at? ao are 


30 ot An _— Tepid: by geen ae aaa 


Ls t 
+ 2 ain vas — yes. 


m t m m 
nN 


3t m t 
31. a® —a+ 4 atrats— 402" 7 by a 
Se 82. n ‘on ve ( Parg L ek 
32. at+a_ 2" by a2+a—-3; nys+mas by n7yF+m725, 
Separate into two factors : 
2n 
See at 07 te a th emi Dae 
Expand : 
z— MN 5 
SA eee a)\*: (o— 2 te (a 2 a2)n|”, 
Resolve into prime factors, and find the products of : 


35. 12, W72, »/96, 1/64. 


36. V12, W772, 196, 64, W576, 24. 
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Find the cube roots of : 
37. at+8at3a2+4; 8P—12a1¥e+ 6a-2bt—a- pi, 
BS. 28 Gee = 12 neo 6 
39. 2 —9a+ 27 a7! — 272-38, 


Find the 6th roots of : 


1 1 een! 
40). 84 36 (at + 5) + 15 (a8 + 5) — 20. 


41. 729 — 2916 a2” + 4860 at" — 4320 a6" + 2160 a8” 
— 576 a" + 64 a2", 


42. a @—6a7-%415 a8 — 200-8 4 15 ¢-4~— 62-2741 


Simplify and express with bpsitt exponent: 


2 
n+1 1 f2 rr ee baa Ay 
ih ES ES n 


43. TD Fe ne a (2 +1)2 SAV) 16. 
an Watt get i y nt) 
ee Vy 3 ny x ey Ly ts [(-# cea AY 


ay 3 a/ ra 6/—e\7 8 
AD. (=) ee SE ny ti 9/aue 


Ato aro 








a b-2 : [(8 ale py2n]or 
Q(x + y + ca if [(4a— 3 bP" R”’ 
(200 + 8.0%? — 12 94)" (m® + n®) (m? — 08)? 
[4 (2* + y*) J" ; mo — n& ; 


46. 





ao? af? 


47. 
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CHAPTER XIX. 


RADICAL EXPRESSIONS. 


106. A Surd is an indicated root that cannot be exactly 
obtained ; as, V5; / 2; V a8. 
The Order of a surd is indicated by the root index. 


Surds are said to be of the second, third, fourth, etc., or nth order, 
according as the second, third, fourth, etc., or nth roots are required. 
Thus, s/a, s/a, 1/5, etce., 4/x, are quadratic, cubic, biquadratic, 
ete. 

Surds are of the same order when they have the same root index ; 


as, 4/5, n/a, and PVA 


A surd is in its semplest form when the expression un- 
der the radical sign is integral, and in the lowest degree 
possible ; as, /32 at = 28 a X 4a =2awVd4a. 

Similar or Like Surds are those which, when reduced to 
their simplest forms, have the same surd factor ; as, 3 V/3 


and 3 Bee AG. Vb and ev/b. Otherwise the surds are 
Wikainilor: 


Notes: 1. When a surd is expressed by means of the radical sign, it is 
called a Radical Expression. 


2. An Irrational Expression is one which involves a surd; as, V3; 
a+bycm, 

3. An indicated zone may have the form of a surd, without really being a 
surd. Thus, V4and Va have the form of surds. 


4, Rational factors or expressions are those which are not surds ; as, 23 
azx— b2y 
m mp 
5. Since a = ap, surds of the form Van and "Vamp are equivalent surds 


of different orders. 
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6. A Mixed Surd is the product of a rational factor and a surd factor; as, 
aVb; 3V5. 

7. An Entire Surd is one in which there is no rational factor outside of 
the radical sign; as, V2; Vas; Vie. 

8. <A binomial surd has two terms, and involves one or two surds; as, 
atb Vz; a VE —b Vy. A compound surd or polynomial has two or more 
terms, and involves one or more surds; _ as, V¥2+3 V4 — 5 ¥3; 
atb—c+2Va. 


9. Quadratic surds are of most frequent occurrence. 


107. The methods for operating with surds follow from an appli- 
cation of the principles of Chapter XVIII. Thus, 


Ibo 


JVs. 20208 = v/ (2a? b8)8 = /8 a®b®, In general, 


n 
1 = noe 
T= —_— n 
a=at=a*=4/a". Hence, 


I. To Reduce a Rational Factor to the Form of a Surd of 
any Order. Raise it to the power indicated by the root index, and 
place it under the radical sign. 


24/3 = 4/2? X 3= 4/12. 24/9 = x/@)* X 9 = AV. In general, 
2 eah 1 ee 
a Wie =angn= (a"x)n = a/a"x, Hence, 


II. To Change a Mixed Surd to the Form of an Entire Surd. 
Reduce the rational factor to the form of the surd, multiply by the 
surd factor, and place the product under the radical sign. 


V72 = /6 X 2 2= 64/2. Se tages 


= oe Omyjtit _.a-4/ lg Ba 
=e) 4) x4 = ——4) = ———— 
2/3 V2 a\ 2a — ay Ree 28 q 














: = y X an—m n yar—m 1 
A/ 2 Y = vy'= =24/Yy. ve _ (Re xX gn—m — = = yom. 
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III. To Reduce a Surd to its Simplest Form. If the surd is 
integral, remove from under the radical sign all factors of which the 
indicated root can be exactly obtained. 

If the surd is fractional, multiply its numerator and denominator 
by such expression that the indicated root of the denominator can be 
exactly obtained. 


VEX VEX b= VEXEX B= Vf. 


V8 a GexeA/ 07! Ve ax a=an/2. In general, 


Wy dan X Alo Xan... A/a" C0" X o8 X 1p = (abe. Aap)" 
(A/G 0 eu... py Hence, 


IV. To Find the Product of Two or More Surds of the Same 


Order. Take the product of the expressions under the radical signs 
and retain the root index. 


128 > 4/7 = 28 = 2. 8/7 + 4/56 = AF = WE = 3 


In general, 


m\ 1 nr | am 

MOB Oj) — i ie ein H 

Af tPA) | ae ence, 
Y y 


V. To Find the Quotient of Two Surds of the Same Order. 


Take the quotient of the expressions under the radical signs and 
retain the root index. 


a = A Oy f= reed eee ae 
/ 4/64 iy hee? V/ 1/256" = AO = 2?=4. In general, 
i/ Um (pe ae mn H 
47 mete gigas SW A ence, 


VI. To Find the mth Root of the nth Root of an Expres- 


sion. Take the mnth root of the expression. 


Note. It is sometimes easier to perform operations with surds if the arith- 
metical numbers contained in the surds be expressed in their prime factors, and 
fractional exponents be used instead of radical signs. 
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Exercise 94. 


Express in the form of surds of the 3d and ath orders, 
respectively : 
9 


[ithe (8s 022; a ease bes 3 2; a Werner 


Express as entire surds : 


24172, 4V3; 6-732; 2 Ol. 16 VEE: abv be: 


3. aV@be: 3aVab; LW, 2aVzy; EWI. 


Oveo 


y2 


4. 3 WA; at Wate; SOL OG vitals Vga —" 


mtlem+tn m—n 
py] ey 
m—-1l m—nY¥ m+n 











5. baV25a1; (m— iy ee 








ab 
: aie HVE aa 


$ st) Sa 
7. —— ; fae 3 - 6a\/ —-~ 
a—2 Ue 3a 


Express in their simplest forms : 











a 


Bani 208" 34/150) 21846 3/908 ; 24/80 a®. 





3m?nx 


Vi 2. yam, Gaede, 
a. fi 473. 359 at pl. 
10. ea4/5: s/—108 atb3: V35 a6 01°. ae 


ue § > Ue IO NS 3,9 
aa Br. ms n° \/ en i" ie 


a? m® nb x4 








So wry 
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1 S/S / 242? ms 
12, A 7290 8" 08" +2; \/ . af gintnyam | 
7 57586 y 


13. Vic+y)(@—y); Vawt—8ax4+ loa. 


gta — 2: We: 
14. : x V2 Y rae a “Ly é V1715 ae wee ee 














Simplify : 
15. V12 x V18 x 24; V54~ V6; V V4. 
16. V16x V—54x 7128; [W128 a + V60?] + V9 a2 
We mate V1 50 a8 b? + /32 a B. 

+ 
18. V2%a8m? x V108 a m2 x V5 a mw, 
19. (1753 a809 = W/25 25 a* 0°) x V125 a8b x VW 52 ade 
20. (Wb + VPA) x V5dats Viba; Vart"s. 
WA. WVabe! x Val Ve) + (Vay x 4/730 y=), 
22. (3 = A/8) V/207386; WP a = XVa". 


23. V#a8® x VS a2 x VE.ai xX V2.5 aH}. 





24. \/ \/ 4/22" gm ~ (16 a®D2)3 x (ad BP + V2 abd. 


108. 4/2, = **VYarxt = A/8. 34/22 = 3°*K/oax 9? = 3 1/16. 


In general, 
; pxm 


4/a? = Bs isan) = aX” — = 4/cae Hence, 
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I. To Reduce a Surd, in its Simplest Form, to an Equivalent 
Surd of a Different Order. Divide the required root index by the 
root index of the surd, and multiply the power and root index by the 
quotient. 





eee = The L.C. M. of the root 
4/3? anus 4/32 eo A/ 32x = */ 81, indices (3, 9, 6) is 18. 
ewes 75 Ey axe 18/5, In general, 
as pm oa 
A/a —qnrm (n = Pp) aus nm apm, 
Wine 


A/ bP! = b™" (m > py) = "a/b", Hence, 


II. To Reduce Surds, in their Simplest Forms, to Equiva- 
lent Surds of the Same Lowest Order. Divide the L.C. M. of 
the indices by each index in succession. Multiply the power and 
root index of the first surd by the first quotient, of the second surd 
by the second quotient, and so on. 


Exercise 95. 
Express as surds of the 12th order: 
1 2) 4/3 AAG Boe Vai; V4; 3 V8. 
2 V 35 | $V 32; V ak ; Va x X Jat ant 


Express as surds of the nth order, with positive expo- 


nents: 


- . PT ee ae | vee Va 
3, Vat, Var, ah; Vary; Beit) te * Stee 
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Reduce the following to equivalent surds of the same 
lowest order: 


4, /5, V11, V18; V2, 75, 73; V8, V3, V6. 
5. V2, V8, V4; V7, V5, V6; Va, Wab, 

6. a3, Va; V a8, Va®, Wae; a/axt, Wo), 

7. Va, V5b, V3c; V2a, V3b, W4o. 
ote in Na a, Vine 

9, Va, VB, Va; 475 a2 2V2R eB 1l0aVv3e. 





109. 3/6 = 4/(3)? X 6= V8 = 4/42, 
$V5=VGEPX5= VPs Vi. 41/5 > 3 VE. 


In general, 
Ge A/E = (a ns = 4/ a" oy 
b Wie a (b” y)” = a/b” y. Hence, 


I. To Compare Surds of the Same Order. Reduce them to 
entire surds, and compare the resulting surd factors. 


5 Se i ie: Daal e. 
t=) (4) eee x 138 = =1/49.25, 
B/8 = (88 X 2 ~ - ee eX 2 = 445.5625, 
BA aeaa/ 37 xX 3 = 4/38 X (2)3 = 0/46.656. 


Therefore, the order of magnitude is 3 4/2, 3 VG 1 4/52. 
In general, 


nm m 


n )- —— — nm 
a 4/x = atm gam = "A/anm gm, 
Pas mn nm 
nn : 
b a/y = bmn ymn = "/b™™ y™, Hence, 
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II. To Compare Surds of Different Orders. Reduce them to 
entire surds of the same order, and compare the resulting surd factors. 


Exercise 96. 
Which is the greater ? 
1 376 or2V14; 6V11 or 5 152; 4 V6 or 6 V4. 
2.1075 or 4 V31; 2V7 or 3 V10; V2 or V3. 
8. 78 or VIE; V4or V5; V8 or VIE. 
4, V14 or V2: 1.6 or 4 10; /6.5 or V3.5. 
Arrange in order of magnitude : 
5. V3, V4, V7; 8 V2, 5 V5, 4V77G. 
6. 221, 3V49, 477; 83V4, 47719, 27/133. 
7. 3V2, 3V2, 2W4; 2V291, 378, 28. 
Show that the following are similar surds: 
8. 40, V90, VE; 1720, 4%, 5 V5. 
9. 772, 728, 83V&; 7162, 3732, 2599. 
10. V27, V192, V147, V4; aV/ mn, bW/805, / mg 


9 ap ay Vee ay ie G wit 
3 Se . ao q 
b oY 74 b2 mt b3 6 
a8, 3/ ae yaa ae gi2m 
( ’ 58 n? 36 n ee m- 


ft 
ps 


jot 
bo 


110. 
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Addition and Subtraction of Surds. 


Sfa 5) es 
/54 = eS, 
hy (38 Xx 2 bye 
- V6 = ~\/eg= 4 V3 


loo 

<< 

colbo | 
l| 





1 & 
i\/ex2= V2, 








Adding, 
V 54 — 4/63 + 34/3 — 4/18 = 3/2 — FAB + 4/2 —-$ 2 
: 3 
2 





2/27 a5x 
2 b 
(/e Ga 
—a 
fee 
: 


Adding, , 














8/27 aa 
Die «= 





472, = — 13 4/2. 


rds Pe (20) 2 eo 
=\/ Db XK (abe = BEV IO Pe ae 








ae aro hv ate 
fide x @ LI aye ea 
OO gO 
RETR =; V4e bx. 


a oF Po Yee DE pri — 50/4 de 4a2b2x 


= 54" 





/4 a2 bx. 4a*b?x. Hence, 


Reduce each surd to its simplest form. Prefix the sum-or differ- 
ence of the rational factors to the common surd factor of the similar 
surds. Connect dissimilar surds by their signs. 


Exercise 97. 


Simplify : 


Lae 


2. 2 


W745 —2/2043V5; 3 VR +2V a. 
Vi +3V5; 2VIG2—-4V48; 3044 V5 
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38. V34+ V14—2V 54; 5 VNB — 24/18 + 44/686. 
4, 8/147 -—IVi—V ah; V5 +2 V60—-3V/15 — 3V3. 
5. 8 7A + V.001—4V A; 8162 —7 V32 + 1250. 





6. Va +4 Vat— 3 V27a; V40—38 V3204 4/135. 
7. V50 a8 — 32 abe — (4b —38ac)V2abe. 


Oa) Da Ae 15) Saou) O11 OW 2) oa 2 Oo mS 
8. «2 f/m? ni a6 — mV m3 n2t at + nv Vm v8 222. 





9 /fZa0?+6ab64+3a+ V3a0?—64ab 4 8a. 


a+b (ae ssl ees 5 : 
a Vee a+od a2 — Ve — P. 


11. 8V2;+0.8V78— 7 964 1.5VF—11V1750 + 83. 
Pes 6/ im, ee ayaa gu 7° 
nv? ne B — 


111. Multiplication of Surds. 
BM/ 2x 1 4/6 = 21 4/4 C8 AD A/ 8. 
A 2 4/3 = -A/ Dt ROBt ay / 42s 


= De 4/7 Vay SRC IReIERCR Cr. 
$2 X 80/3 X V4 X V4 = EX EX § 4/2 X 3! X PX 
— A/ 23 = 4/2. In general, 





pt 
bo 








an/t X br/y= ax" X by =ab (ay)*=ab A/zy. 


a Aa xX b VY = ax" X by™=ab(umy\nr = ab"\/a™ y". Hence, 
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I. To Find the Product of two or more Monomials. Reduce 
the surds to the same order (if necessary). Prefix the product of the 
rational factors to the product of the surd factors. 





Multiplicand, 34/2—2 4/5 

Multiplier, 3.4/3+24/6 

3.4/2—24/5 multiplied by 34/3, 9 4/6—6 4/5? X 33 

3 4/2—2 4/5 multiplied by 24/6, 6 4/28 X 6?—4 4/30 
Sum of partial products, 9 4/6+ 6 1/288 — 64/675—44/30. 
Hence, 


Il. To Find the Product of two Polynomials. Proceed as in 
Art. 24. 


(34/2+24/8)(34/2-24/3) = (3 x 22)*-(2 x 32)” = 32 x 2-2? x 3 = 6. 
(ar/xtb»/y) (ar/z—br/y) = (a x?)? — (by?)? = a2a—b?y. Hence, 


Ill. The product of the sum and difference of two binomial 
quadratic surds is a rational expression. 


Exercise 98. 
Simplify : 


1. 273 x 3V3; 38V2 x £7162; £V10 x 40/124. 





2 4V4X38V2; 2V14x V21; 3VEX 6 VE. 
8. 84/3 X3V2; (5VB—5)xX2V3; V64x 2/2. 
4, (V24+ V8 +2V5)x V2; 4075 x 2745. 


5B. AWE x VIO; AVE X 3 V3; VOX V2. 
6. 3V2X WB; AVEXOVEX V2. 
18 
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20. 


21. 
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2V3xXV2xA4AVL; VR xv2; VI168 x W147. 


V—98XV9 XV 98; (302-3 6—V'848-V 20) x 8/2. 


_V5x V10; (Wn— Vm) x Vn; 4VE x 3 VB. 
_Vnn xX V8 nba x V2 020. 

Vminw®x Vn na, 2VaxVbx 3Vax Vd. 
Be x A, 2-3 vd0 v3 +3 VP. 

. 875 —4V72)(2V75 4372); (724 73) 

. 6 V3 —6 V2 + V5) (10 V3 + 12-72 — 2 5). 
(V3 + 73 4 VD) W/2 — 1/3); 24 x 6 83. 

. (2 + V3) (V2 — V3); (W738 4+ V4) (V3 — 7/4). 
» (V5 — V3) (V5 + V3); (W542 V3) (V5 — 2 V8). 


, 124+ 719 x Y12 —W/19; 4/16 x 8. 


V9+ViI7x V9— WIT; V3 x W2x Wi 


(703 + V2) (Va? — V8) ; V2 Xx V3. 
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22. V/10 + V68 x V/10 — V68; sax as: 
23. (6 V2+ 3Va— 82) (5 Vz — 3 Va — 222). 


Wax VEE, VERB x V4, (0/25) (78), 


112. To Rationalize Surd Denominators of Fractions. 


20 DEXA A/ So 0 A/ Gene 


5/3 5/3BX 4/3 SEs = jp X 1.782 + = 28+. 


2 Dens Be tg A ee = 29%, 








se ee eee re ee In general 
WANED GLE et VES 2 
om "a 
a aq xn A/ ae _ ar/e Cerne a He 














ba/am bA/a™ Xx R/am—m Xa 
I. If the Fraction be of the Form 





Multiply both 








terms by 4/2"—™, b Va” 
B+ 5 _ (34+4/5) X (B+ V5) 32+ 2 (3) (4/5) + (4/5)? 
3-1/5 (3- v5) x (Batia/5) 32 — (4/5)" 
ed UA 9 PSEC or, 


4/3435 (44/343 4/5) x (21/7 -3. 4/2) 
Q/STH+ 3/2 (24/7 +3 4/2) X (24/7 -3 2) 
_ 84/21 + 6 4/35 — 12/6 — 9 10° 
a 10 
a uli ax (/bFr/c) _ al/bFr/e) a/b Fae) 
VorVe (Vote) x (ore) (P(A be 
i eee et CUED _a(bF/c) _ albF a/c). 
bie (bve)xbEVe) Oe Fre 


In general, 








Hence, 
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II. If the Denominator is a Binomial Involving only 
Quadratic Surds. Multiply both terms of the fraction by the 
terms of the denominator with a different sign between them. 


Note. It is often useful to change a fraction which has a surd in its de- 
nominator to an equivalent one with a surd in its numerator. Thus, 


3 83x V5 385 


_ 


VB Vex V5. © 





= 2X 2.236-4= 1.3416+. 


Exercise 99. 
Rationalize the denominators of: 
1 21 2 2 V2 8 5 
V9. V8 OVS — V6 Lt V2 Ve ey 
8—5V2 2V5-— V2. 1 he ee 
PSV a 4/5 800s OV bey 8 








Va—Vy 38x— Vay Vat e+ Va % 
Vat Vy Vey—s8y Vata—-Va—a 





a— Vxer— 1, a 1 2a 


4. ime, eee ire Bae Be eee 
LL ~b V x zal 1 Va 4 /b J} oat 2 33 wT ae 20 





Given /2=1414, W73=1.732, 5 = 2.236; find 
the approximate values of : 
20 Lf Bee) 5 9 5 
/2 ; V/5° 2/675° /500 
ey? 1—/5 3 1 1 
Pe 3+4/5. Dv 3/3" Vb—V2 2473 — 
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113. Division of Surds. 
PAL Ghs 4/6 = 64/54 = 2X 3) = 2, 


aie 
ecm = (C-R ed y xe 8/5 
84/72 + 8 2= /P aye == 484/38. 


In general, aie > v4/y=5 (2) =o(/% 


y 
pe mew a(t \nn a Mig 
avez b¥y=5(5) SRN ge: Hence, 


I. If the Divisor is a Monomial. Reduce the surds to the 
same order (if necessary). Prefix the quotient of the rational factors 
to the quotient of the surd factors. 


Pee se? Ae ed Nig EVE ee 34/3 X(34/3—-24/2) 

BNA ae B4/3424/2 — (34/3+24/2)X(34/3-24/2) 

LEONA 
19 








Hence, in general, 


Il. If the Divisor is a Binomial Involving only Quadratic 
Surds. Express the quotient in the form of a fraction, and ration- 
alize its denominator. 


fat rfo—rc)at2fab+b—c(s/at fot rfc. 
Divisor multiplied by 4/a, a+ 4/ab— a/ac 





First remainder, /ab+b+/ac—e 

Divisor multiplied by 4/8, /ab+b—/be 

Second remainder, a/ ac + be —C¢ 
Divisor multiplied by 4/c, /ac+a/be—e 


Hence, in general, 


III. To Divide a Polynomial by a Polynomial. Proceed as 
in Art. 33. 
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Simplify : 

1. 21/384 +8798: 5/27 +3724; V12+ 724. 

2. —13 0/125 +5 65; 6/14 + 2/21. 

SA ee 3V48 684, 3 ee 

2/98 7/22” 5/112 394’ 

4, JAV22 +2 71d; V1I2-V2; V6+ V4. 

5. 207200 +472; 18 = V6; 40732 + V16. 

6. “ax ive oe (4/8? + 4/48) + 9/168. 

7. (15 105 — 36 1/100 + 3081) + 3/15. 

8. VW 0.064 + /10; aVabec+ WVab; Va ~ Va b. 
eae ah =4 oie 5 a 

9. none ae mae sV22ayi2. 

10. (aca® Vy—bey V2) + eVey; Vane Vee 

11. V4m7r2 = /2 men ; V2 mn? x Vm? nb ~ 4/m? ni 

12. Van x 0 ink Y/ Bmw. Fax, ae 

13, = my m/nz am Diag (w—1)+(V/e—1). 
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Exercise 100. 























ze nY y® ~ bn VY m2 n?’ 


RADICAL EXPRESSIONS. 279 
14. 7104976 +276; Q2— Vay) +(2V ry —y). 
15. (3V3 4+ 2V2) + (V3 + V2); 4Var+3 Vaz. 


2V15+8 , 8V3—6V5 8—4V5 , 3V5—7 
BOLE iik | Ree ie ta GRY ee ead 


LT. (VaB ob VaR e + 9/g?*) + (Va — Vay + Vy"), 





114 Involution and Evolution of Surds. 


whe ERE ARS oO Me Vitae: 
E ;| a Fe (5)' = 33 (5) = iV = av 
Chee. a 5 5% Pring —- 
4864 / 4a? = [35 x 2 a(2? a2)5]° — [35 x 25a*}! —3 x gaia Ba/ 2a. 


mp 


In general, (am /. bm)? = (am be ay = SOP eee af ome. 


my m 


é: 1 
Vam x/ be = (a oe Die (Ls Jnr, Hence, 


Express the surd factors with fractional exponents, and proceed as 
in Art. 104. 


EXAMPLE 1. 


ee aie Vite af 
nL CE Awe Seog: 
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916 ae 19 20 FS — 69 PBI — ‘a6 — Aq par[diyjnur rostarp eyeqduroo puoseg 








696 +49 9 F6— $729 GI — 


Pott 2 gD OL 





996 +2929 FB — 99 OL +29 PSI —y9 POT 








QP 8-2 Ft VNE= 


DF 
G2E— PTH gPG [996 +49 G1 FS— 49 OT F924? BI — 99? OI FPP 


616 —29 8+ g0P 
981 P 


‘IOSLATp oJoTduo0) puodssg 
‘IOSIA[p ]¥I1} puoddG 


‘JOPUIVIEL PU0IG 


‘9 Aq porpdypuut Jostatp ozopdutoo 4sarq 


‘IOSIAIP ojoTAutod 4saTq 
‘IOSIAIP [CLI] ISAT 


“‘JOPUIVUIAL 4SIL 


‘porenbs 4oor Jo W119} 4SITT 


"'BSQ00Ig 


0/ 91 + 29 50/3 — 2D 9OL + e@/V 6 + oeP/V BI — VF Jo Jood aaenbs 04} pug °S AIANVXG 
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Exercise 101. 


Find the values of the following : 

L. (V3; ade (Wi2)P; VV512;, (32) 

2. VV 256 ; Vas Va — y) , VW. 

3. (64)? ae 2. (1/4); ¥/32; *(W8)'. 

4. (22 Va; (27): W Be 3 (2 73 a); Va Va. 

a eames VAIL Cvel's 0a 7200! 

b Wonka (3 V/ 24. a 28): /43 a2; AY OT a8. 

ih Vin 8 Wn ; Wa — ey)"; WI; [4.7/4 ate)’. 
3/4 a 1 SO Ve =o gee go 3/-\—8 

8. V3 3) (Ava) » Vai WVa-8: (ava)? 


Dina \ 2 ye 
9. (3 Vine) : V/ an ® b-* V/A b° - (Vm n)? (m3 n2)* 


10 Weare: ne cae y, a 5 32 q-W gE 
. / v/ th ( mi nd 


1. V9-*a-*; [lw t y—\ Vay]; W128 17243 at 





Find the values of the following, and express the results 
in terms of positive exponents, by inspection : 


12. (War + PP; (VE4 VIP; (V2 4 V3)%. 
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nvn a AD - 
Vms = 
14. Wo — |, lava) = Vi )T, (2-1-1) 


n 


lets atl, (Cre) AG Bei 


2m al moi  4.4/484 8 
16. Her -—- >—— |. 
m N /m-3 


Find the square roots of : 





13. (73-1); (v2+ V4); 








1 


a: 








—2 . = a 
17. ae t ase 9VyP + ba l—se1Vy— 6 Vy. 


18) =o? th odes) Gs spss ened, 


90. 4/42" — 49/95" + 4 ie + ZA gt — AN Gam 47GB, 


Miscellaneous Exercise 102. 


Find the values of the following : 
its 4/9 a/ 38; V3 xX 7972 1 nee V jg V3. 
n. A */164 33/7 5Q 
2, ¥4/32 a® as V6 7nd" AT nb ve = 183) V128. 


Reduce the following to their simplest forms: 


2 3/5. a Sona Te mn 
ae 3; V3V35 sxgeeee ae Vie Gee 
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ee OE ec err ay 
4. a IV pe Caan N eed b Va b ‘ 


Reduce to equivalent surds of the same lowest order : 

5. V2, V3, V5; 4/9, V8, V5; 34/75, 3VEA. 

6. 2VI8, 3V16, 41/162, 5V128; Vat, VB, Val”. 
Change to similar surds: 

fe V 27, V 144. 4/54, 378; 4/72, 243. 

8. V0.2, V5; V5, W405 ; dA, Be, V 2. 


8 fy 8 he 9 6 bed bs 
9, 2 as W720, Lye zsel 516, 9/2.5. 


s] 








LOE A A Nenu Seay aa) 20,0 SCV alee Lom 
—— naps ida een Set de ) p8 pees 
11. 4/32, V/128; W640 8 VV/(8 a - 


3 


fii’ se Bee 5 ph re I =e 
DAP VODA Set Oe Wak O:-V OF, 








Arrange in order of magnitude: 
13. 3 V2, 4V49, 3V3; 57/8, 3-79, 3-19. 
14. 82, 23, a 278; V4, Wi. 


15. a3 VBaby, 2 5 — BED, (64)” oo 


Find the values of : 


16. 243 + 27 + v'48; 21/189 + 39/875 —7 V/56. 
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17. 4V5 x W11; 3500+ V5; V2Vn78 = VV 203. 
18. 572+ 3V78 —2V32; 3781 —4V192 + 1/648. 
19. 7/128 x V432; 4V5 x1 V2 x VW80 x V5. 

20. 764+ 5 7/32 — V/108; ee 
21. 29/128 + /60 — 9/225 — V2; AVI + (V2 43V2). 
DOV oe ee (W9—-2V2244V4)2 V9, 
23. (6V4 4+ V18) + V72; 18/20 —3 75 — V4. 
24, 124/60 + (2/240 + 7V3 iN Vins (a) 
25. (W716 —2V74 + 454) (564 + 83V A — 2 9/32). 











Rationalize the denominators of: 


VH— V8 (3+ V3)(3 + V5) (V5 — 2), 
V5 + V2? (5— 75) + V3) 


eS 


26. 








27 m+an— Vm + a2 12 ag" 2 
—m—ant Vm t+ an yn a BAF 








Simplify the following : 


28. vex. V/ (25) x (848; W/ (808d)? x W(2 ab3)2 


T+3V5  7-3V5 geri x V3 x 3 


Depes/5) 7488. ry 


30. (a + Va)’ + RVC y/a-n); V2" X Wa yp. 
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5 as uy ie 12 — B/E 
31. Va x Va-3 x Vat x Va X Vv ae x Va 


yee): (ACh 


§ b 
Be S ccrsse y 
aC Sar A aes 3 ae 
Va Vb Vb 


Been Wirt 
CL rgenag tet eed eT ane oe 
1t+., a 
3 Wars) iba age tO" 
Ve Vy iis y QA 8 1K 25 6 2\2 
Oo wpe Ver re SV Se AS eee 











WY Vx at? 
a _ 2 AV) a m2 
3/572, | Gein eee Mad gt 2 he 
3H AES ACES eae 5 (a aan) 
37. V/V ae + ab V a Vo — 4/772 
ab—B Vat? Wet+444 We 
pekes <I) out “e 
opp eae +(1 — 5 (Vet Vas. 
TAY eR 





30. (VORP VCR] x (/ Genta) LO na 


V5 x W383 
V2 


40, Express with a single radical sign. 


Queries. What sign is given to the nth power? To the nth 
root? Why? How change the order of a surd? InJ., Art. 112, 
why take m less than i? How rationalize a surd denominator? What 
powers of negative numbers are positive? What negative ? 


. . VA 
of a negative expression ; as, V— a; 
is an imaginary square root ; 
fourth root ; 


ae 
We SW be eed 
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Imaginary Expressions. 


115. An Imaginary Expression is an indicated even root 


etc. 


a/W—1 is an imaginary 


fat X (— 1) = oa? x o/—1l=ar/—l. 


Hence, 


1) 4/8 KX 4/1. 


Every imaginary square root can be expressed as the product of a 


rational or surd factor multiplied by /—1. 


on. 


to remove the factor A/a 
a direct application of Arts. 97, 114. 


The successive powers of 4/— 1 are found as follows: 


(1 = (1 = + 23; 


[y/-1}= 

[/-1F = [4 = 
eed ea) lees 
[/-1P=[C1)?]* = 
ya) [ea 
Leet hi) |= 
[v-1! =[C1f)= 
[v-1P=[C1#)= 
[v-1P =(C 1) = 

In general, 





[y=il = (1) = (-)§ = VOD 


according as n is an odd or even integer. 


(1) =- 

(-1)'= Ca) C1)'=- 7: 
(-1)'=41; 

(i= Ca) hag VAT; 


rae 
(—1)F=(-1'C1F=- yr 

(—1)°=+1; 

(-1)8= (1) 


—1)?=+4/—1; and so 


= + 4/—1 or £1, 
Hence, 


The successive powers of 4/— 1 form the repeating series : 


4A) le 


—/-1, +1. 


The methods for operating with imaginary expressions are the 
same as those for surds; but before applying the methods it is better 


All cases of multiplication can be made 


—— a i 
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Illustrations. 4/—8a?b3 = 4/8 0768 x (—1) = 4/8 a2b8 x 4/—1 

ar DAY 2 bi 9 2A/ 1 ; 
4/422 = 2 2 4/—1. 

/— 9a? +4/—49a2— 4/40? = 3a4/—14+74a4/-1—-2a4 
=10a4/—1—2a 
=2a(54/—1-—1). 

B47 — 3X 44/22 = (34/3 X 4/21) (44/2 x 4/21) 
= 3.4/3 X 44/2 X 4/-1 XK 4/1 
me be oie. (ME bale 
=— 12/6.» 
24/—3 X 5a/—2 X 34/— 6 
= 24/3 X 54/2 X 34/6 X V—1X A/-1X V1 
= 1804/3 X21 6 (= 12]? 
=— 180 4/-1. 
ee ere ee AAO XA OAL SOXEA, 
TAY eh BS EE WN 7D aaa 4x y/ 
LV Ete Lea eens 
me GE VEn) XU V/=) 
(44/-1) + (l-/-1) = =a v= near =a 
Weer ayia 
valle panes 





= 4/—1. 
ExaMPLE. Multiply 1 -24/—1 by 3+ 4/—1. 
Process. 1—24/-1 
3+ /-1 
1 —2,4/—1 multiplied by 3, Sea On/— 1 
1 —24/—1 multiplied by ,/— 1, 2+ a/—1 


Sum of the partial products, 5—54/-1 


288 ELEMENTS OF ALGEBRA. . 


Notes: 1. Imaginary expressions represent impossible operations ; yet it is 
a mistake to suppose that they are unreal, or that they have no importance. 


2. If the student employ the method of multiplying or dividing the expres- 
sions under the radicals (Arts. 111, 113), for all cases in multiplication and divi- 
sion, he cannot readily determine the sign of the product or dividend. Thus, 


V—aX V—a=V—aX —a=Vart=+a. 


3. Is the above product both +a or —a?- We are limited to the considera- 
tion of the product of two equal factors, and we know that the sign of each is 
negative ; also, that Va2 = +a. Hence, the sign of Va? will necessarily be 
the same as that of each of these factors. Therefore, it will be the same as was 
its root. Thus, 





V¥—3x V—3=-V9=—-83, 
VW-2x V—38=— V6. 


Exercise 103. 

Simplify : 
ea POR eG A) Oey = ae h/ 
2 n/= AO a2” 084 NV 990. Ag, X79, 
Find the values of: 
Bp A/ lan hl) e/a ee 
4, (—V—1)?; (-v—1)'; (-v=1); © v=1). 
Be a AG Ory 1 ey a / Opt 

elias ay 29 
en iat /—18; V—22 = V— 216 
V—3 V—33 W/—824 
7. V— 36 a8 + V— 9 a8 — V—(1—a)a®; —V/— a4. 


6. 2V/— 244+ 





8. /—(a—b)*+ V—(a2— 2. 0b + B%) +-—V/—16 af Ot—-1/ —4 a2, 
Multiply : 
9. V—8 by V—6; 83V—44 V—9 by 4-3. 


RADICAL EXPRESSIONS. 289 


10. 2V7—9 by 4VW—4; 14 V—1 by 14+ V1. 
(fe eb 4/2 28 4/28. 
12. 3—2V—4 by 5+3V—4; 44+V—5 by 4-V—5. 
fore tore eh ye 4/1 ee 4a hy 1-8 8 
14. 2V—3—6 vV—6 by V—34 V—6. 
Doe = by Vb a a Vy by ao — 4/218 
16. aV—a+bvV—bd by aV—a—b V— 5. 
Divide : 
17. /—9 by V—3; —VW—1 by —6 /— 3. 
18. /W—5 by V— 20; V—24—v—9 by V—3. 
19. 2V—4a@ by V—a@?; a+ V—a by vV— a. 
gre OrA/ oeibye tsk 2 byl + 4/1. 
1. VW 21 by V5; V— 81 by-V— 3. 
22.44 /—2 by 2— V—2; V—3 by 1— v1. 
Rationalize the denominators of : 

Gee eae Ve SBD By 


23. ———_—— 


3) BEL Ee ee ey, Ep ra eV MERIC ee Oy a bg 


ee a oe VV a ee 
SS ——— ed ae 
Dea seer atV—2 V—a+tV—2 

Queries. To what form can all imaginary monomials be reduced ? 
In multiplication and division why separate the imaginary expres- 


sions into their surd and imaginary factors? Is it necessary in all 


cases ? 





24. 





19 
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Quadratic Surds. 


116. I. A quadratic surd cannot equal the sum or differ- 
ence of a rational expression and a quadratic surd. 


Proof. If possible, let »/a = b + 4/c, in which 4/a and 4/c 
are dissimilar quadratic surds, and 6 a rational expression. 


Square both members, a = b?4+ 2b4/ce+c. 


—s is if b? 
Transpose, + 2b A/C (a a/c — a . 


That is, a surd equal to a rational expression, which is impossible. 
Therefore, 4/a cannot equal b + 1/c. 


Il. fat vVb=x4 Vy, in which a and x are rational 
and Vb and V/ y are quadratic surds, prove that a = x and 
bi 


Proof. Transposing, /b =(x—a)+~V/y. Now ifaand z were 
unequal, we would have a quadratic surd equal to the sum of a ra- 
tional expression and a quadratic surd, which, by I., is impossible. 
Hence,a=2. Therefore, 4/b = 4/y, or b= y. 


= V/x— vy. 
Proof. Square both members, a + /b=2+2 fx y + y. 
Therefore IL,a=a2+y (1) and /b=24/zry (2) 
Subtract (2) from (1), @—r/b=ax—2/zyt+y. 
Extract the square root, Va—/b= fa — Vy. 
Similarly it may be shown that if Va— a/b = \/ — AN 
then Va+/b = Ja + /y. 
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Square Root of a Quadratic Surd. 


117. To find the square root of a binomial surd a + V0. 


Process. Let Vat Vb=V/freVy (1) 
Then (IIL, Art. 116), Vax Vb = fa ¥ Vy (2) 
Multiply (1) and (2) together, 4/a? -b=2—y (3) 
Square (1), wot J/b=rxt2V/ayty. 
Therefore (II., Art. 116), =f y | (4) 
a+ Sa ae Be Ue 


Ada (3).and’ (4); a4 4/a750= 2%, (0 ¢= 


2 Vet 


Subtract (3) from (4), a—4/a?—-b=2y. «. y= 
Therefore, Va + 1/b = 4/ Ewa? fe ayes (i) 


Notes: 1. Evidently, unless a2 — 6 be a perfect square, the values of Vx 
and Vy will be complex surds ; and the expression Vz + Vy will not be as 


simple as V4 + Vb. 


2. Since, Va2ce + Vbc = Vela + Vb), also if a2 —b be a perfect square 
the square root of a + Vb may be eet in the form Vx + Vy, the square 


root of Va2c + Vbc is of the form ve (Vz + Vy). 


3. Frequently the square root of a binomial surd may be found by in- 
spection. Thus, 

Find two numbers whose sum is the rational term, and whose product is the 
square of half the radical term. Connect the square roots of these numbers by 
the sign of the radical term. 





EXxaMPLes: 1. Find the square root of 34 — 1/10. 


Process. Let Va -- /y = AA ee 70 /10 (1) 


Then (III., Art. 116), Ja+V/y=WV3k+4+ 4/10 (2) 
Multiply (1) and (2) together, nice) Mas / 42 — 10 —10=2 (3) 
Square (1), 2-2 /zy +9 = 3h A/ 10. 
Therefore (II., Art. 116), z+ Y = 35 (4) 
From (3) and (4), Car eeey =), 


Therefore, 4/34 — 4/10 /10 = /§— 1=34/10-1. 
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We may employ the general form (7). Thus (since a = 83 and 


a/b = + 12 4/35), 











2, V83 + 124/35 = 


\/s3 — 9/83? (19 4/35)". /83 4-43 83 — 43 
i Vil a erecta oe 5 Nb 


ys + 832 — (12 4/35)" 
2 











9 

= 1/63 + 4/20= 3/7 +25. 

3. V4/87 = 2.1/6 = VV38(3—24/2) = 13x V3 —-2 4/2, 
also V3 — 2 4/2 (in which a = 3 and 4/d = — 24/2) 


f \/2 PES (2.4/2) Say Se eee CEES —1. 














VV W286 = 3 (4/2 -1). 
{. Find by inspection the square root of 103 — 12 4/11. 


Solution. ‘The two numbers whose sum is 103 and whose 


12 4/11)\2 PRG 
product is (Evy , are 99 and 4. Hence, 4103 — 12 /11 
= 1/99 — /4=3 7/11 - 2. 


5. Similarly, V10 +2 AY DA a/3, because 7 and 3 are 
the only numbers whose sum is 10 and whose product is (1/21). 


Exercise 104. 
Find the square roots of: 
Poy — 24/10; 5 42 Ved — 24/2. 24 
9, 18—8¥V5; 114230; 13= 2/42. 
Belo 56; 47 = 4eya. 6 — 27/5: 10ce oe 
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4. 4-473; V32— W724; 3V5 + V40. 


V27 + V15; ty ie eae +23V m+n — 2. 


Or 


6. (me+m)yn—2mnVm; I-22 VW14 


—J 


(m+ n2?—4(m—n)Vmn; 34—-—2e V2. 


Find the fourth roots of: 
8. 97-56 V8; 875431; 564+ 2475. 


Duelo 22 4. (le 8 4/15)- 248 4. 3974/60: 


Simple Equations Containing Surds. 


118. Exampies: 1. Solve »/4a?—T7a+1=22-— 14 (1) 
Process. Square (1), 40?-74%+1=42?— 72+ 8. 


a —>Idp oe ritences 


To Solve an Equation containing a Single Surd. Arrange 
the terms so as to have the surd alone in one member, and then raise 
each member to the power indicated by the root index. 


Note. If the equation contains fo or more surds. two or more operations 
may be necessary in order to clear it of radicals. Thus, 


2. Solve 4/25 2 — 29 — 4/4x—11=3 4/2. 


Process. Transpose, A/ 25x29 = 3 f/x + 4/4x%—11 (1) 
Square (1), 252-29 = 92+64/(4a—11)r4+42—11. 
Transpose, etc., V (40 — LD) i= Die (2) 


mauare (2) ease =et ine a7 — 12 c+ Deon — 9. 
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Vx+2m  rA/a+4m i 
Vatn /e+3n ) 


Process. Clear (1) of fractions, transpose and unite, etc., 


- _ . 2 
(m—n)4/x=mn. Hence, 4/2 = se on (ee), 


3. Solve 














m—- Nn m—n 
ENG arse Vm =e 
4. Solv 
Es at a/m — & a 
Process. Rationalize the denominator, 
; ee 
Uo a/m soot aah (1) 
—_ 
From (1), a/m? — x2*=nx—m (2) 
Square (2), melo — yg nae a 
Transpose, etc., estate) pt aa 
be 2mn 
Divide by z,, x(1 + n?2)=2mn. = Ta 
Exercise 105. 
Solve 
[ee Ate Wear OSS iy / x2 — 2 2=2+4+ 2. 
eV e> oa += ee Vee ae 





V8 VA A/a V4 44/22 +32 = 242. 
4. Vmeta=Veatb;, Vaart V4—/3 4 = 2. 
Vo + 2=2V/72%—8- VW324+5=38 V224 1; 


OO 


he 


Gaye e 4 = 1/2 ode oy 2e 4 = V4 aso 


12. 


13. 


14. 
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V9 xe — 32 
Vet+34+vVrt+8—V4e04+21=0. 
Vvrt+5—-Yv2—5=y2v2. 

Mi evens 3 
VnttaVe +e =Ve+m; Va+Va-2= 7 
V44+2/72e—5 = V3; Ve VT 
Vi—-Vm 
V2e+14+38Ve_ , Vmr—n 3Vmae—2n 
V22+1—-3Va 7 Vmxctn 3Vmz+5n 


Vbrt+V5 Vat5 VbOat+2 4V60+6 





an 0 eA AG et AAO Ot 


n e/a SLD 
SERA m— «@ m2 — g2- 








Solve the following for 2 and y: 


15. @+4V34+y=15—a24+ yV5. 

16. ¢+yteVatyVb=1— Va. 

17. 2-54+(2y—3)V3 =5e— V12. 

18. x—-at+(y—3)Vatb=na+ Vab. 
19. a—Vaty=y—2—Vmtn. 

20. «Vm(Wm4+1)=n—m+yvVn(l— vn). 
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CHAPTER XX, 
LOGARITHMS. 


119. If a = m, then J is called the logarithm of m to the 
base a. Hence, 

A Logarithm is the exponent by which a certain num- 
ber, called the base, must be affected in order to produce a 
elven number. 


The logarithm of m to the base @ is written loggm. Thus, 
logam = 1 expresses the relation a’ = m; log,, 100 = 2 expresses the 
relation 102 = 100, ete. 

Since numbers are formed by combinations of tens, any number 
may be expressed, exactly or approximately, asa power of 10. Thus, 


2912 = 102 X 20 + 10? X 9+ 10+ 2; or 2912 = 10344.-.-; 
O00 =" TO* : Sete: 


120. Common System of Logarithms. This system has 
10 for its base, and is the enly one used for practical 
calculations. Thus, 


Since 10° = 1, log 1 =,03" since 10410, log: 1O-Sie 
since = 10?="100, log 100 = 2; since 108 = 1000, log 1000 = 3; 
since 10* = 10000, log 10000 = 4; and so on. 


Since 1071= 7, =.1, log.l. =—-1=9—10; 
since §=10-*= yoy = .01, log.01 =—2=8—10; 
since 10~8= 5,45 = .001, log .001 = —3 = 7 — 10; and so on. 


It is evident that the logarithm of all numbers greater than 1 is 
positive, and of all numbers between O and 1 is negative ; also, that 
the logarithm of any numbers between 
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1 and > 101s?) 0 a Traction; 
10 and 100is 1+ a fraction ; 
100 and 1000 is 2-4 a fraction ; 
1 and.l_  is—1-4 a fraction, or 9+ a fraction —10; 
1 and.0l is —2-+ a fraction, or 8+a fraction —10; 
.Ol and .001 is —3 +a fraction, or 7+ a fraction —10; and so on. 


It thus appears that the logarithm of a number consists 
of an integral part, called the characteristic, and a fractional 
part, called the mantissa. 

The mantissa is always made positive. 


Illustrations. It is known that log 5 = 0.69897; log 12 =1.07918; 
log 2912 = 3.46419; ete. These results mean that 109-6967 = 5; 
- 1107918 — 12+ 1083-46419 — 2919 ; ete. 


Notes: 1. The fractional part of a logarithm cannot be expressed exactly, 
but an approximate value may be found, true to as many decimal places as 
desired. Thus, the logarithm of 3 is found to be 0.477121, true to the sixth 
place. 

2. For brevity the expression ‘‘ logarithm of 3” is written log3. The 
expression “‘log z” is read “ logarithm of x.” 

3. Logarithms were invented by John Napier, Baron of Merchiston, Scot- 
land, and first published in 1614. 


4, There are only two systems of logarithms in general use: the Vatural, 
or Hyperbolic, system, and the Briggsian, or Common, system. The base sub- 
script of the former is é, and that of the latter is 10. 

5. The natural system, invented by John Speidell and published in 1619, is 
employed in the higher branches of analysis and in scientific investigations ; 
its base is 2.718281828-+ . 

6. The common system, more properly called the denary or decimal sys- 
tem, was invented by Henry Briggs, an English geometrician, and first pub- 
lished in 1617. The logarithm of its base, 10, is always 1. 

7. The logarithms invented by Napier are entirely different from those in- 
vented by Speidell, though they are closely connected with them. The natural 
system may be regarded as a modification of the original Napierian system. 


121. Since log 1 = 0, log 10 = 1, log 100 = 2, log 1000 = 3, etc., 
the characteristic of the logarithms of all numbers consisting of one 
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integral digit (that is, all numbers with one figure to the left of its 
decimal point) is 0; of all numbers consisting of two integral digits 
is 1; of all numbers consisting of three integral digits is 2; and so 
one = ence; 


I. The characteristic of the logarithm of an wntegral 
number, or of a mixed decimal, is one less than the number 
of integral places, 


Since log .1 = — 1, log .01 = — 2, log .001 = — 3, etc.; the charac- 
teristic of the logarithm of any decimal whose /irst significant figure 
occupies the jirst decimal place (that is, of any number between 0.1 
and 1) is —1; of any decimal whose jirst significant figure occupies 
the second decimal place (that is, of any number between 0.01 and 
0.1) is —2; of any decimal whose first significant figure occupies the 
third decimal place (that is, of any number between 0.001 and 0.01) 
iso, and so on. Hence, 


Il. The characteristic of the logarithm of a decimal 1s 
negative, and is numerically equal tu the number of the place 
occupied by the first significant figure of the decimal. 


The characteristic only is negative. Hence, in the case of decimals 
whose logarithms are negative, the logarithm is made to consist of a 
negative characteristic and a positive mantissa. ‘To indicate this, the 
minus sign is written over the characteristic, or else 10 is added to 
the characteristic and the subtraction of 10 from the logarithm is 
indicated. 

Thus, log .0012 = 3.0792, or 7.0792 —10; read “characteristic 
minus three, mantissa nought seven ninety-two,” or “characteristic 
seven minus ten, etc.” In reading the mantissa, for brevity, two inte- 
gers are read at a time. Thus, log 2 = 0.30103, is read “the loga- 
rithm of two equals characteristic zero, mantissa thirty ten three.” 

Illustrations. The characteristic of the logarithm of 9 is 0; 
of 32 is 1; of 433 is 2; of 39562 is 4; of 632.526 is 2; of .42 is —1; 
of .023622 is —2; of .0000325 is —5; ete. 
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122. Let mand n be any two numbers whose logarithms are x 
and yin the common system. Then 10%*=m and 10¥=n. Maultiply- 
ing the equations together, we have 10°+¥= mn. Hence (Art. 119), 
logmn=a2+y. Butzx=log mand y= log n. . Therefore, log mn 
=logm+logn. Similarly log mn p = log m + log n + log p; ete. 
Hence, f 

The logarithm of a product is found by adding together 
the logarithms of wts factors. 

Illustrations. Given log 2 = 0.3010, log 3 = 0.4771, log 5 
= 0.6990, log 7 = 0.8451. 

log 252 = log (2 KX 2 X 3 X 3 X 7) 
= log 2 + log 2 + log 3 + log 34+ log 7 
= 2 log 2+ 2 log 3+ log 7 
= 2 X 0.3010 + 2 X 0.4771 + 0.8451 
= 0.6020 + 0.9542 + 0.8451 
= 2.4013. 
log 300 = log (2 X 3 X 5 X 10) 
= log 2 + log 3 + log 5 + log 10 
= 0.3010 +0477 + 0.6990 +. 1 
= 2.4771. 


Exercise 106. 


Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451; find the values of the following : 


1. log 6; log 64; log 14; log 8; log 12; log 15; log 84. 
2. log 343; log 16; log 216; log 27; log 45; log 36. 
3. log 90; log 210; log 3600; log 1120; log 1680. 


123. If any number be multiplied or divided by any integral 
power of 10, since the sequence of the digits in the resulting number 
remains the same, the mantissee of their logarithms will be unaffected. 
Thus, since it is known that log 577.932 = 2.7619, 
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log 5779.32 = log (577.932 X 10) = log 577.932 + log 10 


eas 9.7619 tae A 
log 57793.2 = log (577.932 X 100) = log 577.932 + log 100 
; =. 99.7619 + 225 Gio 


log 57.7932 = log (877.932 X 0.1) = log 577.932 + log 0.1 
2.7619 + (— 1) = 1.7619. 
log 577.932 + log 0.01 
=) 2 87619 (— 2)i— Oe) 
log .577932 = log (577.932 X 0.001) = log 577.932 + log 0,001 
= 2.7619 + (— 3) = 1.7619. 


II 


log 5.77932 = log (577.932 X 0.01) 


Etc. Hence, 


The mantisse of the logarithms of numbers having the 
same sequence of digits are the same. 


Illustrations. If log 44.068 = 1.6441, log 4.4068 = 0.6441, 
log .44068 = 1.6441 or 9.6441 — 10, log .000044068 = 5.6441 or 
5.6441 — 10, log 440.68 = 2.6441, log 4406800 = 6.6441, etc. If 
log 2 = 0.3010, log .2 = 1.3010, log .02 = 2.3010, log 20 = 1.3010, 
etc. Hence, 


The mantissa depends only on the sequence of digits, and 
the characteristic on the position of the decimal point. 
Exercise 107. 


1. Write the characteristics of the logarithms of: 12753; 
13.2; 932; .053; .2; .37; .00578; .000000735; 1.23041. 


2. The mantissa of log 6732 is .8281, write the logarithms 
of: 63/32; 673.2; 67.32; .6732; 006732; 000006732. 


3. Name the number of digits in the integral part of the 
numbers whose logarithms are: 5.8010; 0.6990; 3.4771. 
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4. Name the place occupied by the first significant fig- 
ure in the numbers whose logarithms are: 4.8451; 0.7782. — 


Given log 2 = 0.3010, log 3 = 0.4771; log 5 = 0.6990, 
log 7 = 0.8451; find the logarithms of the following 
numbers : 


5. .18; 22.5; 1.05; 3.75; 10.5; 6.3; .0125; 420. 
6. 0056; .128; 14.4; 1.25; 12.5; .05; .0000315. 


P 


7. 3024; 54: .006; .0021; 3.5; .00035; 4.48. 


124. Let m be any number whose logarithm is x. Then 10%=m. 
Raising both members to the pth power, we have 10?*=m?. Hence 
(Art. 119), log. m? = px. But «= logm. Therefore, log mf? 
=p logm. Similarly log m?nz=p log m+ q log n, ete. Hence, 

The logarithm of any power of a number is found by 
multiplying the logarithm of the number by the exponent of 
the power. 

Illustrations. log 5!°= 10 log 5=10 X 0.6990 = 6.9900. 
log .0035 = 5 log .003 = 5 X 3.4771 = 13.3855. 
log 864 = log 25 X 33=5 log2+ 3log3 =5 X 0.301043 X 0.4771 

= 1.5050. 


Note. Ifthe number is a decimal and the exponent positive, the product of 
the characteristic and exponent will be negative, and since the mantissa is made 
positive, we must algebraically add whatever is carried from the mantissa. 


Thus, log .0005"° = 10 x 4.6990 = 40 + 6.9900 = 34 + 0.9900 = 34.9900. 


Exercise 108. 


Given log 2 = 0.3010, log 3 = 0.4771, lo 
log 7 = 0.8451; find the logarithms of: 


oo — 0.6990, 


oO 


Se ee So 64 She ees Lies (2.10), 
2. 343; .036; .000128;. (.0336); (061747; (3.84)®. 
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125. Let mand n be any two numbers whose logarithms are z 
and'y. *“Then 10? = mand 310? =n. <:. ies Sate 


log — =2xz—y=logm—logn. Similarly, log —— = log m + logn 


My Ny 


— (log m, + log n,). Etc. Hence, 
The logarithm of a quotrent is found by subtracting the 
logarithm of the divisor from the logarithm of the diwidend. 


= log 3 —log 2 = 0.4771 — 0.3010 = 0.1761. 
(0.6990) — 0.8451 = (1.6990 — 1) — 0.8451 
8539. 


Illustrations. log 3 
log 3 — log ie log 7 = 
SE) S000 tae 


or 


Note. To subtract a greater logarithm from a iess logarithm. Add to the 
characteristic of the minuend the least number which will make the minuend 
greater than the subtrahend ; also indicate the subtraction of the same number 
from the minuend so increased. Then proceed as before. Thus, 


log ee log 252 — log 300 = (2.4014) — 2.4771 = (3.4014—1) — 2.4771 = 1.9248, 
log aS = (3.6990) — 2.8451 = (1.6990 — 2) — 2.8451 = 0.8539 — 2 = 2.8539 or 
8.8539 — 10. 


Exercise 109. 


Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990 
log 7 = 0.8451; find the logarithms of : 


3 








; ly eigen ae a4 BOS gr UU met  eOUG 
Me enOD fp. eo fa cee renee 2 ma () L0le 
73 (03u ae LD 343 02 
1 aT bya See ee 
3? 0052 ; 5? 81’ 000027’ a 007 


126. Let m be any number of which the logarithm is x. Then 


x 
10*=m. ‘Taking the rth root of each member, we have 10” = 4/m. 





a x log a AS —— 
(Art. 119), log ¥/m = = . Similarly, log /mn 
OR e 2 Etc. Hence, 


r 
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The logarithm of any root of a number rs found by divid- 
ing the logarithm of the number by the index of the root. 











log x5 0.6990 ~ 
Illustrations. log 7/5 = ca 5 = 0.1398. 
log.0007 4.8451 3.845147. _ fe Ee 
log 4/.0007 = SSeee = cena ae = 0.549341 = 1.5493. 

Feed LD owew 010-3 x1. 20 (log 8 + log .5) 

6 z dD 
5 (0.4771 + 1.6990 

ob DE ce 0.14675. 


6 


Note. Ifa negative characteristic is not exactly divisible by the index of 
the root, subtract from the characteristic the least positive number which will 
make it so divisible. Indicate the addition of the characteristic so formed to 
the mantissa, and prefix the number subtracted from the characteristic to the 
mantissa. Then divide separately. Thus, 


5 7 990 13 Lee 
los V5 = ee ~ = 2 ae = 0.8495 + 1 = 1.8495 or 9.8495 —- 10. 


Exercise 110. 


Given log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, 
log 7 = 0.8451 ; find the logarithms of : 
1 V7: V3; V2: V5: WV IAB 5 Vv 123: /.96: WOT 
PEM TL VGA S 
er eae 
(ERP; 8x 8h; Vs aes Ss 
4 IO j= = P a/O 
WB ND NAD re 7 nen e v2 Ws 
ih a g—— ES 3 e— 
V18 x V2? W15- 084)? V5 /15 V15- 





es 











127. Table of Logarithms. The table (pages 304 and 305) 
gives the mantisse of the logarithms to four decimal places for all 
numbers from 1 to 1000 inclusive. The characteristic and decimal 
points are omitted, and must be supplied by inspection (Art. 121. 
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0128 | 0170 | 0212 | 0258 | 0294 | 03384 | 0874 
0492 | 0531 | 0569 § 0607 | 0645 | 0682 | 0719 | 0755 
0864 | 0899 | 0934 | 0969 | 1004 | 1058 | 1072 | 1106 
1206 | 1289 | 1271 | 1803 | 1685 | 1867 | 1899 | 1480 
1523 | 1558 | 1584 | 1614 | 1644 | 1678 | 1708 | 1752 


1818 | 1847 | 1875 | 1903 | 1981 | 1959 | 1987 | 2014 
2095 | 2122 | 2148 | 2175 | 2201 | 2227 | 2258 | 2279 
2355 | 2880 | 2405 | 2430 | 2455 | 2480 | 2504 | 2529 
2601 | 2625 | 2648 § 2672 | 2695 | 2718 | 2742 | 2765 
2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989 


3054 | 3075 | 8096 § 3118 | 3139 | 3160 | 3181 | 3201 
3263 | 3284 | 8304 | 3324 | 3345 | 3365 | 3385 | 3404 
8464 | 3483 | 8502 | 8522 | 3541 | 8560 | 3579 | 3598 
3655 | 8674 | 3692 § 8711 | 8729 | 8747 | 8766 | 3784 
3838 | 3856 | 3874 | 


8892 | 8909 | 3927 | 8945 | 3962 


4014 | 4031 | 4048 § 4065 | 4082 | 4099 | 4116 | 4188 
4183 | 4200 | 4216 | 4282 | 4249 | 4265 | 4281 | 4298 
4346 | 4862 | 4878 | 4893 | 4409 | 4425 | 4440 | 4456 
4502 | 4518 | 4583 | 4548 | 4564 | 4579 | 4504 | 4609 
4654 | 4669 | 4688 | 4698 | 4713 | 4728 | 4742 | 4757 


4800 | 4814 | 4829 
4942 | 4955 | 4969 
5079 | 5092 | 5105 

















































































1 4843 | 4857 | 4871 | 4886 | 4900 
4983 | 4997 | 5011 | 5024 | 5038 
5119 | 5132 | 5145 | 5159 | 5172 
5211 | 5224 | 5237 | 5250 | 5263 | 5276 | 5289 | 5802 
5340 | 5353 | 53866 | 5578 | 5391 | 5408 | 5416 | 5428 
5465 | 5478 | 5490 § 5502 | 5514 | 5527 | 5539 | 5551 
5587 | 5599 | 5611 | 5623 | 5635 | 5647 | 5658 | 5670 
5705 | 5717 | 5729 | 5740 | 5752 | 5763 | 5775 | 5786 
5821 | 5832 | 5843 | 5855 | 5866 | 5877 | 5888 | 5899 
5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010 
6042 | 6055 | 6064 | 


6075 | 6085 | 6096 | 6107 | 6117 
6149 | 6160 | 6170 | 6180 | 6191 | 6201) 6212 | 6222 
6255 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325 
6855 | 63865 | 6375 | 6885 | 6395 | 6405 | 6415 | 6425 
4 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6518 | 6522 


6551 | 6561 6590 | 6599 | 6609 | 6618 
6646 | 6656 6684 | 6693 | 6702 | 6712 
6739 | 6749 8776 | 6735 | 6794 | 6803 
6830 | 6839 6866 | 6875 | 6884 | 6893 
6920 | 6928 6955 | 6964 | 6972 | 6981 


7007 | 7016 7042 | 7050 | 7059 | 7067 
7093 | 7101 


7126 | 7135 | 7148 | 7152 
7177 | 7185 | 7210 | 7218 | 7226 | 7235 
7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 | 7316 
7340 | 7348 | 7356 | 7864 | 7372 | 7880 | 7388 | 739 



































































































7412 
7490 
7566 | 7574 
7642 | 7649 
7716 | 7723 


7789 | 7796 
7860 | 7868 
7931 | 7988 
8000 | 8007 
8069 | 8075 


7419 
7497 
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7427 
7505 | 
7582 

7657 
7731 


7803 
7875 
7945 
8014 
8082 


7455 
75138 
7589 
7664 
7738 












7810 
7882 
7952 
8021 
8089 

























8136 | 8142 
8202 | 8209 
8267 | 8274 
8331 | 83888 
8395 | 8401 


8457 | 8463 
8519 | 8525 
8579 | 8585 
8639 | 8645 
8698 | 8704 


8756 | 8762 
8820 


8814 

8871 | 8876 
8927 | 8982 
8982 | 8987 
9036 | 9042 
9090 | 9096 
91438 | 9149 
9196 | 9201 
9248 | 9253 


9299 | 9304 
9355 


9350 
9400 | 9405 
9455 


9450 
9504 

















9499. 
9552 


9547 
9595 | 96C0 
9647 


9645 
9689 | 9694 
9741 














8149 
8215 
8280 
8544 
8407 


8156 
8222 
8287 
8351 
8414 
























8470 
8531 
8591 
8651 
8710 


8476 
8537 
8597 
8657 
8716 














8768 
8825 
8882 
8938 
8998 


8774 
8851 
8837 
8943 
8998 


























9047 
9101 
9154 
9206 
9258 


9055 
9106 
9159 
9212 
9263 

























9309 | 9515 








9560 
9410 
9460 
9509 


93865 
9415 
9465 
9518 













9562 
9609 
9657 
9703 
9750 


9557 
9605 
9652 
9699 
9745 
















9736 

9782 | 9786 
9827 | 9832 
9872 | 9877 
9917 | 9921 
| 9961 | 9965 














9791 
9856 
9881 
9926 


9795 
9841 
9886 
9930 















9969 | 9974 








20 





























9952 | 
9996 
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Explanation of Table. The left-hand column, headed N, is a 
column of numbers. The figures O, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
opposite N at the top of the table, are the right-hand figures of num- 
bers whose left-hand figures are given in the coluinn headed N. The 
figures in the column which they head are the corresponding man- 
tissze of the logarithms of the numbers. 


128. To Find the Logarithm of a Number. 


I. Consisting of one Figure. ‘The mantisse of the logarithms 
of single digits, 1, 2, 3, 4, etc., are seen opposite 10, 20, 30, 40, ete., 
and in the column headed O. To the mantissa prefix the character- 
istic and insert the decimal point. Thus, 


log 6 = 0.7782. log .6 = 1.7782. log 8 = 0.9031. 


Similarly, since the mantissa of log .009 is the same as the man- 
tissa of log 9, log .009 = 3.9542. 


II. Consisting of two Figures. In the column headed N look 
for the figures. In the line with the figures, and in the column 
headed O, is seen the mantissa. Then proceed as before. Thus, 


log 18 = 1.1139. log 2.5 = 0.3979. log .92 = 1.9638. 
Similarly, log .00092 = 4.9638. 


III. Consisting of three Figures. In the column headed N, 
look for the first two figures, and at the top of the table for the third 
figure. In the line with the first two figures, and in the column 
headed by the third figure, is seen the mantissa. Then proceed as 
before. Thus, 

log 313 = 2.4955. log 17.9 = 1.2529. log .279 = 1.4456. 


Similarly, log .000718 = 4.8561. 


IV. Consisting of more than three Figures. Take the man- 
tissa of the logarithm of the first three figures as given in the table. 
Prefix a decimal point to the remaining figures of the number, and 
multiply the result by the tabular * difference. Add the product to 





* The Tabular difference is the difference between the two successive man- 
tissze between which the required, or given, mantissa lies. 
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the mantissa thus taken. Prefix the characteristic and insert the 
decimal point as before. Thus, 


1. Find the logarithm of 80.672. 


The tabular mantissa of the logarithm of 806 is ~ 9063 
The tabular mantissa of the logarithm of 807 is 9069 
Therefore, the tabular difference = 6 


The number 80672 being between 80600 and 80700, the mantissa 
of its logarithm must be between 9063 and 9069. An increase of 100 
in 80600 causes an increase of 6 in the mantissa of the logarithm of 
80600. Therefore, an increase of 72 in 80600 will produce an increase 
of ;12, of 6 (or .72 X 6), or 4.32, in the mantissa of the logarithm of 
80600. Hence, the tabular mantissa of log 80672 must be 9063 + 4, 
or 9067. Prefixing the characteristic and inserting the decimal point, 


we have 
log 80.672 = 1.9067. 


Similarly, since the mantissa of log .0005102 is the same as the 
mantissa of log 5102, 


2 To find the logarithm of .0005102. 


The tabular mantissa of log 510 is 7076 
The tabular mantissa of log 511 is 7084 
.*. the tabular difference = 8 


Hence, the tabular mantissa of log 5102 must be 7076 + .2 X 8, or 
7078. a 
*. log .0005102 = 4.7078. 


Exercise 111. 


Find by means of the table the logarithms of the 
following : 


1. 70; 102; 201: 999; .712; 3.6; .00789; 3.21. 
2. 0031; .0983; .00003; 10.08; 29461; 3015.6. 


3, 32678; /337; /.0086672; 493; (.098 x 85)8, 
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129. To Find a Number when its Logarithm is Given. 


I. If. the Given Mantissa is Found in the Table. The first 
two figures of the required number will be seen on the same line 
with the mantissa and in the column headed N, the third figure will 
be seen at the head of the column in which the mantissa is found. 
Finally insert the decimal point as the characteristic directs. Thus, 


1. Find the number whose logarithm is 1.9232. 

Look for 9232 in the table. It is found on the line with 88 and 
in the column headed 8. Therefore, write 838 and insert the deci- 
mal point. Hence, the number required is .888. 


II. If the Given Mantissa cannot be Found in the Table. 
Find the next less mantissa, and the corresponding number ; also find 
the tabular difference. Annex the quotient of the difference between 
the given mantissa and the next less mantissa divided by the tabular 
difference, to the corresponding number; then proceed as before. 
Thus, 

2. Find the number whose logarithm is 2.7439. 

The next less mantissa is 7435, corresponding to 554. 

The next greater mantissa is 7443, corresponding to 555. 

... the tabular difference = 8. 

The difference between the given mantissa and the next less man- 
tissa is 4. Since the given mantissa lies between 7435 and 7443, the 
corresponding number must lie between 554 and 555. An increase of 
8 in the mantissa causes an increase of 1 in 554. Therefore, an in- 
crease of 4 in the mantissa will produce an increase of 4, or .5, in 554. 
Hence, the mantissa 7439 must correspond to the number 554+ .5, or 
554.5. Therefore (II, Art. 121), write 05545 and prefix the decimal 
point. Hence, the number required is .05545. 


3. Find the number whose logarithm is 3.1658. 

The next less mantissa is 1644, corresponding to 146. 

The next greater mantissa is 1673, corresponding to 147, 

.*. the tabular difference = 29. 

The difference between the given mantissa and the next less man- 
tissa is 14. Annex 44, or .48 nearly, to the number 146, and insert 
the decimal point as the characteristic directs. Hence, the number 
required is 1464.8, 
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Exercise 112. 


Find the numbers whose logarithms are: — 

1. 3.4683; 2.4609; 4.8055; 0.4984; 0.1959. 
2. 3.6580; 2.4906; 4.5203; 2.5228; 0.6595. 
3. 0.8800%. 1:7038; 5.8017; 3.1144;. 5.7319. 


130. An Exponential Equation is one in which the expo- 


nent is the unknown number; as,m” =n, m” =n. Such 
equations usually require logarithms for their solutions. 


EXAMPLE 1. Solve the equation 21% = 1.5. 


Process. Take the logarithm of each member, xz log 21 = log 1.5. 
By means of the table, 1.3222 = .1761. 


Ha eae, 
Therefore, « = 13229 = °1832, nearly. 


EXAMPLE 2, Find the value of 3.208 & .0362 * .15734. 


Process. log (3.208 X .0362 X .15734) = log 3.208 + log .0362 
+ log .15734. 
log 3.208 = 0.5062 
log .0362 = 2.5587 
log .15734 = 1.1969 
2.2618 = log .01827. 
Therefore, 3.208 X .0362 X .15734 = .01827. 





EXAMPLE 3. Find the fifth root of .05678. 
Process, log .05678 = 2.7542. 
5) 2.7542 = 5) 3.7542 + 5 
.7508 + 1 = 1.7508 = log .5634, nearly. 
Therefore, / .05678 = .5634, nearly. 
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ExampLe 4. Find the value of logy 144. 


Solution. To find log, 1; 144, is the same as solving (Art. 119) 
(273)! = 144, for J, squaring each side, ete., 1 = 4. 
Therefore, log, yz 144 = 4. 


Exercise 113. 


Find by logarithms the values of the following : 
1048 
37.25 ” 
V7 (0265) x ¥/.0009163_ 
28538 
212.6 x 30.2 7435 W348 
843 x 3.62 x .05032’ 38731 x .3962’ 4/799 


1. 360 X .0827; 117.57 x .0404 ; (31.89)? 


2. /951; 380.57 x .000967; 





© 


Sea ee yar 
ane IE seo 
4. V9BTS SV 2LOE 72132 x .038209; 4/.000313. 


W/ 385.67 


V1I2 5/2, 3/4 
5. (61173)8; (isseayt’ aT" ; V3 x V.001; = iG. 


Solve the following equations : 

6. 20°= 100; 2*=769; 10°=44; (8)? = 174. 
7. 10? = 2.45; 5o-8 = get2. 4/3 58-8. K/geat 
Bede OO" = Des ae ee er eee 
9. (3) = 10; m*=n; m*t?=n; m* xX Ph =n. 


Tiger? = 6%, 3° 3 Ota tnes 7 Deg ee 


(fs 
oie 
Ldap Ra 08” = m5, 038? n2% eal); nm?! = (m")* —— = (me 
PR: 


LOGARITHMS. 311 
Find the number of digits in the values of : 
B20 3 Ze eee Tb -(4375)8; (396000), 


Find the number of ciphers between the decimal point 
and the first significant figure in the values of: 





13. (.2)#; (5); (.05)§; (.0336)%; ~/8100. 

14. Given log x = 2.30103, find log 2’. 

Find the matte of : 

To- log,-4; log, 8; log, 32; log, 128; log, 1024. 
16. log, $; log, $; log, gy; log, gy; log, V16. 
125; log, 625; log, 15625; log, 4. 
18. log_, 1296; log ¢—stg; loge st5; logeys 512. 


19. logsys 125; logs, 49; log, 128; log sys 4 


Palit 
| 


20. logsya 4g 3 loge Bz; logy 4; log, a; log, 


21. If 8 is the base, of what number is 2 the logarithm ? 
Of what $2? Of what 1? Of what 2? Of what3? Of 
what 12? Of what 24? Of what 32? Of what 4) n ? 


22. In the systems whose bases are 10, 8, and 4, of what 
numbers is — 5 the logarithm ? 


Find the bases of the systems in which : 


Zo. 10g Slee log) 81. =: -— 45 alo 
0 


0 
log 350 = — 4; log 402 = + 2; log 1024" = + 5n. 


JQ 
| 
S| 
ol 
S| 
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CHAPTER XXI. 


QUADRATIC EQUATIONS. 


131. A Quadratic Equation is an equation in which the 
square is the highest power of the unknown number. 

A Pure Quadratic Equation is an equation which contains 
only the square of the unknown number; as, 5 2? = 17. 

An Affected Quadratic Equation is an equation which 
contains both the square and the first power of the un- 
known number; as, 5 a2 —22= 10. 


e245 ie a yg 
BSP oe RR OE 
x ies ser eM: 





EXAMPLE. Solve 


Process. Clearing of fractions, 12 7+ 60—9a?=42?4 51. 
Transposing and uniting, co, 


Therefore, extracting the square root,* x=+3. Hence, 


To Solve a Pure Quadratic Equation. Find the value of the 
square of the unknown number by the method for solving a simple 
equation, and then extract the square root of both members. 


Note. * In extracting the square root of both members of the equation 
x2 = 9, we ought to prefix the double sign (+) to the square root of each mem- 
ber; but there are no new results by it, and it is sufficient to write the double 
sign before one member only. Thus, if we write + «= +3, we have +2 
=+3, +¢2%=——3, -—x« = +3, and —2% = — 3; but the last two become 
identical to the first two on changing the signs of both members. So that in 
either case, x= 3, and «= — 3. 
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Exercise 114. 


Solve the following equations : 


5 


313 


16 a + 9 
2) SS 


3. x(a —10) = (62 —2) 10; (50+)? = 756) + 5a. 


Boe gett ete cs oe ag 











a8 9 5 at — 7 o 
8 8 
ps. oS = 25: 2 — 2— 2). 
Bair a blG erp ae 9a lO. (Ae) 


Ta4+ 8 eee ea! iat te 
PAR nes athe aia Et 





ee ae, 
5 


W« $(20 —5P S94 — 242, -32°—4= 





m 1 


5 Sa Ot me Hae + me. 
e—-n x—m 


ai Gx—§P=§— 15a, 


9. 2+me—n=ma(l—ma); 24+4227=a(1—2”). 


10. 2—netm=ne(e—1); eV64+H2=14 x% 


mMmn—-xL2 n—-ax —— 5 
= = 
n—-Mezr an —zZ2 / x2 — 3 








| 1 1 
pase = 








a (pes: | cya 


x 


v3 


we 
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132. Examptel. Solve 22—2ax+4abd= 2bz. 


Solution. Transposing, we have z22—2ax+4ab—2bz= 0, 
Arrange in binomial terms and factor, and we have (a — 2a) (c— 20) 
= 0. A product cannot be zero unless one of the factors is zero. 
Hence, the equation is satisfied if x —2a=0, orz—2b=0; that 
Seed Eee hy 1GT M1 ee to 

EXAMPLE 2. Solve 422+ 22% + 205 = 422 4+ 2. 


Process. Clear of fractions, transpose, and unite, 
DiC ek oem 
Factor, (82+ 19) (@ —7) =. 
Therefore, 34+19=0, andz—7=0. x=—6}, and z=7. 
Hence, 


To Solve a Quadratic Equation by Factoring. Simplify the 
equation, with all its terms in the first member ; then place the fac- 
tors of the first member separately equal to zero, and solve the simple 
equations thus formed. 


Exercise 115. 
Solve the following equations : 
1. ve? — 102 = 24; ot 2a 80: 22-182 432 — 0: 
2, 2+10 =138(@4+ 6); 2#+42-—50=2—-—52, 
3. 427+138¢44+3=0; 327 +1=—-—1le—2?4+4. 
peer = 11342; 5a? 4+ Be —4—8 oe — 9 
dD. l—3e—a = 2e8+2—-3; P—Qart+ 82=— 164, 


62 Po =— 58 +7 3. P—2e4 2 = 0, 


e+3 2¢-3 3-2 


. lle—11li= : 
7 sf eee xr+2 x—l Y— 2 
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"8. (2—2) (4944+ 20) =0; 228+ 322?-22—3=0. 


VANE pies WAS $b a a) a 
ies mM eg Ot 3G = Darel 


10. mga?—mnazt+ pqa—np=0; +5 = Vet54+6. 
11. (a—b)2#—(at+ d)a#@+2b=0; @= 214 V2?—9. 


133. An affected quadratic equation can always be solved by the 
method of completing the square. ‘This method consists in adding to 
both members such an expression as will make the member, with all 
the terms containing the unknown number, a perfect square. The 
explanation of this method depends upon the principle that a trino- 
mial is a perfect square when one of its terms is plus or minus twice 
the product of the square roots of the other two. This process 
enables us to extract the square root of the member containing the 
unknown number, and thus form two simple equations which may 
be solved separately. 


2z—11 
EXAMPLE. Solve 4(8 — 2) — Se Aaa 4 (x — 2). 


Process. Clear of fractions, transpose, and unite, 
—A4 Zs +26” = 12. 


Divide by — 4, <i 2 — 3. 

Add * (48)? to both members, x? — 43 x + Me 8)? = - 3+(48)? = 13h. 
Extract the square root, g-ig=+4). 

Therefore, z—12 = 4), anda—i8=—1). x=6, and «=f. 


Every affected quadratic equation may be reduced to the 
“general form 
me+tneota=0; 


where m, n, and a represent any numbers whatever, positive or 
negative, integral or pecoual. mans both members by m for 


convenience, representing “ by 6 and — — by c, and transposing, we 
have 
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gt ea = — Db. 
*fo\2 c\2 c\2 
Add (5) to both members, 27+ ¢ a+ (5) ==6+ (5) ; 
Cx 
Or, 24 on+ (5) = $+ (c?— 45). 
c bes 
Extract the square root, e+5=+h a/c2— 4b. 


C = aoee c —— 
Therefore, x + 5= 4 4/c?—4b, and &+ 3=- 44/c2?—4b. From 


Se C ee 
which 2 = ~5t4Ver— 4B, and «= —5—$4/c?~4b. These 


—¢4/c?—46 


values may be written in the form # =~ 





Common Method of Solving Quadratics. Reduce the equa- 
tion to the form x2 +cx=—b. Complete the square of 
the first member by adding to each member of the equation 
the square of half the coefficient of x. Extract the square 
root of both members, and solve the resulting simple 
equations. 


Notes: 1. * Always indicate the square of the expression to be added, in the 
first member. 


2. Since the squared terms of the square of a binomial are always positive, 
the coefficient of z? must be made + 1, if necessary, before completing the 
square. This may be done by multiplying or dividing both members by — 1. 


3. The foregoing method is called the Italian Method, having been used 
by Italian mathematicians, who first introduced a knowledge of algebra into 
Europe. 


134. It is often convenient to complete the square without first 
reducing the simplified equation to the form in which the coefficient 
of z2is 1. Thus, 


3x—7 47—= 10 
z+5 





EXAMPLE 1. Solve = ue 
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Process. Clear of fractions, 
62? 142+ 302 —70 + 82? —20%=722+4 352. 











Transpose and unite, ee OO gn) 
Multiply by 7 x 4, 196 xz? — 1092 xz = 1960. 
Add (39)2, 196 22 — 1092 x + (39)? = 1960 + 1521 = 3481. 
Extract the square root, 14% 139 = +159. 
Therefore, 142 = 39+ 59, and 14a =39—59. x=7, and x=—4,9. 
Verify by putting these numbers for x in the original equation. 
PTOCGSSan sf =]. x=—A)Q, 
7 Vice eR A i et: — 40 = he Bn 
cla BN Cat do a 
2+3=4, art Et 
7; ys 
bear 19 22— 7 
eh LO ore eas 
$= 


When a quadratic equation appears in the general form 
maz?+nz+a=0, 


the terms containing z may be made a complete square, without first 
dividing the equation by the coefficient of 2%. Thus, 

Transpose a, mar+nz=—a 

Multiply the equation by 4m and add the square of n, 

Ama? -amne +n =n? —4am. 

Extract the square root, 2mxex+n=+ 4/n?— 4am. 

Transpose n, 2mr——n+ 4/7? —A4am 
—n+t/n?—-4am 

2m ; 





Therefore, x = Hence, 


Hindoo Method of Solving Quadratics. Meduce the equa- 
tion to the form mx? ++nx=—a. Multiply tt by four 
times the coefficient of x*, and complete the square by adding 
to each member the square of the cocfficient of x in the given 
equation. Haxtract the square root of both members, and 
solve the resulting simple equations. 
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If the coefficient of x in the given equation is an even number, the 
square may be completed as follows : 


Multiply the equation by the coefficient of x’, and add to each mem- 
ber the square of half the coefficient of x in the given equation. 


& 9 Agel 8x Has 
XAMPLE Zz. Ove Lo- 3a - 


Process. Free from fractions, 
(32) (82) — 20@+ 2) =6 (2) + 2). 








Simphify, 6.22 — 56x = 40. 
Multiply by 6, 36 x2 — 336 « = 240. 
Add (58)?, 36 a? — 336 @ + (28)% = 1024. 
Extract the square root,* 62 — 28 = + 32. 
Transpose, 62 = 28 + 32, or 28 — 32. 
Therefore, gee LO) 20r =. 4 
Verify by substituting 10 for x in the original equation. 
Process Svreee PaaS = 
} LO 42 eS Oe Oy 
4p—4=6, 
op. 
Verify by substituting — 3 for x in the original equation. 
Eid 
Process. pene te oo = 
—48 20 _ 
rie Sica eee 
— 4-10 6, 
6 


Notes: 1. * We ought to write the double sign before the root of both 
members. Thus, 6% — 28 = +32, the reason for not doing so is the same as 
given in Art. 131, Note. 

2. The Hindoo, or Indian Method, is supposed to have been discovered by 
Aryabhalta, a celebrated Hindoo mathematician, and one of the first inventors 
of algebra. It is not only more general in form, but much better adapted to 
the solution of equations in which the coefficient of the square of the unknown 
number is not 1. 


3. This method has an advantage over the common method in avoiding 
fractions in completing the square, and is often preferred in solving literal 
equations. 
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135. In case the coefficient of the square of the unknown, in 


the simplified equation, is a square newmber the square may be 
completed as follows : 


EXAMPLE 1, Solve 72% —54= (20 — 2) (424 3). 


Process. Simplify, eon, a bel dg 
Ste DN 
Add (aa) » OF @ ,40°—52e+4+(4)?= 1849, 
Extract the root, Qe2—-$8—448 
‘Transpose, 2x2=5+4 48, or § — 48. 
Therefore, x = 6, or — 48 


The coefficient of x? may always be made a square 
number by multiplication or division. Hence, 


General Method of Solving Quadratics. Add to cach 
member the square of the quotient obtained from dividing 
the second term by twice the square root of the first term. 
Then proceed as before. : 





EXAMPLE 2. Solve -F 


ee ae 
EE ee 2 
Process. Free from fractions, 

Bite a yore (44 ie 9) = Bb (ir aa 
Simplify, eo So ae ge 
Divide by — 3, 92? + 482 = — 8, 


Aaa ( sake ii (8)2, «9. a2 + 482 + (8)? = 56 
C a 100d ; x x = : 
24/9 2? 


Extract the root, 32+ 8=4294/14, 
: ~ —8424/14 
Transpose, a2 =—8t 24/14, .°. eee . 


Note. The Common and Hindoo Methods of completing the square are 
modifications of the General Method. 
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Exercise 116. 


Solve the following : 


1 


2. 


12. 


13. 


934 = 120+ 473-42 p= 132, 12 see 


92a+23—-2=0; @-—22=32; P+ 3a=4. 


. £+22-—6277=0; Dogan ole i Ao. 
. 884+121 = 442; Wa=4—e; Jl e—2e=4 
~ e+ 2227+5=0; 927-143 —6r=0. 

, 18 a= 27 2926 0 0 oe 2 
19% =15—-8%; 24+ Ae=t; P-—fe—5=0. 
bet 4¢7=55; (fle +s) = 477 —22. 


. 2@—3)=3 (e+ 2)@—3); 3a°4212¢41=0. 


1 Lp AROS Carlow Laem tcres alley 








Sia 8—e 357 5 z o 


ee 4e+7 ta 4 ee 2 











9 a+3 19 .? ##—4 2-3 3 
sh cae 1 4. Sos 
peers, «9 — 2 7?) eee > 18 
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5 4 3 4 5 3 
A ee, 
x— 2 x a+b’ @«-—l xr+2 2X 
m+3-1%+508 82 2n—5 
ee eee S Gases ee eee OD) 
15. & + a= 5 (a — 5)’ Spiel eat a aenian pee 
16 Dee ce pe Ae eee one Pl arg 
yA Op ee A ey ee pie 
1223 —11l22+102—78 ; i 
Lys ees, Rear: = 1h 47 —3. 
r B2+5 3a—5 135 7 ‘ Dl eeate 22 
—3¢—5 325° 1762 2t4e * 322=8a 5 2 


“Gy Sind SSI Irae a a LZ+3 
ee eee mere leer 02. a Boe 2 eS 











136. Literal Quadratic Equations. 


mn 


ees Se = 2 
+m x 1 Ts 
mtn 


EXAMPLE 1. Solve mz?4+ nx= 


mn 
Process. Transpose and factor, (m+ n)a?— (m —n) x= Waa: 





Multiply the equation by 4(m-+n) and add the square of (m—n), 
4 (m+n)? x2 — 4 (m?— n?) x + (m—n)? = (mm + nn)? 
Extract the square root, 2(m+n)x—(m—n) = + (m+n). 





Transpose, PMC Pee aD are a a TOT he aD) 
= 2m, or —2n. 
m n 
Therefore, ee Ol 





DO ira 





2 eee “4d ee ahi 1 
EXAMPLE 2. Solve a =5( ‘) — 
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Process. Free from fractions, 
aa(20 +1) —(a— 26) = ba (ax 1): 
Simplify and transpose, 
DASA 3 Ut OL a — 20: 
Express the first member in two terms, 
(2a— 3b) 27 (a4 —b) 7 =a —25. 
Multiply by 4 (24 — 35), 
4(2a—36)?x7+4 (2a—3b) (a—b) x = 8 a? — 28a) 4+ 24 b2. 
Complete the square, 
4(2a—3b)?x?+ 4(2a—3b)(a—b)x+(a—b)? = 9a? — 30ab + 25 D2. 
Extract the square root, 
2(2a— 3b) 2a — by — = (3.0 — 9p). 


Transpose, 2 (20 — 3b) 4 ——(a— bj) (3a on) 
3 = 2a—4), or —2(2a—30. 
a—2b 
Therefore, a 5 or —1. 
mn Ade leer leer et 
XAMPLE 3. OLVOn Ua pig eee AE 
ped 1 1 


Process. ‘Transpose, Sig icabairiah Sa meee 


Reduce each member to a common denominator, 
cdemtbcling dite: sp 
C7i- (ab) (0-7) 

Free from fractions, (a —z)(a+b)(b+2) = ax (a%— a). 
Transpose and factor, 

(a— 2) [(a +b) (b+2) +42] =0. 
Hence (Art. 11), Grey ee 
Also, (a +b) © Fa) 4 az = 0. 
Simplify and factor, 


b (at Bh Goo 33 


ape 





Note. Always express the first member of the simplified equation in two 
terms, the first term involving x2, the second involving 2. 
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Exercise 117. 


Solve the following equations : 


b 
—(a+b)x+ab=0; mig + = — m= 











3. (a—b) 2—(a+ b|)a+2b=0; Bart abe=2h 


4 eer 2.0" ry AUIS I Ob atm. 
ea) aceths ce" Sua ke Pep ariss 45) 





5. mget—mnat+ pqra—np=0; @+22Vn=n. 
6.20777 — 202 a — 105 a ala — bd) = 20. 
7. @tmeterntniat maz= 0. 


8. 4a%#2= (at — b+ a?; Be@a—art=lPwt ay 


9, Eaeole +$-Z)=0 


2 
z*—4dabsz a mM 
10. ———_.— = (a —b); a ee te 2, 


(a + bP 


(a? — 0?) (7?-+1) 


he 


= 2a; 9athtz? — 6 a®b?z = 64. 


Tenge FO 1 1 1 eer 
z—-b° nax—a’ ee oe : 


12. 
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a— x fs td 1) ae ae ee 
ES x Rp Sia feet Areal = 


2 2 
14. (e +5) ae e (ae —*) St I tik 
% a 


137. Solution by a Formula. From the quadratic equa- 
tion met+nxe=—a, 


i 


—ntwvVn?—4am 
oes 1 
# 2m Cy 


By means of this formula the values of a, in an equation 
of the general form, may be written at once. Thus, 





EXAMPLE 1. Solve 102?— 232 = — 12. 





Process. Here, nu= 10,7 = 23. and @—="12. 
, _ —(=28)4 4/(—23)*=—4 X 12X10 

Substitute these values in (1), «= 23C 10 
esa 
ee) 
=4,0r4 

E 240 WES ee ates 

XAMPLE 2. Cer hire ta eebuiac eg | 


Process. [Free from fractions, transpose, and factor, 
(b+c)y®+ + c)2y=—be(b +0). 
Divide by b+e¢, y? + (b+c)y=— be. 

. Here, m=1,n=b4+c,anda=bc. 
—(b+c)41/(b4+c)?—4bc 
2 
_—@+e)+(b—-c) 

a y 
0.100, — v. 





Substitute these values in (1), 2 = 


Note. In substituting the student must pay particular attention to the 
signs of the coefficients. 
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Miscellaneous Exercise 118. 

















Lia ea oe 1 7 el ie 23. 
3 6 Zee 

Ree ee kn ar ee oe nc 9 Tees 

Sap pie dees ay? 2 (x + 3) § (x+ 3)?— 8. 

4 x 41 pees Pay, Weare ee x —2 
AS ag mars CEA | oy pa arc 
9 hs a frees 

Be ee, a ieee 


7220-1)’ 2Qae+l) + 4-32 





de ade ee oi os Carlos) Oras 
ee 3 at oA See yee 


. 2 
Mee Te: a =; 16 (5 2 36)? = a5 (8 ye — A)2 


1 | 2 pene ty 1 Bets 

8. Fi: = ota dite 10 oa ea ek Cece 
- Poe) ae ee CD 

9 axt+da?—a=d; Sian haa aa nats 

», (n—n) x ‘Te a  m*—4a* 

pe Bee ii Neal ostion dey 2, poke 2) Tan) ab a 
Lote mn a 3m—2a 2 4a—6m 
Pee eta a — (bi —"¢ 0) (Oi aa) 
12. 2@—(+de2=—4fimt+n+at b)(m+n—a—Dd). 
13. 1 1 eae z+3 2 











ata @—-2 a—2 «—3 2 4+3 
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14. aba 2a(a +b) Vab = (a — by. 


@—b  14a®—5ab—10R (2Qa—3b)e 
ea 18 ve at Seo Oe agra 


a—2b—2z 5b—2 os as ean 


15. a? + 








Bio eae yh: —ar+2ba Oh a — 

17 1 1 pe OT 2nz+n 
Ost [ean pan pare eee Qnz—n maz—m- 

18. : : 2. 


az—-Veet—1 axrtivadse—l 


Query. What is the difference between the meaning of ‘the 
root of an equation” and “the root of a number” ? 


138. Problems. The following problems lead to pure or affected 
quadratic equations of one unknown number. In solving such prob- 
lems, the equations of conditions will have two solutions. Some- 
times both will fulfill the conditions of the problem; but generally 
one only will be a solution. 


Exercise 119. 


1. Find a number whose square diminished by 119 is 
equal to 10 times the excess of the number over 8. 


Solution. Let «= the number. 

Then, x — 8 = the excess of the number over 8. 

Therefore, x? — 119 = 10 (x — 8). 

The solution of which gives, 2 = 13, or — 3. 

Only the positive value of x is admissible. Hence, the number 
is 13. 


Note. In solving problems involving quadratics, the student should retain 
only those values for results that will satisfy the conditions of the problem. 
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2. The difference of the squares of two consecutive 
numbers is 17. Find the numbers. 


9 


3. Find two numbers whose sum is 9 times their differ- 
ence, and the difference of whose squares is 81. 


4, Find two numbers, such that their product is 126, 
and the quotient of the greater divided by the less is 33. 


5. Divide 14 into two parts, such that the sum of the 
quotients of the greater divided by the less and of the less 
by the greater may be 254. 


6. Find two numbers whose product is m, and the 
quotient of the greater divided by the less is 2. 


7. Find a number which when increased by x is equal 
to m times the reciprocal of the number. Find the num- 
ber when n = 17 and m = 60. 


8. Divide m into two parts, so that the sum of the two 
fractions formed by dividing each part by the other may 
be n. Solve when m = 35 and n = 2,4. 


9. Divide a into two parts, so that times the greater 
divided by the less shall equal m times the less divided by 
the greater. Solve when a = 14, n = 9, and m = 16. 


10. A farmer bought some sheep for $72, and found 
that if he had received 6 more for the same money, he 
would have paid $1 less for each. How many did he 
buy? 


11. Ifa train travelled 5 miles an hour faster, it would 
take one hour less to travel 210 miles. Find the rate 
travelled and number of hours required. 
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12. A man travels 108 mules, and finds that he could 
have made the journey in 44 hours less had he travelled 
2 miles an hour faster. Find the rate he travelled. 


13. A number is composed of two digits, the first of 
which exceeds the second by unity, and the number itself 
falls short of the sum of the squares of its digits by 26. 
Find the number. 


14. A number consists of-two digits, whose sum is 8; 
another number is obtained by reversing the digits. If 
the product of the two is 1855, find the numbers. 


15. A vessel can be filled by two pipes, running to- 
gether, in 224 minutes; the larger pipe can fill the vessel 
in 24 minutes less than the smaller one. Find the time 
taken by each. 


Solution. Let x = the number of minutes it takes the larger pipe. 


Then, «+ 24= the number of minutes it takes the smaller pipe. 


1 Pets F 
— the part filled by the larger pipe in one minute, 


] 


Od the part filled by the smaller pipe in one minute. 


and 


1 1 i! 
Therefore, = + (mon = 223 : 
The solution of which gives, « = 36, or — 15. 


One pipe will fill it in 36 minutes, and the other in 1 hour. 


16. A vessel can be filled by two pipes, running to- 
gether, in m minutes; the larger pipe can fill the vessel in 
m minutes less than the smaller one. Find the time taken 
by each. Solve when m = 56 and n = 66. 
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17. Ban do some work in 4 hours less time than A 
can do it, aud together they can do it in 5% hours. How 
many hours will it take each alone to do it ? 


18. A boat’s crew row 7 miles down a river and back 
in 1 hour and 45 minutes. If the current of the river is 
3 miles per hour, find the rate of rowing in still water. 


19. A boat’s crew row a miles down a river and back. 
They can row m miles an hour in still water.. It took 2 
hours longer to row against the current than the time to 
row with it. Find the rate of the current. Solve when 
Gee — Ane i 


20. A uniform iron bar weighs m pounds. If it was a 
feet longer each foot would weigh nm pounds less. Find 
the length and weight per foot. Solve when m = 36, 
a=1, and n=4. 


21. A and B agree to do some work in a certain num- 
ber of days. A lost m days of the time and received n 
dollars. B lost a days and received ¢ dollars. Had A lost 
a days and B m days, the amounts received would have 
been equal. Find the number of days agreed on and the 
daily wages of each: Solve when m = 4,n=18.75, a= 7, 
Oneal, 


22. A person sold goods for m dollars, and gained as 
much per cent as the goods cost him. Find the cost of 
the goods. Solve when m = 144. 


23. By selling goods for m dollars, I lose as much per 
cent as the goods cost me. Find the cost of the goods. 
Solve when m = 24. 
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CHAPTER XXII. 
EQUATIONS WHICH MAY BE SOLVED AS QUADRATICS. 


139. In the equation m(y3—y)4 + n (y3—y)? +a = 0, suppose 
(y3 — y)? =<, then ma?+naz+a=0. Similarly, y?-—3y?-9=0 
may be changed to the form 2? —-32—9=0. 

Hence, an equation is in the quadratic form when the unknown 
number is found in two terms affected with two exponents, one of 
which is twice the other; as, -76+ 528 —-8=0. 


The general form for an equation in the quadratic form is, 
ein ri eyieas oe end Oe 


where a, b, c, and m represent any numbers whatever, positive or 
negative, integral or fractional. 


EXAMPLE 1. Solve a4 — 1322+ 36=0. 

Process. Factor, (x + 2) (« — 2) (+ 3) (x — 3) = 0. 
Henées a a. 20= "090i 2 Oo eS = Ovando ah 
Therefore, x= + 2, or +3. 


3 


ExaMPLe 2. Solve 8a ~*— 152% _2=0. 
Process. Factor, (7~ ae (82°%?41)=0. 
f, x _2=0, or * = i. we (2)8 = P72. 
Also, 8 x~ ?+1=0, or x° = —8. 2 = (—8)' = — 32 


EXAMPLE 3. Solve 32+ 22 —-2=—0. 


Process. Solve for 7°. Thus, 

Multiply by 12 and transpose, 36 x + 12 2? = 24. 
Complete the square, 362+ 122%+1 = 95. 
Extract the square root, 62? +1=45. 
Therefore, gt = 4, or 1 
Square each member, ee + -ort, 
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EXAMPLE 4. Solve 2 4/z-2+34/x—-4— 56=0. 


. iV sem ee —2 pay 
Process. Since 4/z~? is the same as x °, and fa 4 is the same 


a * . . : . . 
as x *, this equation is in the quadratic form. Transpose and mul- 


tiply by 12, 36a 5+ 2427% = 672. 
Complete the square, 36 2 + 24.7% +4 = 676. 
Extract the square root, 6x2 §+2=4 96. 





Therefore, a> = 4, or — 4. 
Extract the square root, at—4+2, ort1/—%& 
Raise to the 5th power,* = + xy, or + o/C- 4° 


Notes: 1. When the roots cannot all be obtained by completing the square, 
the method by factoring should be used. Thus, in solving 26 + 723 — 8 = 0, 
by completing the square, we find but two values for z, c=1, or —2. Fac- 
toring the first member, we have (xz + 2) (x2 —2 2+ 4) (#—1) (a2 +2+1)=0. 
‘Hence, #+2=0, <2?72%2+4=0, e-—1=0, and a+2+1=0. Solv- 
a — pars 
ing these equations, 7 = — 2, 1 + V¥—3, 1, and ee 
m 
2. * In solving equations of the form 2 =a, first extract the mth root, 


and then raise to the mth power. In practice this is the same as affecting the 
n 


2 nN 
equation by the exponent pat Thus; eo, 
n 


EXAMPLE 5, © Solve a2" 4-027" = —ce. 
Process. Multiply by 4a, 
4a2z2"+ 4abr*"=—4ae, 


Complete the square, 
4arx2"+ 4aba"+ b?=—4ac + 2 
Extract the square root, Daa + b= te A7Gs 4 aC; 
fe =. 
Transpose 6 and divide by 2 a, ee saver 
a 


pS 


Extract the mth root, 
2a 


EXAMPLE 6. Solve 424 — 3727+9=0. 


dd2 


de 
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Process. Here, a =4, 6=—37, c= 9, and »n = 2: 


Substitute these values in (i), « = | 


+ 4/(—372—4X 4X 9—(— iy 
2X4 
+ 35 + 37]3 
=| 8 | 
=D OF a 





Exercise 120. 


Solve the following equations: 


1. x4 


2. 


10. 


LE 


—1422=—40; «© 4+ 312° = 32; 26-7? = 8. 


272 
BiG taty oe ae ae 


7 = a2 + 6, 
v 


16 (t+ = = 257; «8 + 1402 = 1107. 





Bar+ Ve = 22; VEL 





5 


30% —2-242=0; 24-54 6lxz-#— 96=0. 
a tar? = 2a®; e221 = 8; e144 Ve I= 


6 Gh 2 
Gy ha?" — 25 — Dea ere 4 at = 4, 


ass 


a +130"=14; 32 4262 ™ = _16 
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140. Equations may frequently be put in the quadratic form by 
grouping the terms containing the unknown number, so that the 
exponent of one group shall be twice the exponent of the other group, 
and then solved for the polynomial. Thus, 


EXAMPLE 1. Solve Goat aN gS ey a 


The equation may be put in the quadratic form if we regard 








Vx —32xt —1 as the unknown number. Thus, 
Process. Add —1 to each member, 
e—3a°—1+4Ve—32—1=—3. 


Put Vz —32t -1=y, yt+4y=—3. 

Therefore, Tiaras 25 el & 

Hence, Vx —32t-1= 0, OL Ls 

Squaring, 2 —32*—1=9, orl. 

Complete the square, a — 3a? + 2 = 49, or Lt, 

Solving these equations for the values of z, we find «= 25, or 4, 
andes. = aa 


Note 1. In solving equations of this form we must group the terms so that 
the expression outside of the radical, in the first member, is the same or a mul- 
tiple of the expression under the radical sign. 


EXAMPLE 2. Solve 24— 6022 +7 a?27+4+ 6a'x = 24a‘. 


Process. Add 2a?z2, x!—6a22+9a?x?+6a'x = 24 a4 + 2 a? x? 
Transpose 2 a?a:?, x46 axz*+ 9 a? 27+ 6 a®x—2a07a? = 24 at. 
Group and factor the terms, 
(78.0 2)4 4 a* (7 — 3.08) ae. 
Regard z?—3az as the unknown number, and complete the square, 
Cre 02)? — 2 0 (62 oe ae Bo. 


Extract the square root, Oi eG ats 02. 

Therefore, tee Oo 6.02, or — 4 a: 
a Bins 

Complete the square and solve, £=5 (3 + 4/33), 


x= 5(3+4 /-7). 
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Note 2. Form a perfect square with 4 and —6az3. The third term of the 
square is the square of the quotient obtained by dividing 6a«% by twice the 
square root of x4. 


Example 3. Solve #?+42—4¢-142-2=4, 


Process. Use positive exponents, rearrange terms, and factor, 
1 1 
4 at4(2—5) =f. 
1 
Regard « —— as the unknown number, and subtract 2 from both 
sides, 1 1 | 
245 +4(e—2) =—H. 


Factor, and complete the square, 


1 
Extract the square root, e—--~+2=1+3 
1 
Therefore, 2 4, or — 4. 
Free from fractions, z?—1=—}a,or—e 
Complete the square and solve, 2=4(-1+ 4/37), 
© =4(—11 + 4/157). 


Note 3. Form a perfect square with x? for the first term and = for the 
By 


third. The middle term will be twice the product of their square roots taken 
with a negative sign. 


A Biquadratic Equation is an equation of the fourth de- 
gree. Biquadratic means twice squared, and hence the 
fourth power. 


If a biquadratic is in the form, 
t+ 2ma8 + (m?+2n)a?+ 2mnz=a (ii) 
the first member becomes a perfect square by 


Adding n?, or the square of the quotient obtained by dividing the 
coefficient of x by the coefficient of x®. 
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Thus, extracting the square root of the first member, 
r+ 2mae+ (mM? +2n)ar>+2mne | zr+me+n 
am : 
2227+ ma | 2ma2+ (m?+2n)a2+2Q2mnwe 
Zi re Gn eo 
2x2+2me+n | + ( 2n) a*+ 2mn7 
+ ( 2n)x?+2mna + n? 
—n?, Hence, 











the equation may be written, 
Gee host) fe — G00, (27 mr + 1)2 = 0 4 a Oh) 


EXAMPLE 4. Solve z*— 1023+ 352? —502=11. 


Process. Here, 2m=—10, 2mn=—50. .*.m—=—5andn=5. 
Since m? + 2n = 35, the equation has the form of (ii). 
Add 25; or put m = — 5, n = 5, and a = 11 in (iii), 

(a2 —5a+5)?=36. 








Extract the square “oot, 3D EO) =e Oe 

Therefore, 22-7 = ).0ori— 1h, 
5 + 4/29 

Complete the square and solve, bit se , 
5 + 4/—19 


Note 4. After adding the value for 2 the first member may be factored by 
substituting the values for m and 1 in (iii). 


Exercise 121. 


Solve the following equations : 


1. (2 + 2— 2)? — 13 (2? 4+ 2 — 2) 4+ 36=1, 


bo 


pt De + 6 4/a? Oo + 5 =A: 
8. a 4+ 94=12V22? +4. 22417 =9V22—1. 


4. 2%—245(22-—5e4+ 6)2=1 (32 4 33). 
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5 (+ 2+ 6)F 20 — § (@? +24 6)3 
3 (2+ 2+ 6)8 


2 ~ 
6. (e-3) 4 s(e-7) =1 
x 6 78 
1\2 
fe (e+ 7) t4(e42)=2. 
x BG 


8. (a — 5 2)? — 8 (a? — 5 x) = 48. 


9. 9% —3a2+ 4 (229-344 52 = 11. 


Neate i! 15 
2——-)—-{(2--)=-—. 
10. ( :) =( - te 


11. (822 -—10x%+4+ 5% —8(3a? — 102+ 5) =9. 


F | 
(oe ey ( eases ea 
po) xa—l 


13. 244+ 628 +527 — 1l2¢%=—12. 








14. of —6 272? — 2922+ 1142= 80. 
15. at + 248 — 25 o? — 2674+ 120 = 0. 
16. a§ — 8 a8 4+ 10274 2474+5=—0. 


eee 32 + 29° 


aos 


ise 16)t — 3 (2? Gee 


LO ete to — 2 ee oe — 3a) ee 
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141. Equations Containing Radicals may be Solved. Thus, 


EXAMPLE 1. Solve x — Af x8 + 24 12? 0. 


Process. Transpose, t+2= 4/28 + Qe + 12. 
Raise both members to the third power, 

Ore lee oO at 2a 12, 
Transpose and simplify, oa Oe — 2 =0, 
Factor and solve, x = 4, or — 2. 
Verify by putting these numbers for x in the original equation. 


Process. z=. ges =D! 
$— Wf +t 124+2=0, | —2-4/—-8—44124+2=0, 
$—$+2=0, —2-—-0+4+2=0, 
0=0. Or=0) 
1 al 


EXAMPLE 2. Solve 





—_———. +. —_____ > Se aes See 
/ee+ 1 n/t? 1 4/at— 1 
Process. Multiply by 4/2! —1, 

aft? —1+ 4/2 +15 1. 


Square, a?—142/et—1+a2?4+1=1. 

Transpose and simplify, 24/x#—1=1— 22%. 
Square, 4a*—4=>1—447+4 424. 
Simplity, a=, 

Extract the square root, t=+4 fd. 


Exercise 122. 


Solve the following equations : 
1 8Ve4+64+2=24+V04+ 6; 24+ V24+2=10. 
2 ¢ +16 —7 Vo+ 16=10—4 724 16. 


38, 2a+V4e4+8=4; V4e4+17 + V2e41=4 
22 
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10. 


ee 


12. 


13. 


14. 


ee 


16. 
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V4e0+2 _ A — /x 
n/a hee" 
12 5a 9 V5 2 — 3 


NAcas N/A oor tS F 2 





9f/32+7=9-V22—3; 





4+t@z 
V4 424 
a | /32—1 
cen —3=V2y Be Ws prs 
J ‘ ’ V3a+1 2 
2 2 
———— = 
w+V2—-2 2£—-V2—22 


Ve —-2Vc¢=2, V6442e2—824= 








VIG t&rav3sy— 1 | Co a) oe 
Vi yi+t4—-2V38y—1 m+ f/m — fp 














ee ee iste 
Ve+20?—2ane MBG NAM eer i See. 
Va + x / x 


ac— | Vart+b Vet+9 3Vae—38 
Vax +b c e/a 9 Ve 
12a 643Va% 4 
5Vata 4+ Ve (Va 
Va+y—Vy—a=V2y; 2243 Va = 27. 








Vataot+tvVa-—-“2= 


et+Vc wvt—ew  1248V2 
MEL), «4. aeeenereetone 


ee ck ee a Vx—12 


Gt Aare 18): 
V x® + /23 = 6 Vz; Va—at+Vx—-a= V2. 
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142. Representing the roots of maz?+nz=—a by rand ca we 
have (Art. 134), 


—n+a/n*—4am 
r= _” 


2m 
—n—a/n®?—4am 
Be aaa Ancy © 

° nr . 
Adding, ites SUN ert (4) 

See a is 
Multiplying, ia, (11) 
Hence, if a quadratic appears in the form, mz? + naz =— a, 


I. The sum of the roots is equal to the quotient, with its sign changed, 
obtained by dividing the coefficient of x by the coefficient of x?. 

II. The product of the roots is equal to the second member, with 
its sign changed, divided by the coefficient of x?*. 


By means of (i) and (ii) the original equation becomes, 


Ta Gn Tey ae ta gt T 1) (1) 

Factor, NO See Ant | en (2) 
Tin 15 Ln EAs Ob 

SFr) oo rr = 0 (iil) 

it), (fxr) 0 (3) 


If the roots of a quadratic equation be given, by means 
of (iii) we can readily form the equation. 


EXxaMPLE 1. Form the equation whose roots are 4, — }. 


Process. Here,r=4 and 7y=— 1. 
Substitute these values in (iii), 7? — (4 -4)2+(3)(-})) = 0. 
Simplify, ae | — |). 


EXAMPLE 2. Find the sum and the product of the roots of 
Sat 37D 0. 
Process. Here, m= 8, n=3, and a=—5, 


Substitute in (i) and Gi), r+7r,=— @ and rr, = — 8. 
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Exercise 123. 


Find the sum and product of the roots of : 

1. 2294+ 82=9; 1227—1872+ 588 = 0. 

2. 20 ae2 = Bh 0 er et — 0 OS Oe 

93 we a 0 i os ca oe 


1 
2mn2? x2 mn 
4, g*— — =— - 27@—2b6e2e8+FR=0,. 
m— nN m—n 








Form the equations whose roots are : 
5. 7,-8; 2-8; 5,-3; tV—3; 2—V3,24 V3. 
6. 0,—-5; 7T+2V5,7-2V5; 14+ V2,1— V2. 

I OR Ca rt he 








Te mm (m+ 1), 1 ns 5 —,b—a 
n m a—b 
San 2 A/D hee ee vate 


143. A Root is said to be a Surd when it can be found 
only approximately; as, a= + 1/5. 

Real Roots are values of the unknown numbers that can 
be found either exactly or approximately. 

Imaginary Roots are values of the unknown numbers 
that cannot be found exactly or approximately ; as, 


gy = 4/— 5, 
Character of Roots. For brevity, represent the roots of the 
equation mz?+nxz2+a=0 by r and 7, then, 
1) ey n— 4am 
2m 
—n—/nt-4am 
2m 


js 


y= 
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It is seen that the two roots have the same expression, 4/n?—4am. 

If n? is greater than 4am, n?—4am will be positive, and 
a/n?—4am can be found exactly or approximately. 

If n is positive, r, is numerically greater than 7; if n is negative, 
r is numerically greater than r,. Hence, 


I. Condition for Real and Different Roots. n2—4am, 
positive. 


Illustration. Sf2—. 22¢ 4 L— 0. 
Here, m=3, n=— 2, anda=}. 
n2?—4dam=(—2)?-4X 4X 3=4-$=8. 


Therefore, the roots are real and different. 
Evidently both roots will be rational or both surds according as 
n? —4am is, or is not, a perfect square. Hence, 


lI. Condition for a Rational or a Surd Root. n?—4am, 
a square number; or, 4/n?— 4am, a surd, 


Illustrations. (1) z2—3x—4=0; (2) 82?+52z—-—1t=0. 
(1) Here, m= 1 — —3, and a=—4, 

i —4am—= (—3)*—4xX—4xX 1=9+16 = 25. 
Therefore, the roots are real and rational, and different. 


(2y Here, n= S70 ant da | 
WES Saat 4/08 E 4/38. 
Therefore, the roots are real and surds, and different. 


If n? is less than 4am, n?—4am will be negative, and 4/n2—4am 
will represent the even root of a negative number. Hence, 


el 


III. Condition for Imaginary Roots. n?— 4am, negative. 


Illustration. PE ed cee om el 
Here, Ma 2; n => 3, and a2. 
n?—Adam=(—3)?-4X2X2=9-16=—%. 
Therefore, the roots are both imaginary. 
If n2?= 4am, n2—4am = 0, and the roots will be real and equal, 
and have the same sign, but opposite to that of n. Hence, 


342 ELEMENTS OF ALGEBRA. 


IV. Condition for Equal Roots. n»2—4am=0. 


Illustration. 4x7—12%+9=0. 
Here, m=4, n=—12, and a=9. 
n*—tam= 144— 144=0. 
Therefore, the roots are real and equal. 
If am is positive, for real roots, n? — 4am will be positive and 
less than n?, since 4/n?—4am will be less than n. 


If am is negative, a/n? — 4am will be greater than n, since 
n? —4am will be greater than n?, Hence, 


V. Condition for Signs. Jf am is positive, real roots have the 


same sign but opposite to that of n. Jf am ws negative, the roots 
have opposite signs. 


Illustrations. (1) 2%?—10%+12=0; (2) 322—52—314=0. 
(1) Here, mi 2, 0 = — 10;eands ai) be: 
n*—4am=100— 96 =4. 
Therefore, the roots are rational and positive, and different. 
(2) Here, m=3, n=—5, and a=— 3}4. 
; n?—4dam= 254+ 47= 72. 
The roots are surds and have opposite signs, and different. 


Exercise 124. 


Determine by inspection the character of the roots of : 
ieee Oe TN 11a —a2 =— 41. 
2. 4074+ 522= 87; 82° +474+4=0. 

Bao — lic — 927 = 05. Oe oe As 2 

4102+ 8:=—307; 2 —fr7+i-0.. 


5) Set— 227+3=—0;, 427-32 —-5=0. 


6. 
ff 
8. 


2) 


2 
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v+3e=—%; 20°7-18=0; #—14e+45 = 0, 
2G =o Cae ee ee he eb 0), 


602+ 5¢2—21=0; 132%+4 562 —-— 605 =—0. 


9227— 302+41=0; 4027-1002 — 360 =0. 


Query. How many roots can a quadratic equation have? Why? 


Miscellaneous Exercise 125. 


Solve the following equations: 


iG 


1 


at +703 = 44; go 2—9e1= 8: 342"—o" 2 = 0, 








(ee) ase 14+823+9V72x—0. 
1—2 x 


ue —2V/22=59; 


Vm L+oWve Wz 


gt® — 298" + 2%= 6: gt— 222 +7=—a. 
a +1203 —394=81; xt— 223 + x = 380. 


LO Sia LO ia? — 20 5 ee 7 


. t&—10 2 4+ 35 a2 — 502 = — 24, 


. (2 —ayit+ 2V7n(x— ali —3n=0. 


a+ 4at+a-$4 49 8-7 
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Vy + 2a—Vy— 2a _ he wt fe x2 — 2 























10, ———_— i ae ee 
Vy—2a+ Vy+ 2a 2a w— ft 4 
11. 3a°V a" = 4: /6r4+14V2+44+VbeH1 =2. 

io fe a es eee , 
12. V5.4 VW20e+ 2= V2 4 2; Dl ean 
x 
13. 2Vr4+2H3=5; 6Vx=5xe 2-18. 
14. 2 + 2u2a-t = 3m; gt 4+2= ef a 
“34+ 5 
15. Vo4 Jig t Vag Nr 
DY gt /2a4—1 


160 ee ee ay 


Oa he = 
17. Dts Met Vane te ie e+aV2—72=0. 
at 2 





18. State the conditions that will make the roots of 
w+ Axa+ B= 0: (a) surds; (ii) real; (ii1) imaginary; 
(iv) equal; (v) have same signs; (vi) have opposite signs; 
(vil) equal in value but opposite in sign. 

19. Finda number such that if its nth root be increased 
by one half of its 5th root, the sum shall be a. Solve 


whenee— 2-and @ = 12. 


20. Find a number such that if its nth power be dimin- 

2 
ished by the 2 th root of the “th part of it, the remainder 
shall be m. Solve when m= 144, n=2, a= 27, and e=5. 
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144. Onty certain forms of quadratic equations involving two 


unknown numbers can be solved, Thus, 


EXAMPLE 1. Solve the equations : / 22+ y= 10 
20?—xy+3y? = 54 
10 — 
Process. [rom (1), ese ey, 


PU A 2) 10 
Substitute in (2), 2( 9 4 = ( Ny tay ae 








2 
Simplify and factor, (y— 4) (44+ 1) =0. 
Therefore, y = 4, or—4. 
Substitute in (8), T= 3, OF Se 


When one of the Equations is of the First Degree. 
by substitution. 


(1) 
(2) 


(3) 


Hence, 


Solve 


The Degree of a term is the number of lzteral factors 
involved, and is always equal to the swm of their ex- 


ponents. 
Each literal factor is called a Dimension. 


Thus, 3zy is of the second degree, and has two dimensions. 
5 8 y? is of the fifth degree, and has five dimensions. 


EXAMPLE 2. Solve the equations : i 


80 — 36 ¥ 
Process. From (2), ¥ c= 177 y + 60 
Substitute in (1), 
183 (80 y — 3642) | _72(80 — 36 y) x 
177 y + 60 177-4 +60) ieee es: 
Simplify, 9y?+ 57 y —20=0. 
Complete the square and solve, y = t, or — 63. 


Substitute in (3), z= 4, or — 2. 


183 2y+722+36y=88 (1) 
177% xy + 60% 364 = 80..-(2) 


(3) 
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DA Sar OF ay ae 
ExaMPLeE 8, Solve the equations : sees Bre bie (1) 
o+e—y=1 (2) 
622—a7—5 ; 
Process. From (1), lal eenrn se os (3) 


Substitute in (2) and simplify, 
3227 4z2—2=0. 





2 10 
Complete the square and solve, e— = av . 
Rider 1147/10 
Substitute in (3), i seat - Hence, 


When each Equation Contains only one Second Degree 
Term, and that Term Consists of the Same Product or Square 
of the Unknown Numbers. Solve by substitution. 


Exercise 126. 


Solve the following equations : 





Deby aus a ae 
I. <4a+ 2% 8. 

= cag S60. 
9. foxyt60—29=4 9 tease 

4zy—x+4y=1 ' lay = 126. 
3 ee mee 10. baer ae 

eyty=2l w—y=2 
4. ea grace rte iu. Je-y=t 

y+ 3a—4y=18. La + 7? = 106. 
5. en Ysa 12. les cae 

cy =2y% 302+ 2ay—y2=—12. 
6. Miersioth= 13 | + y? = 185 

eo / la-y= 

if Eel 
7. pirnn y ie), 2am 
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as rns 16 ek 
e+ ey + 4"? = 61. , x — y? = 988. 


145. An equation containing two unknown numbers is 
symmetrical when the unknown numbers can change places 
without changing the equation; as, 3a?--day+37?= 2: 


+5 ay + bay? + yt = — 5 28 of. 
EXAMPLE 1. Solve the equations: i Se esd Cl) 
xy = 40 (2) 
Process. Add (1) to twice (2), xD a y2 = 169 * (3) 
Subtract twice (2) from (1), eee Ye yee (4) 
Extract the square root of (3), ° Qa =o 
Extract the square root of (4), ee Het Sh 


We now have to solve the four pairs of simultaneous equations, 


hed ae an hero Sen Doiny — ale), 
a-y= 3)’ x—y=-—8 * 2—y=3 he ye 8) 


There are four pairs of values, two of which are given by « = + 8, 
y = + 5, and the other two by x =+ 5, y= + 8, in which the upper 
signs are to be taken together, and the lower signs are to be taken 
together. 


Notes: 1. If the second members of two simple equations have the sign +, 
we will have six simultaneous simple equations to consider. 

2. The above equations may be solved as in Art. 144, but the symmetrical 
method is more simple. 


EXAMPLE 2. Solve the equations: ie Neo’ (1) 
TE oy 21 (2) 
Process. Divide (1) by (2), z+y=6 (3) 
Square (3), a2+2ey + y? = 36 (4) 
Subtract (2) from (4), 3 zy = 15, or By = h (5) 
Subtract (5) from (2), 2? — Vay + y?— 16. 
Extract the square root, e—-y=—i4 (6) 
Add (3) and (6) and divide the result by 2, @e=-0,: 00 1. 


Subtract (6) from (8) and divide the result by 2, y = 1, or 5. 
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n2 ye Ae ray 7 
EXAMPLE 3. Solve the equations: Le +y?—a2—y=78 () 








LyYtrxex+y=39 (2) 
Process. Add (1) to twice (2), 22+22y+y?+a+y = 156. 
Factor, (2+ y)*. + (e+ y) = 156: 
Regard x + y as the unknown number, complete the square, and 
solve,  (#+ y= 12, or— 13 (3) 
Subtract twice (2) from (1), factor, and transpose 3 (x + y), 
(c—y)/?=3(e@+y) (4) 
From (3) and (4), (a — y)? = 36, or — 39. 
Therefore, © tre yp G7 Of er WSS (5) 
Add (5) and (8), etc., x = 9, or 8, and — Me pve an 
Subtract (5) from (3), etc., y = 3, or 9, and ealcieveaiey . 
EXAMPLE 4. Solve the equations: 7 ae Bee (1) 
ery=a4 (2) 
Process. Raise (2) to the fourth power, 
te + 4A Cay 6 eye ew ye ye ee OO (3) 
Subtract (1) from (3), ete., 
Bes yte Sale? 12 a By (4) 
Square (2) and multiply the result by 2 zy, 
2 y Bag yt tee Bo ey (5) 
Subtract (4) from (5), ete., x? y? — 3244 = — 87. 
Regard xy as the unknown number, complete the square, and 
solve, ey 2429; OF 3. 


We now have the two pairs of equations to solve, 
e+y= I Bt et 
ry= 29)? Oa Rae , 
“eo 2 Ay cae 
ty =2F5 4/1. 
2 = SO OLale 
y = 1, or 3. -Hence, 


From the first, 


From the second, ; 


When the Equations are Symmetrical. Combine them in 
such a manner as to remove the highest powers of # and y. 
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Exercise 127. 


Solve the following equations : 


1. New iae 7. {eater ae = 00: 
Lipman: 5 y? + 5 = 65. 

9. { 2 + 48 = 407. 8. ie 44 gy? + y4 = 651. 
lety=11. oxy + y= 21. 

3 fetetyty =18.  o yh Ao ey + yt = O31, 
xy = 6. 2+ay+y = 49. 

4 We ore eon 10. j Sapse a Ls 
Oe le ime 20: e+y=14 

5. a ae 11. ee iiigaeloo 
aby + acy = 34. m+tay — y= 19. 
ep eaets 0) ave 

6. mt y= 900° Ts {ary — ey 
xy = 30. et en 


146. An algebraic expression is said to be homogeneous 
when all its terms are of the same degree. 


Thus, 92+ 3xy9 — 8 x®y* is homogeneous, for each term is of 
the 10th degree and has ten dimensions. 
6a? 4+2y2-5ay=12 (1) 
oe 3 eS (2) 
Process. Let y= v2, and substitute in both equations. 


EXAMPLE 1. Solve the equations : | 


From (1), 622+ 2v? a? —5va?= 12. 
12 
Therefore, x? = ear ao (3) 
From (2), 3x7 + 2v 2? = 302 22 — 3. 
Therefore, pics weg y= 3 (4) 
12 3 
Bs Oa 6—Bu ravi 30203 


Simplify and solve for », v= §, or — §. 
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Substitute v = 3 in (3), Substitute v= — $ in (3), 
2 = vee eee —4 472 = a _— 25 
6—5xX8+28% ~ 6=5X—§+2(—$7 31 
-e2=+2. wn BS LAE 
y= 8 e543. y=—$zn =F f V3. 


Notes: 1. In finding the last values of x and y, it will be observed that + 
values of « gives respectively — and + values of y. This indicates that the 
equations can-be satisfied only by making y = — £, V 31, when # = + $V 31; 
and when # = — # V31, y must be + & V81. 

2. The sign + denotes precedence of the negative value. 


When each Equation is of the Second Degree and Homo- 
geneous. Substitute va for y in both equations. 


Exercise 128. 


Solve the following equations : 


1 feta 6 ‘eat a as Ba 
let ay=10. “(38e8-—ayt+ 37 = 13. 
9 ae ts ; NRE AEE 
ry — y= 8. (8 a8@—bayt2yP=4. 
3 EA owe 5S ie E afeeeen Le 
oP AO oy 7? —— 18) 
4 eee Ee 9 oe oe tte 
Dye th Oey ean  layt+ 47 = 115. 


a 


{ 4x74 4ay+4y=13. 10 een YA 2 are 
8u®—12ay+8y?=11. (22+ 2ay4+ P= 73. 


Queries. What is a homogeneous equation? Into what forms 
may simultaneous quadratic equations, which can be solved, be 
grouped? What is the degree of the equation arising from eliminat- 
ing one unknown number from two equations, each of the second 
degree? Prove it. How may such equations be solved ? | 
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Note. In solving the following equations the student is cautioned not to 
work at random, but to study the equations uutil he sees how they may be 
combined in order to produce simple equations, and then perform the opera- 
tions thus suggested. Usually the operations of addition, subtraction, multi- 
plication, division, or factoring will effect a simplification of the equations. 


Miscellaneous Exercise 129. 


Solve the following equations : 


1 othr U § P4302 y4 3ay?+ 29? = 0. 
ertha yr ack, ' lataoyty= 1—aty? 
9 ee a: 12 ae naar is 
Bie fatten ~ ly—ba2=.75 ay—3-e. 
9 (cost ieee 13 eV pea 
“la-—y=l ~USBa+y=—2.25 zy. 

a? + 7? = 244 {ot + 44 = 706. 
ew ee ll ede ne 

ae eg Nettie ave gee 
b. ; 15. 

LY = 20 
6 i re 16. eae eat) 
Py eat eee eee ety + +44 = 26. 


gira tesa 
BAe Se ail 





Nie. 


Gere Ye. O10; we+oeyt+a= 4. 
yetoyty =28. 


hae set 9 \ areas °° 


oe 





xy (v@—y) = 48. 


xe —ey = 9, 39 (vy + ay = 12. 


me ny—yr=4. iY ee 18, 


352 
ay = 8 ey, 
laty=5. 

9 Rd tas 
mish a gy el 2 


21. 


24. 


w+ aytt yt = 7371. 

w—ayt+y* = 63. 

at + yt = 641. 

vy (2 + 42) = 290. 

a+ Bay + P= 19. 
fag a1 ()) 





26. 


27. 


we—3ayt7y%=—BS. 
3a27—S5ayt9 y* = 9. 


0) eral Cit 8 


4 2 
30, ey = 1447 
et+y=a. 

96 —-vya=A4ery. 
ray — 6. 

x — y> = 56. 
e+ayt+ y* = 28, 


dl. 


let 
ar 
ca 
| 
| 


32. 
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yi —acy=a+ 
ue) pepe, 
oe ha) aA 
ae We ice ps er 
(at , 2a? _ 480 
35.4 PT ye but) 
ecie Earyr relay 
Coie ee Se 
36 
|e ry _ 5 
l 6  e#e+y4+1 
37 ap tb ey = 84. 
etd) ee, 
39 aty+Ve+y=12. 
yl apt 
. a Ye 
+ 78 = 189. 
Pee gy hae 
vi Va+ Vy =4 
(Va + VP = 28. 
zt + yt = 6 
#2 Lab + yf = 126. 
yy —a=4ab. 
pre | ee 
AA tees. °° eee 
“(2ay—3Y7—-—2=—¥Y, 
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1-1 128 apltis 
P at x 25” fenstae weg in 
ree Epen ete 
ley 5 oe eee 
eran SE Glo ate ea Yiu 
46. £ & eA AQ 2 ei yey BY 
y—u=5 | a + y® = 45 
(eats (aty_ oy 
ee 50.<a+b0° a-—b 
oe ey=al 
Does 2} ' 


51. The sum of the squares of the digits composing a 
number of two places of figures is 25, and the product of 
the digits is 12. Find the number. 


52. There are two numbers whose sum, multiplied by 
the greater, gives 144, and whose difference, multiplied by 
the less, gives 14. Find the numbers. 


53. The sum of the squares of two numbers is a, and 
the difference of their squares is 6. Find the numbers. 
Solve for a = 170 and 6 = 72. 


54, A number divided by the product of its two digits 


gives the quotient 2; and if 27 be added to the number, 
the digits are reversed. Find the number. 


55. Thesum of two numbers is a, and the sum of their 4th 
powers is b. Find the number. Solve fora=4 and b= 82. 


56. The difference of two numbers is a, and the differ- 
ence of their cubes is 7a? Find the numbers. 


57. The difference of two numbers is 3, and the differ- 


ence of their 5th powers is 3093. Find the numbers. 
23 
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58. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and 
if the digits be reversed, the sum of the two numbers is 11. 
Find the number. 

59. Find three numbers whose sum is 38, such that the 
difference of the first and second shall exceed the difference 
of the second and third by 7, and the sum of whose squares 
is 634. 

60. The small wheel of a bicycle makes 135 revolutions 
more than the larger wheel in a distance of 260 yards; if 
the circumference of each were one foot more, the small 
wheel would make 27 revolutions more than the large 
wheel in a distance of 70 yards. Find the number of feet 
in the circumference of each wheel. 


61. Find two numbers such that their difference shall 
be a, and the product of their nth roots ¢. Solve for a= 4, 

= ia and io: 

62. Find a fraction such if the numerator be increased 
and the denominator diminished by 2, the result will be its 
reciprocal; while if the numerator be diminished and the » 
denominator increased by 2, the result will be 1¢ less than 
its reciprocal, 


63. A principal of $10,000 amounts, with simple in- 
terest, to $14,200 after a certain number of years. Had 
the rate of interest been 1 % higher and the time 1 year 
longer, it would have amounted to $15,600. Find the 
time and rate. 


64, A sum of money at interest amounted at the end of 
the year to $10,920. If the rate of interest had been 1 % 
less, and the principal $100 more, the amount would have 
been the same. Jind the principal and rate of interest. 
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CHAPTER XXIV. 


INDETERMINATE EQUATIONS. 


147. SimpLe Indeterminate Equations are equations of 
the first degree that admit of an unlimited number of 
solutions. 


Thus, in 32—2y=2,1f y= 2, e=23 if yo 3, r= 24; WH y=S5, 
x= 4; if y=8, x=6; etc. It is evident that an unlimited num- 
ber of values may be given to y and z that will satisfy the equation. 
Hence, an equation containing two unknown numbers admits of as 
many solutions as we please, and is indeterminate. 

Since the values of the unknown numbers are dependent upon 
each other, they may be confined to a particular limit; as, for exam- 
ple, suppose the variables to be restricted to positive or negative inte- 
gers, we may thus limit the number of solutions. 


EXAMPLE 1. Solve 19%+5y= 119, in positive integers. 





Solution. Transpose 19 z, By =119—192. 
1—zx 

Therefore, Uf roe Gen (=*) (1) 

Since the value of y is to be integral, then — must be integral, 
although fractional in form; and so also is any multiple of it. 

Dat 

Let + = % an integer. 

Therefore, z=1—5n (2) 

Substitute in (1), y= 20+19n (3) 


We must take only such integral values for n as will give positive 
integral values for x and y. 

(2) shows that n may be 0, or have any negative integral value, 
but cannot have a positive integral value. 
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(3) shows that n may be 0 and —1, but cannot have a negative 
integral value greater than 1. 
Therefore, n may be 0 and —1. 


eNCes ay = 20 » an y=l : 


Query. Cann be—2or+1? Why? 


EXAMPLE 2. Solve 7x —12y= 19, in positive integers, 


Process. ‘Transpose and solve forz, x=2+y+5 (~t +1) (1) 
Das : 

Let yO =m, an integer. 

Therefore, y=ITn—1 (2) 

Substitute in (1), ra lon-1 (3) 


Evidently z and y will both be positive integers if n have any 
positive integral value. 
Hence, ws 13,: 25537, 49a. 
y= 6, 13, 20, 27, .... 


Notes: 1. Having obtained a few of the possible values of x and y, the law 
will become evident. 


2. It will be seen from the above solutions that when only positive integral 
values are required, the number of solutions will be limited or unlimited ac- 
cording as the sign connecting the terms is positive or negative. 


EXAMPLE 3. Solve 190 %— 23 y = 708, in least positive integers. 


M 3—x 

Process. Solve for y, Y= 82-306 33" CE) 
3—2z , 

Let 33° = % an integer. 
Therefore, Re Oo on (2) 
Substitute mn (1), ee OO) 4) (3) 
Evidently x and y will both be least positive integers if n be — 1. 
Therefore, n = —], x = 26, and y = 184, 


Note 3. If the coefficient of the unknown number in the numerator of the 
fraction is not 1, it will be necessary to make several transformations. 


Exampie 4. Solve 21 2+ 17 y = 2000, in positive integers. 
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Solution. Solve for y, y=117—a+ — (1) 
Transpose, Ge hd —* 
Since x and y are to be integral, y + 2 —117 will be integral ; 
l1—4z_., : 
hence, Tp will be integral. 
ll—4az 
Let 7 = ® an integer. 
Therefore, 2=2—4n+ : a f (2) 
3—n , 
Now —q must be integral. 
3—Nn 
Let 4. = ™, an integer. 
Therefore, n=3—4m. 
Substitute in (2), x= 17m—10 (3) 
Substitute in (1), = 130 2m (4) 


(3) shows that m may have any positive integral value, but can- 
not be 0, or have any negative integral value. 

(4) shows that m may have any integral value from 0 to 6, or any 
negative integral value, but cannot havea positive integral value 
ereater than 6. 

Therefore, m may be 1, 2, 3, 4, 5, 6, giving the following pairs of 
values : 

t= 7, 24, 41, 58, 75, 92. 
y = 109, 88, 67, 46, 25, 4. Hence, 


To Solve a Simple Indeterminate Equation, Involving Two 
Unknown Numbers, for Integral Values. [Find the value of 
one of the unknown numbers. Place the fractional part of this value 
equal to n, an integer, and solve the resulting equation for the other 
unknown number. Substitute this result in the value first obtained. 
Solve the two simple equations thus formed, by inspection, for inte- 
gral values of n. 


Notes: 4. It is better, in solving the original equation, to solve for the 
unknown number which has the least coefficient. - 


5. A little ingenuity in arranging the terms will often obviate the necessity 
of a second transformation. 


» 
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148. There can be no integral values of # and y in an 
equation of the form az + by =c, if a and b have a com- 
mon factor not common also to ec. 


For, suppose d to be any factor of a and also of b, but not of ec, 
such that a= md and b=nd. ’ 

Then mdxtndy=c, or metny= 1 

Since m and n are integers, if # and y be also integers, mz + ny 
is an integer. But © is a fraction. Hence, no integral values of 


x and y can be found. 


Notes: 1. If a, 6, and ¢ have a common factor, it should be removed by 
division, then proceed as in Art. 147. 


2. The solution of any indeterminate equation of the form az —by= +6, 
in which @ and 0 are prime to each other, is always possible, and admits of an 
unlimited number of integral solutions (Ex. 2, Art. 147). If the equation be 
of the form axz-+by =e, the number of results will always be limited ; and, 
in some cases, the solution is impossible (Ex. 1, Art. 147). 

Exercise 130. 

Solve in positive integers : 

L223 7225, 14¢ =) 9-7. 73 e846, 

eee Ley 04 ee ee le ee UU, 

8. 15a—17y=1; 18a—9y=1; 92—13y=10. 

Solve in least positive integers : 

Ao eT y = 393 3.04 ya 39 eR oe 15 7 = 225: 
27a—19y = 43; 2Qa+7Ty = 125; 555y—229 = 73. 
Omele 2s 5 y =/119s ia aoa 3, 


OU 


Are integral solutions possible for the following? Why? 
7. 32+ 21y=1000; 7#+147= 71. 
8. 323% — 527 y = 1000; 166.2 — 1927 = 91. 
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9. Solve 7a + 15y = 145, in positive integers, so that 
«x may be a multiple of y. 
145 n 


Suggestion. Let x= ny, then y= In p15" 


145 9 
Tn+15? an x= 
10. Solve 39 « — 6 y = 12, in positive integers, so that 

y may be a multiple of z. 


11. Solve 202—3ly=7, so that « and y may be 
positive, and their sum an integer. 
Suggestion. Putxy+y=n. 


149. A problem is indeterminate when it involves less 
conditions than there are unknown numbers. 


Exercise 131. 


1. Find a number which being divided by 3, 4, and 5, 
gives the remainders 2, 3, and 4, respectively. 


Solution. Let x represent the number and y the sum of the 
quotients, then, 
Eee Ou hee 
3 (Ee GAN mee 





Seat 3+Y 
Simplify and solve for 2, x=yt2+13\ 4 (1) 
B+Y : 

Let “47 = % an integer. 
Therefore, y = 47 n — 3. 

Substitute in (1), z= 60n—1. 

Hence, n may be 1, 2, 3, 4, etc. 

Therefore, 2 —= O91 9EL7 9, 239, etc. 


y = 44, 91, 138, 185, ete. 
2. Find the least number which being divided by 2, 3, 
4, 5, and 6, gives remainders 1, 2, 3, 4, and 5, respectively. 


3. Find two numbers which, multiplied respectively by 
14 and 18, have for the sum of their products 200. 
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4. Divide 142 into two parts, one of which is divisible 
by 9, and the other by 14. 


5. There are two unequal rods, one 5 feet long and the 
other 7. How many of each can be taken to make up a 
length of 123 feet ? 


6. Find two fractions having 5 and 7 for denominators, 
and whose sum is 28. 


7. Find the least number that when divided by 9 and 
17 will give remainders 5 and 12, respectively. 


N—5 
Suggestion. Let N represent the number, 97 = % and 
N—12 
Lg 





Soy SOMA tee OU ps gill € 


8. A farmer bought sheep, pigs, and hens. The whole 
number bought is 125, and the whole price, $225. The 
sheep cost $5, the pigs $2.50, and the hens 25 cents. 
How many of each did he buy ? 





Solution. Let x = the number of sheep, 
y = the number of pigs, 

and 2 = the number of hens. 

Then, e+y+z2= 125 (1) 
and . 5x2+2.5y + .25 2 = 2295 (2) 

From (1) and (2), y= 86 — 25 — 2 = (3) 

Let — =n, an integer. 

Therefore, £=9n+1. 

Substitute in (3), y = 84—19n. 

Substitute in (1), z2=40+ 10n. 


Therefore, n may be 0, 1, 2, 3, and 4, giving the following values : 
wl, 10,19, 29097 
y — 84, 65, 46, 27, 8. 
z — 40, 50, 60, 70, 80. 


INDETERMINATE EQUATIONS. 061 


Queries. How many solutions? In how many different ways 
may the stock be bought? How solve by means of only two un- 
known numbers ? 


9. How can one pay a sum of $1.50 with 3 and 5 cent 
pieces ? 


10. Can a grocer put up the worth of $3.50 in 11 and 
7 cent sugar? In how many ways can he do it in even 
and odd pounds, respectively? Find the greatest and least 
number of pounds of the 7-cent sugar he can use. 


11. Is it possible to pay £50 by means of guineas and 
three-shilling pieces only ? 


12. A owes B $5.15. A has only 50-cent pieces and B 
only 3-cent pieces. How may they settle the account ? 


13. A farmer bought horses at $60 a head and sheep at 
$8, and found that he had invested $4 more in sheep than 
horses. How many of each kind did he buy ? 


* 


14. A farmer invested $1000 in 75 head of cattle, worth 
$25, $15, and $10 per head. Find the number of each 
kind, and the number of ways in which he could buy 
them. 


15. A grocer had an order for 75 pounds of tea at 55 
cents a pound, but having none at that price he mixed 
some at 30 cents, some at 45 cents, and some at 80 
cents. How much of each kind did he use, and in how 
many ways can he mix it? 


16. How many pounds of 20, 35, and 40 cent coffee 
must a grocer take to make a mixture of 150 pounds worth 
30 cents a pound? In how many ways can the mixture 
be made ? 
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17. How many gallons of $1.50, $1.90, and $1.20 wine 
must a vintner take to make a mixture of 40 gallons worth 
$1.60 per gallon? How many ways may the mixture be 
made? Can an odd number of gallons of each kind be 
taken? An even number ? 


18. In how many ways can £1 be paid in half-crowns, 
shillings, and sixpence, the number of coins in each pay- 
ment being 18 ? 


19. A hardware merchant paid $180 for 20 stoves. 
There were three sizes: one $19 each, another $7, the 
other $6. How many of each size did he buy ? 


20. A person having a basket of oranges, containing 
between 50 and 72, takes them out 4 at a time, and finds 1 
over; he then takes them out 3 at a time, and finds none 
over. How many had he ? 


rT 


Suggestion. Let NV represent the number, are 
om 


1+% ee 
“YS rt—y Put arate =e) Then n must be 5 or 6, 


sl 
= £; anc 3 = Y. 


21. A poultry dealer has a basket containing between 
200 and 300 eggs, he finds that when he sells them 13 at a 
time there are 9 over, but when he sells them 17 at a time 
there are 14 over. Find the number of eggs. 


22. Two countrymen together have 100 eggs. If the 
first counts his by eights and the second his by tens, there 
is a surplus of 7 in each case. How many eggs has each ? 


23. A surveyor has three ranging poles of lengths 7 feet, 
10 feet, and 12 feet. How may he take 40 of them to 
measure 113 yards? In how many ways may the mea- 
surement be made ? . 
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CHAPTER XXV. 


INEQUALITIES. 


150. Srncz a positive number is greater than any negative num- 
ber, the statement that a is algebraically greater than 6, or that a — b 
is positive, is expressed by a > 0; that a is algebraically less than 8, 
or that a — b is negative, is expressed by a <b. Hence, 


An Inequality is a statement that one expression is 
greater or less than another; as, 


Pe ees 
De io rte ea en Fb Tb 

x 

The expression at the left of the sign is called the first member, 
and the expression at the right, the second member of the in- 
equality. 

The form a>b> ec, means that 6b is less than a but greater 


than c. 


Notes: 1. Inequalities are said to subsist in the same sense when the first 
member is the greater in each, or the first member is the less in each; as, 
Oe oe 1 Ds ali) os 1 ee an a <i 


2. Two inequalities are said to subsist in a contrary sense when the first 
member is the greater in one, and the less in the other; as, 5 > 5 and a< 6; 
m<5 and 6>n. 


3. An inequality is said to be solved when the limit to the value of the 
unknown number is found. 


151. Subtract a + b from each member of a > 8, 


then, a—(a+b)>b—(a+b). 
Simplify, hi — a, 
or, —a<-—b. Hence, 


I. If each member of an inequality has its sign changed, the sign of 
‘inequality will be reversed. 


\ 
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Multiply each member of —5<5 by —2, 
then, LO SL, 

Multiply each member of a>b by —m, 
then, —am <—bm. 

Divide each member of —-6<4 by —2, 
then, OS tude 

Divide each member of a>b by —m, 

a b 

then, Pe ae Hence, 


Il. If each member of an inequality be multiplied or divided by 
the same negative number, the inequality will be reversed. 


Suppose a>b, c>d,m>n,.. 
By definition, a—b, c—d, m—n, .... are positive. 
Add, (a—b) + (c—d) + (m—n) + .... 1s positive. 
or, (atctm+....)-(b+dtnt....) is positive. 
Therefore (by definition), a+ct+tmt-:::->b+d+n4.... 





Thus, hepa 
5 > 2 
4>1 
Add, 16 > 6, or divide by 2, 8 > 3. Hence, 


III. If the corresponding members of several inequalities be added, 
the sum of the greater members will exceed the sum of the lesser 
members. 


Suppose a > 6 and m > n, then a — b and m — n are positive. 

But, (@a— 6) —(m—n), or (a—m)—(b—n) may be either 
positive, negative, or 0. | 

Therefore,a—m >b—n,a—m<b—n, ora—m=b—n. 


Thus, Sas t>4 che: 
ea Hye 2 6>5 
Subtract, 2> 1 | Subtract, 2< 3 | Subtract, 2= 2%. Hence, 





IV. If the members of one inequality be subtracted from the corres- 
ponding members of another, the resulting inequality will not always 
subsist in the same sense. 
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2 pe, 64 He 
5 = Ba _— 1b for the limits of x. 





EXAMPLE 1. Solve 3}.2 — 


Solution. Free from fractions and simplify, 

112% —6'> 452 + 128. 
Subtract 45 «— 6, O17 = 134, 
Divide by 67, | . cee) 
Therefore, ~ is greater than 2. 


EXAMPLE. 2. Solve the following: 
or >324+5 (1) 





Baty =: 22 (2) 
Solution. Subtract 3 from (1), Q224—3y>5 (3) 
Multiply (2) by 3, 9x+3 ¥= 66 (4) 
Add (8) and (4), 1p See cope slr a 
Divide by 11, x > 6,5,. 

22 — 

From (4), DP Z 
Substitute in (3) and simplify, ay eee 
Therefore, y < 275 (see I) 


EXAMPLE 3. Solve the inequalities : 
aaa ne ne (1) 
mi—nz+mn<m? (2) 
Process. Simplify (1) and solve, eh ans 
Simplify (2) and solve, oa Deh (ge 
Hence, z is greater than n and less than m. 


Note. The principles applied to the solutions of equations may be applied 
to inequalities, except that if each member of an inequality has its sign 
changed, the sign of inequality will be reversed. 


Exercise 132. 


Find the limit of 2 in the following: 


- oy. 8 
1 42-3 >302—-8; 7-$4<9—3ze. 


68 ee 2 0 
le AS a ae es ea om 


S!ea 
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3a7 = 2b at—a aL 2 
ON st Sip cei haw ano ana A 





4. If 22+ 42 > 12, show that x > 2. 
5. li 7a? 3 a= 160, show, that 2 < 5. 


6. If 424+ 12 — 22 > 0, show that 2 is included be- 
tween 6 and — 2. 


". Tf 9a < 20a? + 1, show that 2 >} or< 4. 


8 If 15 —a2—222 >0, show that x lies between 8 
and — 3. 


Find an integral value of z in the following: 
eee 10. lda< Be4 3h. 
l0e < 34-4 49. 6 25> 247— 2a 
11. ay ees ee <5 (Ae 
Lies 2) + 3e Ss (eet 1) ad 
Find the limits of w and y in the following: 


sa'+ by > IAL 13 164 by ale 


12. 
4a+ Ty = 168. ly = 1 





4 MemAMS 
~" ((a—b)at (a+ b)y=2 (a+ bd) (a — D). 


15. A certain number plus 5, is greater than one third 
the number plus 55; while its half plus 2, is less than 41. 
Find the number. 
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16. Find the price of oranges per dozen, when three 
times the price of one orange, decreased. by three cents, is 
more than twice its price increased by one cent; and eight 
times the price of one orange, decreased by twenty cents, 
is less than three times its price increased by ten cents. 


152. Since the square of a negative number is positive, if a and } 
represent any two numbers, (a — b)? must be positive, whatever the 
values of aand b. Therefore, since every positive number is greater 
than zero, 


(a — b)? > 0. 
Expand, Ge 2 0.0, bee 
Add 2a 6 to each member, a? + 62> 2ab. Hence, 


The swm of the squares of two unequal numbers is greater 
than twice ther product. 


Note. The above is a fundamental principle in inequalities. 


EXAMPLE 1. Show that a2+ 62+ c2? >ab+ac+bec, a and b 
positive. 


Proof. Since a, b, andc are any unequal numbers, 


O20" > 200 (1) 
G7 > 206 (2) 
b? +c? > 2be (3) 


Add the corresponding members of (1), (2), and (8), 
9a2+202?4+2c%?>2ab+2ac+4 Qbe. 
Divide by 2, a2+b?+¢c2? >ab+ac+ be. 


Query. Howifa=b=c? 


EXAMPLE 2. Show that a? + 63 > a?b+ ab? 


Proof. We shall have, a® +. b§ >a? + a b?. 
Factor, (ab) (a2 — ab +02) Oa 0). 
Divide by a + 8, a®—ab+b?> ab. 

Add a, \* @2 bb Sea mo, 


Therefore, a? + 08 > a7b + ab? 
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a2 b? /m? n?2 


EXAMPLE 3. Which is the greater, \/ eis - V het ‘fab 
+ a/mn % 


Proof. We shall have, 


aan mens 
WARN ets fab + a/mn. 


Square each areas 
a? b? 
a9 a (2 Jabmn 4 pals lor ab+24/abmn+mn. 
a7 0s) men 
my he aS ab + mn. 








Subtract 24/abmn, ——- 


Free from fractions and factor, 

(ab +mn) (a?b?-—abmn+ mn?) > or < ee Cy yy 

Divide by ab + mn, 
a2b?@—abmn+ mn? > or < abmn. 

Add abmn, a2b2 + m?n?2 > or < 2abmn. 

But, a? b2 + m?n?2 > 2abmn. 


a? b? ata m2 n2 
Therefore, anaes ab + a/mn. 


Exercise 133. 


Show that, the letters being unequal, positive, and 
integral : 


1 0? 4+38>2ab+2R. 2 MNS ite 


a a 

2. ab*+a%b >at+b4; (m+n?) (mi+ nt) > (mi-+ n8)2. 
3. Lytavetyz < (ety—z2)?+(et+e—y)?+ (yte—x). 
Which is the greater : 


a+b Zab. m n 


4, n?+1 or n?+n; [Dea tras 70 oO 
N 


a 
™m n- 








* ao ae J 
5. ee or ae 3(1 + a? + a4) or (14+ a + a?)* 
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ae 
6. a2 +268 or 3 ab; v2 V24/7 or V34+V5 


’ 3 a 


Queries. Howin4and6,ifa=b? In4,ifn=1? 


7. If a+0+c?=1, and a+ 72+ 22=1, show that 


ce hby + oe. lt 
Query Howell df) —c=7—y= 27 


If a > 6b, show that: 


8. a—b > (Va — Vd); a3 + 7 2d > (a + 0). 


OO 60 OU Const bonds 0a > 004 Ui 9 08s 


Miscellaneous Exercise 134. 


EXAMPLE 1. Solve the inequalities : 





[4/2 @y ty) +4 < /@y—-) Gta) (1) 


22+5y> 8 (2) 
Solution. Square each member of (1) and simplify, 
2eyt+2pP+re<oVyyre+ Ary —y—-4. 
Subtract 2ay + 2 y?, 4<-—y-2Zz (3) 
Multiply each member of (3) by 2, 
8<-2y—2%z (4) 
Add the corresponding members of (2) and (4), 
Si > 16. 2°. 0s Oe, 
Multiply each member of (3) by 5, 
20<—5y—5x (5) 
Add (2) and (5), — 3.2°> 28, or 3a < — 28. .*. e < — Of. 


ExaMpie 2. Simplify (y+¢2< m—n) (m?+mn+n?> y—2). 


Solution. We are to multiply the corresponding members 


together, (y+2)(Yy¥—2)=y? — 2%. 


(m — n) (m2? + mn + n?) = m8 — ni. 


Therefore, (y+2<m—n)(m*+mn-+n? > y—2) = y?—2? < m—n’. 


24 
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EXAMPLE 3. Which is the greater, 25 + y5 or sty + y*x? 


Proof. We shall have, Lay? > Or ae yp ye 
Subtract zty + y*z, Te Cty cl y8i<s yh > ope (), 
Factor, (at — 4") (ay) eer <a 0, 


Now, whether x > or < y, the two factors, z+ — y* and x — y, will 
have the same sign. Hence, since (x4—y*) (x—y) is always positive, 
| (at — y") (xy) > 0. 
Therefore, > + YS > aty + ya. 


EXAMPLE 4. Which is the greater, m* — n4 or 4.n? (m — n) when 
m>n? 
Proof. We shall have, m4 — n4 > or < 4m3m—n). 
Divide by m — n, m+ mn+mn?+ nn? > or < 4m. 
Subtract m8 + m*n and factor the resulting inequality, 
n? (m+n) > or < m{3m—n). 


But, m>n (1) 
Square (1), m? > n? (2) 
Multiply (1) by 2, 2m > 2n, 

Add m — n, 3sm—-n>m+n (3) 


Multiply the corresponding members of (2) and (3), 
m>(3m—n) > n?(m $n). 
Therefore, 4 m3 (m — n) > m4 — nA. 


5. Find the sum of 274+ ¥ >1—a, y—2a> 0+ 4, 
8ea+y< 2a4+1, and Y—32< 5—a. 


6. From a? + 2a27 < 5 take a (a + 27) > n?—1. 

7. From. a? < 3 — 2 subtract 2 z Sb. 

Multiply : 

8. (a+b) > (x—y)? by —8; 8-3 < 5—a3 by 2 + 43. 
9. Divide at— 04 > a? + @ by a? + 


10. Divide 11 a? + 886 > 121”? by — 11. 


INEQUALITIES. 371 
Perform the indicated operations and simplify : 

11. (m—t< 5)(m4+1<10); (a< n+0)(n—6 > oe). 
PO ara eee ta 2) 35 etays V25 > 9. 
13. [— 243 > —1024]8; (n+ 1)? > n8— n? +47. 
14. m3 — n3 > (m — n) (m2? + 02); VW— 64 <8. 
15. (m?— n*.< a) (da o>m+n);-[—n >yf. 
Solve: | 


16. (2—2? > a? 4+ 64%—25; VW(e—1)?+322+6> a2. 


>) rp a 1 ”, a ie eS ae 
Lise = 2 say eta V3 —4Vxa> VW164—5. 


3y+ 2a >3. t+3>Ve2—-—32+y. 
18 9. 2 

4>4y4+4. 5 > xr Y. 
30 eas ce salen eae a ce 
 (38e¢—6y>1—4y, 2y—322 = 38a—32 


22. 388a—7—1507<0; 624+774+2<0. 
Jee oe Gate < Ore Gg + thle eo 10, 


Find integral values of x in the following: ~ 


Hae | eae 

24 25. 

aoe +7 <8. 2x%+10> 20. 

96 ee ot an, 
7T#—15 > 4z%+4+30. 3z2—20 < 2-2. 


98. ean b <0: 2 Gees > 0. 
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Show that: 
29. V1I9+V3 > V104+V7; V54V14 > V343 V2. 
If a > 0, show that: 
Ae eee We 2d 
31. a — 08 < 3 a* (a — 0d) and > 3 62 (a — DB). 
o2. ai ee and sg 
If 27 = a? + 0 42? = c + d2.-show that: 
33. zy >act+bd or ad+ be. 
Show that: 
34. (ab+ary(axrt+by)>4abay. 
30. (a + b) (a+ ej{b +e) > Save, 


36. Show that the sum of any fraction and its reciprocal 
is greater than 2. 


37. In how many ways may a street 20 yards long and 
15 wide be paved with two kinds of stones; one kind 
being 32 feet long and 3 wide, the other 4? feet long and 
4 wide ? 


38. A and B set out at the same time to meet each 
other; on meeting it appeared that A had travelled a miles 
more than B, and that A could have gone b’s distance 
in ” hours, and B could have gone A’s distance in m 
hours. Find the distance between the two places. Solve 
when’ @==1lo, n — 378, and mi— 67 2. 
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SERIES. 


153. A Series is an expression in which the successive 
terms are formed according to some fixed law ; 
As, 1, 2, 4, 8, ...., in which each term is double the preceding 


term; a,a+d,a+2d,a+3d, ...., in which each term exceeds 
the preceding term by d. 


ARITHMETICAL PROGRESSION, 


154. The expressions 1, 5, 9, 13, 17, ...., and 15, 10, 5, 0, 
—5, —10, ...., are called arithmetical progressions or series. The 
first is an increasing series, and the second a decreasing series. 
The general form for such a series is, 


a,a+d,a+2d,a+8d,a+4d,a+65d,a+6d,.... 


in which a is the first term and d the common difference; the series 
will be increasing or decreasing according asd is positive or negative. 
Hence, 


An Arithmetical Progression is a series in which the adja- 
cent terms increase or decrease by a common difference. 


In every arithmetical series the following elements occur, any 
three of which being given, the other two may be found: 


The first term, or a. 

The last term, or Z. 

The common difference, or d. 
The number of terms, or 7. 
The sum of the terms, or s. 
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By an examination of the general form it is seen that the coefficient 
of d is always 1 less than the number of the term. 
Thus, the 2d term is a + d, ora + (2— I) d, 
3d termisa+2d, ora+(3—1)d, 
4th termisa + 3d, ora+(4—1)d, 
12th term is a+ 11d, or a + (12 — 1) d, and so on. 
In the nth, or last term, the coefficient of dism—1. Hence, 


To Find the Last Term of an Arithmetical Series, when the 
jirst term, the common difference, and the number of terms . 


are given. 
l=ai(n—-1)d (i) 


Note. The common difference may always be found by subtracting any 
term of the series from that which immediately follows it. 


EXAMPLE l. Find the 18th term of the series 4, 4, 3, etc. 
Process. Here,n=18,a=4,andd=%—{= 
Substitute these values in (i), 7=%+ (18-1) 
EXAMPLE 2. Find the 30th term of the series x + y, x, x — y, etc. 


Process. Here, n= 30,d=2—(4+4)=—y, anda=2+¥y. 
Substitute these values in (i), 7 = 2+y+(80—1)(—y) =2z—28y. 


Exercise 135. 


Find: 

Lethe loth termot.7, 6, —1, a2. 

2 he 27th:and.41st terms of 5.1 L4t7,7..... 

3. The 20th and 13th terms of — 3, — 2, — 1, .... 

4, The 37th and 89th terms of — 2.8, 0, 2.8,.... 

5. The 40th term of 2a—b,4a—3b,6a—568,.... 
6. The 15th and 8th terms of J, 1, 3,.... 
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7. The first term is Z, the 102d is 18. Find the com- 
mon difference. 


8. The 21st term is 53, and the common difference is 
— 2}. Find the first term. 


9. The first term is 54, and the common difference is 34. 
What term will be 42? 


10. The first term is 4, the common difference is 24, and 
the last term is 1732. Find the number of terms. 


i1.,the 54th and 4th terms are —125 and 0. Find 
the 42d term. 


12. Find three terms whose common difference is }, 
such that the product of the second and third exceeds that 
of the first and second by 14. 


155. Taking the elements as given in Art. 154: 
s=a+(a+d)+(at+2d)+(a+3d)+(at+4d)+.... 1, 





or s=l+(l—d)+(—2d)+(¢—3d)+((—4d)+.... 4. 
Add, 2s = (a+)+(e+)+(@+))+(at+)) Fa-+l) + .... ton terms, 
or 2s= n(a-+l) (1) 


Substitute the value of 2 from (1) (Art. 154) in (1), 
2s=n[2a+ (n—1)d]. Hence (solve for s), 


To Find the Sum of all the Terms of an Arithmetical Series. 


s 3 (att) (ii) 


I| 


Ss 


9 (2 a+ (n—1)d] (iii) 


EXAMPLE 1. Find the sum of an arithmetical series of 17 terms, 
the first term being 54, and the last term 25$. 

Process. Here, n= 17, a= 54, and /= 254. 

Substitute these values in (ii), s = 41 (53 + 253) = 2635. 
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EXAMPLE 2. Find the sum of the series 34, 1, —14,...., to 19 
terms. 

Process. Here, n= 19, a= 34, andd=1—3}4=— 23. 

Substitute these values in (iii), 


s= 12/2 X 33+ (19 — 1)(— 24)] =— 361. 
; Lr ie, 3 
EXAMPLE 3. Find the sum of m——, 3m——,5m—-—.,...., to 
m m m 


m terms. 
1 2 1 
Process. Here, n=m,a=m——,andd=3m——-— |m—— 
m m 
1 
a as 
m 
Substitute in (ii), 


eas 1 j (2 A _ 2m—m—1 
7g 2 Ub here Site ——1) ae Sar oe 


ExAaMpuLe 4. The first term of a series is 3m, the last — 35 m, and 
the sum — 320m. Find the number of terms and the common 
difference. 


Process. Here, s=—320m, a=3m, and 1=— 35m. 
Substitute in (41), 
i : 
— 820 m = 5 (3 m — 35 m) = — 16 mn. eee: 
Substitute in (411), 
— 320 m = 22.[6m+19d]=60m+190d. ... d=—2m. 


EXAMPLE 5. How many terms of the series — 64, — 62, —6, .... 
must be taken to make — 5241? 


Process. . Here, s= — 524, a = — 64, and d= 2. 

Substitute in (iii), — 52 = 5 [— $8 + (n—1) X 3]. 

Simplify and solve for n, n = 11 or 24. 

Query. Do both of these values satisfy the conditions? In 


explanation write out 24 terms of the series and observe that the 
last 13 terms destroy each other. 
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(ss, 
~I 
~! 


Exercise 136. 
Find the sum of: 
Le oy slo eee elo 1 Oe Lerins: 


2.104, 9, 74, ...., to 94 terms. 


coe dats. 0. ¢. terms: 


SN) 


4, 3%, 24, 12, ...., to m terms. 


m—-1l m—-2 m—3 








2 , —, 5 eee, LO Mm terms. 
m m m 
2a%—1 3 6a?—5 
6. ————, 4a — -, ———_., ...., to nm terms. 
a a a 


Aah ba+220 





ee ne tOLY A Lerins: 


Piece 
8. The first term is 32, and the suin of 14 terms is 844. 
Find the last term. 


9. The sum of 40 terms is 0, and the common difference 
is —2. Find the first term. 


10. Find the number of terms and common difference : 
(1) when the sum is 24, the first term 9, and the last —6; 
(2) the sum 49 a, the first term a, and the last 13 a. 


11. The sum of 12 terms is 150, and the first is 54. 
Determine the series. 


12. Show that the sum of the first.» odd numbers is ?. 


13. Find the sum of all the odd numbers between 100 
and 200. 
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14. The sum of five terms is 15, and the difference of 
the squares of the extremes is 96. Jind the terms. 
1 tf 1 


15. Find the sum of -, : a eae 
Lea bk A/a 


to m terms. 








156. a is called the arithmetical mean between a — d and a + d. 
Hence, 
An Arithmetical Mean is the middle term of three num- 
bers in arithmetical series. 
If a and 6 represent two numbers, and A their arithmetical mean, 
the common difference is A —a, orb —A. Therefore, 
A—a=b—A. Hence (solve for-A), 


To Find the Arithmetical Mean Between two Terms. 


a+b : 
A ea (iv) 
If a and J represent any two numbers, and m the number of means 
between them, the whole number of terms is m + 2, orm+2=n. 
Substitute this value for n in (i) (Art. 154), 


=a+(m+1)d. Hence (solve for d), 


To Insert any Number of Arithmetical Means Between two 
Terms. 





t—a 
ee emer (v) 
This finds d, and the m required means are, 
at+d,a+2d,a+8d,a+4d,....,a+md. 


EXAMPLE 1. Find the arithmetical mean between: (1) 27 and 
—5; (2) m+mn— n? and m?—mn-+ n?. 
Process. (1) Here, a=27, b=-—65. 
: BRS 27—5 
Substitute in (iv), A= 7 = i. 
(2) Here, a= m* mn —n*, b =m? —mn-+n*. 


i es 21mn —n2+ m2 — 2 
Substitute in (iv), A= aie read — Ti ees = fin? 
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/ 


EXAMPLE 2. Insert five arithmetical means between 12 and 20. 

Process. Here, a= 12, /= 20, and m=5., 

20 — 12 
5+ 1 

The series is 12, 134, 142, 16, 174, 182, 20. 


Substitute in (v), d= — ls. 


Colt 


Exercise 137. 
Insert : 


14 arithmetical means between — 74 and — 21. 
16 arithmetical means between 7.2 and — 6.4. 


10 arithmetical means between 5m—6n and 5n—6m. 


xz arithmetical means between 22 and 1. 
m—n mtn 


1 
2 
3 
4. 4 arithmetical means between —1 and — 7. 
5 
4 m+n a 





Find the arithmetical mean between. 





7. The arithmetical mean between two numbers is — 9, 
and the mean between four times the first and twelve times 
the second is — 66. Find the numbers. 


GEOMETRICAL PROGRESSION. 


157. The expressions 3, 9, 27, 81,...., and 1, —4, 4, —g, »..., 
are called geometrical progressions or series. The general form for 
such a series is, 


a,ar, ar’, ar, art, ar®, ar’, ar’, ...., 
In which a is the first term, and r a constant factor or ratio. Hence, 
A Geometrical Progression is a series in which the adja- 
cent terms increase or decrease by a constant factor. 
The Common Ratio is the factor by which each term is 
multiplied to form the next one. 
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In every geometrical series the following elements occur; any 
three of which being given, the other two may be found. 


The first term, or a. 

The last term, or 7. 

The common ratio, or 7. 
The number of terms, or 7. 
The sum of the terms, or s. 


By an examination of the general form it is seen that the expo- 
nent of r is always 1 less than the number of the term. 
Thus, the 2d term is ar, 
od term is ar, 
4th term is ar?, 
12th term is ar}, and so on. 
In the nth, or last term, the exponent of r ism —1. Hence, 


To Find the Last Term of a Geometrical Series, when the 
jirst term, the common ratio, and the number of terms are 
gwen. 

CS aa (i) 

Notes: 1. The common ratio is found by dividing any term by that which 
immediately precedes it. 


2. A geometrical series is said to be increasing or decreasing, according as 
the common ratio is greater than 1, or less than 1. 


3. An arithmetical series is formed by repeated addition or subtraction; a 
geometrical series by repeated multiplication. 


EXAMPLE 1. Find the 8th term of the series .008, .04, .2, ete. 
Process. Here, a= .008, n= 8, and r= .04 + .008=5. 
Substitute in (i), = .008 K 5§=1=.625, 
EXAMPLE 2. Find the 10th term of —, 2, y, —, . 
y x 
a 5; ce 
Process. Here, a= 7 Ki) Oh (Pe de 


Sie 


5; a. Aa Ai 
Substitute in @), J = Bs (4) = Ty, 
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Exercise 138. 
Find: 
The 5th and 8th terms of 3, 6, 12, .... 
The 10th and 16th terms of 256, 128, 64, .... 
. The 8th and 12th terms of 81, — 27, 9; .... 


1 
2 
3 
4. The 14th and 7th terms of 4, 34, qe, -.-- 
5 
6 


me ma 
Tra) Meet Ek 
y y 

ee lhe mtheterm Of vie, vo a. 


. The 6th term of o 
y 


7. The 3d and 6th terms are , and —3. Find the 
series and the 12th term. 


8. The 5th and 9th terms are 24 and 
series. 


oo 


Find the 


9. If from a line a inches in length, one third be cut 
off, then one third of the remainder, and so on; what part 
of it will remain when this has been done 5 times? When 
¢ times. 


158. Taking the elements as given in Art. 157, 


s=—atart+ar*+ars+----+ar"-2+4qr%-1 (1) 
Multiply (1) by 7, 
sr=artar?tars+:-++-+ar*2+ar1+ar (2) 
Subtract (1) from (2), 
sr—sS = arr—a (3) 


Substitute the value of ar” from (i) (Art. 157) in (3), and factor 
the result, s(r —1) =rl—a. Hence (solve for s), 


To Find the Sum of all the Terms of a Geometrical Series. 


_ a(rrn—t) +: 
OSs ean po (il) 
rl—a ; 

=r lll 
s aay (iii) 
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ExampLe |. Find the 6th term and the sum of — }, 4, — 4, ... 





Process. Here, a=—4, n= 6, and r= —. 

Substitute in G) (Art. 157), 7=—4 x (— $)§ = 34 
: Hd ar ie Nts 

Substitute in (aii), ham 5 Tt eas 


EXAMPLE 2. Find the least term and the sum of 3, —9, 27,...., 
to 7 terms. 


Process. Here, w= 3, n=7, and r=-— 3. 

Substitute in G@) (Art. 157), 7 = 3(— 3) == 2187, 
se 3 [(— 3)? — 1 

Substitute in (11), Sice aie = 1641. 


Exercise 139. 
Find the sum of: 


Te Oops) en ey 20.0, Cernig. 
2, (= 45 ¥, — e, eee y WOUO belli ss 


5. #,,—4, ok, =... t0.8 terms. 


...»5 to.8 terms. 


~~ =9 Ls Payee 
Se eee: 
De Lo 13%) shee ebOe Mt lUarins: 
6. 2, —4, 8, ...., to 2m terms. 


7. The 7th and 4th terms are 625 and —5. Find the 
1st term, and the sum of the 4th to the 7th terms inclusive. 


8. The sum of the first 10 terms is equal to 33 times 
the sum of the first 5 terms... Find the common ratio. 


9. The sum of three numbers in geometrical progression 
is 215, and the first term is 5. Find the common ratio 
and the numbers. 
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159. A Geometrical Mean is the middie term of three 
numbers in geometrical series, 


Ifa and 0 represent two numbers, and G their geometrical mean, 


+ 


ae b 
the common ratio is et Fy: Therefore, 


Gb Pa 
) aaek Hence (solve for G), 
To Find the Geometrical Mean Between two Terms 


G = /ab (iv) 
If a and b represent any two numbers, and m the number of means 


between them, the whole number of terms is m + 2, orm+2=n. 
Substitute this value for n in (i) (Art. 157), 


Z=arm™+tl, Hence (solve for.r), 


To Insert any Number of Geometrical Means Between two 


Terms. hes Mea toad 
[ee Vz (v) 
a 


This finds r, and the m required means are, 
ar, ar’, ar, O74, a7, ...., a9". 
EXAMPLE 1. Find the geometrical mean between: (1) a and 
We ; (2) 328y and 12 24° z. 


] 
Process. (1) Here, a= Wek and b= 


a2 


“ede 


Substitute in (iv), pias 
(2) Here, a=3 es my if = i Z YP. 
Substitute in (iv), G=/3a8y X l22y8z=6 22 y? A/a 


EXAMPLE 2. Insert six geometrical means between 14 and — 74. 
Process. Here, a= 14, /=— 44, and m=6. 

Substitute in (v), r= \/— +4, = —-1. 
Hence, the series is 14, —7, 3, —4, 4, —qe gy — ot 
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“Exercise 140. 
Find the geometrical mean between: 
1. 7 and 252% a?d and ab®, 2 and 34; 3 and 4 
2. po and gopp3 422? — 1244+ 9 and 9474 122444. 
Insert: 
3. 2 geometrical means between 5 and 320. 
4. 2 geometrical means between 1 and 4. 
5d. 3 geometrical means between 100 and 244. 
6. 6 geometrical means between 14 and — g%. 


7. 7 geometrical means between 2 and 13,122. 


8. Which is the greater, and how much greater, the 
arithmetical or geometrical mean between 1 and 4. 


9. Find two numbers whose sum is 10, and whose geo- 
metrical mean is 4, 


HARMONICAL PROGRESSION. 


160. The expressions 1, 4, 4,4, ...., and 4, —4, —4, —4,...., 
are called harmonical progressions or series, because their reciprocals 
Tye, /,:--,,and 4, —4, 2 4a atorm arithmeticaly series: 


The general form for such a series is, 


ct en 1 1 
a’ a+d@ a+2dad  ” at+(n-1)d 





Hence, 


An Harmonical Progression is a series the reciprocals of 
whose terms form an arithmetical series, 
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Notes: 1. Evidently all questions relating to harmonical progression are 
readily solved by writing the reciprocals of the terms so as to form an arith- 
metical series. 


2. There is no general formula for finding the sum of the terms of a har- 
monical series. 


3. The term harmonical is derived from the fact that musical strings of 
equal thickness and tension produce harmony when sounded together, if their 
lengths are represented by the reciprocals of the series of natural numbers; that 
is, by the series 1, 4, 4, 4, 4, $, etc. Harmonical properties are also interesting 
because of their importance in geometry. 


EXAMPLE 1. Find the mth term of the series 3, 14, 1, 3, 3, etc. 


Solution. Taking the reciprocals of the terms, we have 4, 2, 1, 
4, 4, etc.; an arithmetical series. 
Here, a=4, d=4, and n=™m. 
m 
ee oth re z Ss __m seer 
Substituting in (i) (Art. 154), d=44+(m—1)}= 3: Taking 


the reciprocal of this value for the required term, we have oe 


EXAMPLE 2. The 12th term is 4, and the 19th term is 3. Find 
the series. 


Process. The 12th and 19th terms of the corresponding arith- 


metical series are 5 and 2,2. 


From (i) (Art. 154),5 =a+ 11d, 
42—=a+ 18d, 
Solving for a and d, a = $ and d=}. 
The arithmetical series is, 4, 3, 2, 3, 8, 3, 42, 
The harmonical series is, 3, 3, 4, 2, 3, 4, 7. 


161. A Harmonical Mean is the middle term of three 
numbers in harmonical series. 


If a and } represent two numbers, and 7 their harmonical mean, 


‘ amt yt a 
the corresponding arithmetical series is a Wb The common dif- 


1 1 1 1 
ference is Tee: Therefore, 
1 kel | 1 
ie ak Hence (solve for H), 
25 
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To Find the Harmonical Mean Between two Numbers. 


2ab : 
a+b () 





EXAMPLE 1. Find the harmonical mean between: (1) 4 and { ; 
(2) a+ y and 2 —y 
Process. (1) Here, a=} and b= 4. 





Substitute in G), H=+ 

(2) Here,"a-= oy and b=a —y. 
2 — y? 

Substitute i 1), ees 


EXAMPLE 2. Insert three harmonical means between ? and ;%, 


Process. The terms of the corresponding arithmetical series are 
4 and 12. 
rate a=4, 1=19, and m=3. 
aS) 
_ Substitute i in (v) (Art. 156), d = 4. 
"The three arithmetical means are 4, TA, 4. 
erg this 
The required harmonical means are 56, 2, 


Exercise 141. 


1. Find the 8th term of 14, 144, 2-4, 





bo 


1-2 


Find the 21st term of 24, 14 Pgs tees 


Ee 


3. The 39th term is 54, and the 54th term is 54. Find 
the series. 


4. The 2d term is 2, and the 3d term is $. Find the 
first six terms. 


Insert: 
5. One harmonical mean between 1 and 13. 


6. 3 harmonical means between 22 and 12. 
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7. 4 harmonical means between 2 and 
8. 6 harmonical means between 3 


9. The arithmetical mean of two numbers is 9, and the 
harmonical mean is 8. Find the numbers. 


10. The difference of the arithmetical and harmonical 
means between two numbers is 1. Find the numbers; one 
being three times the other. 


11. Find two numbers such that the sum of their arith- 
metical, geometrical, and harmonical means is 94, and the 
product of these means is 27. 


12. The arithmetical mean between two numbers ex- 
ceeds the geometrical by 24, and the geometrical exceeds 
the harmonical by 2. Find the numbers. 


13. The sum of three terms of a harmonical series is 37, 
and the sum of their squares is 469. Find the numbers. 


14. The sum of three consecutive terms in harmonical 
series is 1-4, and the first term is 4. Find the numbers. 


15. Arrange the arithmetical, geometrical, and harmoni- 
cal means between two numbers a and 0 in order of 
magnitude. 


16. If 50 potatoes are placed in a line 5 feet from each 
other, and the first is 3 feet from a basket, how far will a 
person travel, starting from the basket, to gather them up 
singly, and return with each to the basket ? 


17. There are four numbers in geometrical progression, 
the first of which is less than the fourth by 21, and the 
difference of the extremes divided by the difference of the 
means is equal to 34. Find the numbers. 
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CHAPTER XXVII. 


RATIO AND PROPORTION. 


162. THE Ratio of two numbers is their relative magni- 
tude, and is expressed by the fraction of which the first is 
the numerator and the second the denominator. 


Thus, the ratio of 10 to 5 is expressed by the fraction 12; the 
ratio of # to 2 is expressed by the fraction # ~ 3 (= ;%). 

The ratio of two quantities of the same kind is equal to the ratio 
of the two numbers by which they are expressed... 


Thus, the ratio of $5 to $6 is 2; of 15 apples to 3 apples is 45; of 


3% feet to 54 feet is 32 + 54 = 48. 
The Sign of ratio is the colon :, +, or the fractional 
form of indicating division. 
tor : a 
Thus, the ratio of a to 6 is expressed by a: b, or a + J, or BR any 
one of which may be read “a is to b,” or “ratio of a to b.” 


The Terms of a ratio are the numbers compared. The 
first term is called the antecedent, the second the conse- 
quent, and the two terms together are called a couplet. 

A ratio is called a ratio of greater inequality, of less 
inequality, or of equality, according as the antecedent is 
greater than, less than, or equal to, the consequent. 

An Inverse Ratio is one in which the terms are inter- 
changed ; as, the ratio of 7:8 is the inverse of the ratio 
ened E. 

A Compound Ratio is the product of two or more simple 
ratios; as, the compound ratio 2:3, 5:4, 15:6, is 150: 72. 
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Notes: 1. A quantity may be defined as a definite portion of any magni- 
tude. Thus, any definite number of dollars, pounds, bushels, acres, feet, yards, 
or miles, is a quantity. 

2. To compare two quantities they must be expressed in terms of the same 
unit. Thus, the ratio of 2 rods to 9 inches is expressed by the fraction, 

164X212 396 
9 oo ae 





163. Evidently the ratios 4:5, 8 : 10, 22 : 25, are eqnal to each 


other. In general, 


a md 


—=-——, Hence 
b = mb 


I. Uf the terms of a ratio are multiplied or divided by 
the same number, the value of the ratio is not changed. 


The ratio 9:7 is compared with the ratio 4:3 by comparing # 
and 4. #=2%, and 4= #38. Therefore, 4:3 is greater than 9: 7. 
Hence, 


II. Ratios are compared by comparing the fractions that 
represent them. 

If to each term of the ratio 5: 4 we add 16, the new ratio, 21 : 20, 
is less than the ratio 5: 4, because 3? is greater than 24. If to each 


term of the ratio 4:5 we add 16, the new ratio, 20 : 21, is greater 
than the ratio 4:5. Hence, 


Ill. A ratio of greater inequality is diminished, and a 
ratio of less inequality is increased, by adding the same 
number to both its terms. 


If from each term of the ratio 32:30 we subtract 24, the new 
ratio, 8: 6, is greater than the ratio 32:30. If from each term of 
the ratio 28: 30 we subtract 15, the new ratio, 13: 15, is less than 
the ratio 28:30. Hence, 


IV. A ratio of greater inequality is increased, and a 
ratio of less inequality 1s diminished, by taking the same 
number from both terms. 
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dB 7) Cas Can 
Suppose ieee eat weal ie 
Simplify, br=a, dr=c, fr=e hr=g. 
Add the corresponding members and factor the result, 
(6+d+f+h)r=atctety. 

IM Op teatih Gir g t 3a 
~b+dt+ftrh db 

V. In a serves of equal ratios, the sum of the antece- 
dents divided by the sum of the consequents is equal to any 
antecedent divided by rts consequent. 





Therefore, 


Notes: 1. The sign:, is an exact equivalent for the sign of division; and is 
a modification of +. 

2. A Duplicate Ratio is the ratio of the squares; a Triplicate, of the cubes; 
a Subduplicate, of the square roots ; a Subtriplicate, of the cube roots of two 
numbers. Thus, «2:02; a3:08; Va: Vb; Va: Vb are respectively the 
duplicate, triplicate, subduplicate, and subtriplicate ratios of a to 0. 


EXAMPLE l. Find the ratio compounded of the duplicate ratio of 


=e he 
7 V6 and the ratio 3aa:2 mi 











ae a? 6 a* 
Process. ‘he duplicate ratio ee i Fs await pe ae 
| eee aoa AD a? ea aea* by 
The compound ratio yp i pe Baa: 2by, is ‘ah he he ae 
P Woks i2athy. l2a’t “idatoye ba 5 
u 52 3 54 = 52 me pA = ay =OX AY. 
BExaMPLE 2. If 15(22?— y?) =7 xy, find the ratio z: y. 
Process. From the given equation, 7? — s,;xy=4y7. 
Complete the square and solve for a, z= $y, or—3y 
2: 
Therefore, ae 8, or —3 


Exercise 142. 
Find the ratio compounded of: 
1. The ratio 2a: 36, and the duplicate ratio of 9 0?: ab. 
2. The subduplicate ratio of 64:9, and the ratio 27 : 56. 
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3. The duplicate ratio of 4:15, and the triplicate ratio 
of 5: 2. 
A eet eet eye ae. and Li: 2 2. 


a+b a?4+ 0? (a2— 3?) b7)? w@—9a+20 — na & eat 


a—b’ (a+b? at—b*’ a®—ba’” 5a 





Simplify each of the ratios: 

Crogm 4, bey 220:%23° 2a2%y: 7 oF 

n(n —1)aa® 
2 


Arrange the following ratios in order of magnitude : 


Deere (aero aA oomarice) Leo ob. 


1. faeyi gp vy’; Pt be 


9 a—b:at+ 5), and a? — 0?:a?4+ 67, when a>, 


10. For what value of « will the ratio 15+ 7:174+ 2 
be equal to the ratio 1:12? 


Tis Banid erg srtieae ee On? = Om. y. 


12. Find the ratio of a to y, if the ratio 4a+5y : 34—y 
is equal to 2. 


13. What number must be added to each term of the 
ratio a : 6, that it may become equal to the ratio m : n? 


14. What number must be subtracted from the conse- 
quent of the ratio a: 0, that it may become equal to the 
ratlo m:n? 


15. A certain ratio will be equal to 2: 3, if 2 be added 
to each of its terms; and it will be equal to 1 : 2, if 1 be 
subtracted from each of its terms. Find the ratio. 
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16. If a:6 be in the duplicate ratio of a+ #:b+4 42, 
find x. 


17. Show that a duplicate ratio is greater or less than 
its simple ratio, according as it is a ratio of greater or less 
inequality. 


PROPORTION. 


164. A Proportion is an equality of ratios. Four num- 
bers are in proportion, when the first divided by the second 
is equal to the third divided by the fourth. 


AGC ; 
Thus, if R= 7 then a, b, c, d, are called proportionals, or are said 
d 
to be in proportion, and they may be written in either of the forms: 


Or Ors Curd 4 
read, “ais to bascistod;” 
or (2? Dae. 
read, “the rato of a to b is equal to the ratio of ¢ to d;” 
Gane 
or (mon 
read, ‘¢a divided by b equals ¢ divided by d.” 


The Terms of a proportion are the four numbers com- 
pared. ‘The first and third terms are called the antecedents, 
the second and fourth terms, the consequents ; the first and 
fourth terms are called the extremes, the second and third 
terms, the means. 


Thus, in the above proportion, a and ¢ are the antecedents, b and 
d the consequents, a and d the extremes, 0 and ¢ the means. 


Note 1. The algebraic test of a proportion is that the two fractions which 
represent the ratios shall be equal. 
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Let GoD tC ad, 
se Were 
By definition, eee 
Free from fractions, ad=bc. Hence, 


I. Ln any proportion the product of the extremes is equal 
to the product of the means. 


Note 2. If any three terms in a proportion are given, the fourth may be 
found from the relation that the product of the extremes is equal to the 
product of the means. 


Let ad = Dc 
at NG 
Divide by bd, peas 
By definition, G20 22 Cid. atlence. 


Il. Jf the product of two numbers is equal to the pro- 
duct of two others, either two may be made the extremes 
of a proportion and the other two the means. 


A Mean Proportional is a number used for both means 
of a proportion; as, 0, in the proportion a: b::b:¢. 

A Third Proportional is the fourth term of a proportion 
in which the means are equal; as, ¢, in the proportion 
Gas Die D6 

Let GSU DESC. 

Therefore I., bee G6: 


Extract the square root, b=/ac. Hence, 


Ill. A mean propormonal between two numbers is equal 
to the square root of ther product. 


Let One Cua 
Therefore L., ad = 6c. 
+ ab 
Divide by cd, hae 
By definition, ' a: 0 Odea kaence, 
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IV. Lf four numbers are in proportion, they will be in 
proportion by alternation; that vs, the first will be to the 
third, as the second is to the fowrth. 


Let Give Cun. 
Then LI., be=ad. 
ba 
Divide by ac, a= 
: eee 
By definition, DS ties. Gc. Hence, 


V. Lf four numbers are in proportion, they will be in 
proportion by inversion; that is, the second will be to the 
jirst as the fourth is to the third. 





Let . Gib tO ett 
ate apleave 
By definition, ook 
Add 1 to each member, c+ = “+ 1; 
a+b c+d 
i ab digit! 
Therefore, at+b:b::c+d:d. Hence, 


VI. If four numbers are in proportion, they will be in 
proportion by composition; that is, the sum of the first 
two will be to the second as the sum of the last two is to 
the fourth. 








Let MeL Ce we 
Le QP. 6 
By definition, b= a 
Subtract 1 from each member, 
a Cc 
ha ics a — l, 
a Dae d 
or es 


Therefore, a—b:bze—d:d. Hence, 
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VIL. Jf four numbers are in proportion, they will be 
an proportion by division; that is, the difference of the first 
two will be to the second as the difference of the last two 
as to the fourth. 




















Let GC. 90 f Cs? O. 
b e+d 
Then VI., path oe ; 
b c 
- —d 
also VII., pia =* 
b c 
= iy AO OR ees 
Divide, pisig Re ome hy 


By'definition, a7+0 ia. — b=; ¢-+-.d >¢—d.-' Henee, 


VILL. Tf four numbers are in proportion, they will be 
an proportion by composition and division; that is, the sum 
of the first two will be to their difference as the sum of 
the last two is to thew difference. 


Let . yi0es ch a, 
NS, RUS Ped Os 
ion) Leen Oe 205 


Gs Cres 1 Gari. tin 
By definition, Seer 5 T= 5° 





Multiply the corresponding members of the equations together, 





By definition, aek:bfl::cgm:dhn. Hence, 

IX. The products of the corresponding terms of two or 
more proportions are vi proportion. 

Let a: 


By definition, 


Raise each member to the nth power, Pe in 
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Therefore, CUED cee Oe: 
1 a 
am cn 
Extract the nth root of each member, he ah 
a il 1 1 
Therefore, @ <b toood . | Hence. 


X. Ln any proportion like powers or like roots of the 
terms are im proportion. 


A Continued Proportion is a series of equal ratios; 


Bg bo es 122.6 LO eter] Gatien We Cane Che mwas fae TEA 
“qa is to b as c is to d as e is to fas g is to h.” 


Note 3. Four numbers are said to form a continued proportion when each 
consequent is the antecedent of the next ratio; as, a: 0::b:¢::¢:d. 


Let CIID IN Cewek reg) Me paas  Be eae fhe 
Pee Gat CM Seley 
By definition, ie ae 
ORT OID gegen, 
Peake Fewer eo) mar iy Re fener re 
Therefore, at+c+tetg:b+d+f+t+h::a:b. Hence, 


XI. In a continued proportion the sum of the ante- 
celents is to the sum of the consequents as any antecedent 


as to us consequent. 


a? +. $2 ape be / 
Example 1. If aha be bee that b is a mean 





proportional between a and ec. 
Proof. Free the given equation from fractions, transpose and 
(2 Gej2— 05 or 6? = ac. 


factor, 
b:: bic. 


Therefore II., ie 


ExaMPLe 2. If a:b::¢:d, prove that ma?+ pb?+nab: me? 
+ pd?+ncd::b?: d*. 
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Proof. From the given proportion VI., ; - aT (1) 
oer a Qa aee 
Multiply by =) Lotter. 
G2 tre 02 
Square both members oy (1), BR 
ab nab at nab 


By I. (Art. 163), ph Once =e 
BEES ee az pb 
Also I. (Art. 163), Papa TF A = a 





Also I. (Art. 163), 
mar pb? nabl 6% a? 
Se) ae ~ pd? ned dd?” c2 
uss p Va 1a: 0. 1104 
By V. (Att 163), ott pd + ned a 
Therefore XI., ma? + pb? +-nab: mc? + pd?4 ned :: 62: d?. 








EXAMPLE 3. Find z when a/m-+ a+ A/m—x : A/ m+ 2 —4/m—2 
obiice Ls 


Process. By VIII., 2 A/m+a“ 22 %/m—a@:.n+1:n—1, 


or I. (Art. 163), A/m + 2 : /m—x::nt1:n—1, 
By X., Mm Eee ns 22 (n+ 1/8: (n= 1)8. 
bye le, (m +2) (n— 1)? = (m—2z) (n+ 1). 
Simplify, transpose, and factor, 27 (n?+ 3)x = 2m(3n?+1). 
m(3n?+ 1) 
Therefore, x= Gan 


Exercise 143. 
If ad = be, prove that: 
Val d= Utes. 3b yO aero: 6. 


Dios) ae ements. 205) Coram: D. 
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Find a mean proportional between : 

3. 2and8; 3and14; ld and 2; 8 and 18; a’d and ab 
4. (a + 6)? and (4 — 6)?; 360 af and 250 a* 0? 

Find a third proportional to: 


5. Zand 2; 4 and 2; .2and 4; 2and 3; 3 and 3. 


si Gt ui 

6. and V4; (a — bf and a*— b?; - + oc and tee 
a 2) 

Find a fourth proportional to : 

7. 2,5, and 6; 4, 8, and 4; 2, #, and 8; a, a2, and b. 


etl) atte ed a e+ 
eT rn 








Sia, alld eras oe 


If a: 6::¢:d; prove that: 

Sah Oia 22 Gd 03) a be 6 ae 
LOGO ee Oe 0 Cao 

D2 Get 3 cre as 202: 2) eS de 3 be oa 
12. 8a—5b:38¢—5d:5a4+3b:5e43d. 
TT gOmee Cae Osean nO 
Cat eked, ton Oe 
144. 3¢426:38e@—2b%:3¢+43d:3¢— 2d. 








Beracs MRS), Rte uh 7) eae eat cite 
io, SO DS 0 ASC! $0 


15. ldat+mb:patqb::le+md:pce+qd. 
16. a8: 0? :: 08: d?s. a2: 2: a®@— B: 2 — 2. 
17. @+C:ab+ted::ab+cd: 84+ di. 


i RE = RN 
18. Verb: Vb: Vor d: Vd; = VG. 


PROPORTION. 399 


If b is a mean proportional between w and ¢, prove that: 
b—c ath _a—b b+e 
ae tit nn, Mad a7 
litte. ee ey, prove that: 
a+2¢-+3¢ 2a4+3c¢c+4e 
b+9d+3f ° 2b43d+4f 
21. dis a third proportional to a and 0, and ¢ is a third 
proportional to 6 and a, find a and 0 in terms of d and e. 





19. a?4+20?:a : 674+ 2¢%:¢ 





20. a:b::a+e+e:b+d+/; 


Ifm+n:m—n::4+y:2—/y, prove that: 
2 mn 3 om a en? sy? — 8 


Solve the following proportions: 











93 ue bava 96-3 922.92 .. 1 24 
NBR) ON AVR V5” ta 
Oe soe ie eee Lean. 2.3/6 12) Ay sof 
b 
25. = See ee thata+b+c= 0. 
E-Y YZ 2-28 


26. A and B engage in business with different sums. 
A gains $1500, B loses $500, after which A’s money is to 
B’s as 3 to 2; but had A lost $500 and B gained $1000, 
then A’s money would have been to B’s as 5 to 9. Find 
each man’s investment. 


27. Show that the geometrical mean is a mean propor- 
tional between the arithmetical and harmonical means 
between the two numbers a and 0. 


28. When a, b, ¢, are in harmonical progression, show 
that a:c::a—b:b—c. Hence, of three consecutive 
terms of a harmonical series, the first is to the third as the 
jirst minus the second ts to the second minus the thard. 
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APPENDIX. 





COMPUTATION OF LOGARITHMS. 


SrncE the logarithms of all composite numbers are found by add- 
ing the logarithms of their factors (Art. 122), it is only necessary to 
compute the logarithms of prime numbers. 

The following method for computing logarithms is the one that 
was used when our tables were first made, although it is not the most. 
expeditious method now known. | 


EXAMPLE 1. Find the logarithm of 5. 


Since 1 a 
and 10s 210 (1) 
and as 5 lies between | and 10, its logarithm must le between 0 and 1. 
Extract the square root of (1), 10: '= 35162277 (2) 


As 5 lies between 10 and 3.162277+ its logarithm lies between 
1 and .5. 

Multiply (2) and (1) together, 1015 = 31.62277+4. 

‘Take the square root, 1075 = §.623413+ (3) 

5 lies between 3.162277+ and 5 623413+4, and its logarithm must 
lie between .5 and .75. 

Multiply (2) and (8) together, 101-75 = 17.7827895914+. 

Take the square root, 10-625 — .4.216964+ (4) 

Since 5 lies between 5.623413+ and 4.216964+, its logarithm 
must lie between .75 and .625. 

Multiply (3) and (4) together, take the square root of the result, 
and we have 10°75 = 4.669674+. Continuing the process to 22 


operations, we have, 10°698970+ — §.000000+. 
Therefore, log 5.000000+ = .698970+. 
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Exampir 2. Find the logarithm of 2. 
log 2 = log 1 = log 10 — log 5 = 1 — .698970 = .301030. 


EXAMPLE 3. Find the logarithm of 11. 


TOL= 10 (1) 
10? = 1000 (2) 
Extract the square root of (2), 10! = 31.62277+ (3) 
Multiply (8) and (1) together, 104° = 316/227 7-43 
Take the square root, 10e 2 S17. 782765 (4) 
Multiply (4) and (1) together, 10h O27 os 
Take the square root, 102-125 — 13.335214 (5) 
Multiply (5) and (1) together, 107-125 — 133.3521+., 
Take the square root, LO4-0625 1154782 (6) 
Multiply (6) and (1) together, 107-9625 — 115 4782-4. 
Take the square root, 102-0818 = 10.74607-- (7) 
Multiply (7) and (6) together, 109875 — 124.09368+. 
Take the square root, MOE se hore AMM Ie LS ROR (8) 
Multiply (8) and (7) together, 10?-978125 = 119.70845+. 
Take the square root, LO Upset a0 O41 ia 
Therefore, log 10.94113+ = 1.0390625. 


Continuing the process, the logarithm of 11 may be found with 
sufficient accuracy. 


EXAMPLE 4. Find the logarithm of 3. 


Take 10°=1 and 10° = 3.162277+, and proceed as before to 14 
operations, and we have log 3.0000+ = .47712+. 


A table of logarithms to four decimal places will serve for many 
practical purposes. In the tables most generally used by computers 
they are given to six places of decimals. Seven to ten place loga- 
rithms are necessary for more accurate astronomical and mathemati- 
cal calculations. 
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